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=@ "CU= |UOvy |]NQ}e p}rLD uO=Os=Hv= OvtR=}v Qeq |=yxR=U |Q=O}=B p}rLD
'xH}Dv QO w Vv=tm Q=@ w |oDN} QwQi |xO}OB X}NWD 'pO=aD |]NQ}e Q}Ut uOQmp=@vO
s}UQD QO =yVwQ u} QD|wk R= |m} u=tm pw] VwQ "OwW|t umtt xR=U |Q@ Q=@ C}iQ_
u}= Q}F-=D w |v}@V}B pLx=Q Ctqa u}}aD |=yVwQ 'VywSB u}= QO "CU= |]NQ}e Q}Ut
'xDi=}s=Hv= |=yp=Ft QO "CU= xDiQo Q=Qk |UQQ@ OQwt u=tm pw] VwQ OQmrta QO =yVwQ
Q@ xwqa "CU= xDiQo Q=Qk |UQQ@ OQwt |v=QL@ \=kv R= Qw@a QO =yVwQ R= l} Qy OQmrta
OQmrta CLY xm CU= xOW |iQat R}v |O}OH w |O=yvW}B VwQ l} 'OwHwt |=yVwQ

pw] VwQ OQmrta QO Q=PoQ}F-=D |=yQ}eDt Qo}O R= "OwW |UQQ@ =yp=Ft QO R}v VwQ u}=
Q}eDt =@ u=tm pw] pQDvm VwQ '|}=B QN |=yxR=U p}rLD QO "CU= |U=}kt Q}eDt 'u=tm
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Ctqa u}}aD 'pO=aD Q}Ut 'u=tm pw] VwQ '|]NQ}e p}rLD %|O}rm u=oS=w
"|U=}kt Q}eDt '|v}@V}B pLx=Q

xtOkt "1
QPo |=Q@ 'xw}W u}= [6]"CU= xOw@ 1979 p=U QO |Q=DWwv 'xOWO=} VwQ OQwt
|x]kv R= QPo |}=v=wD Qw@ Rt ui 'OwHw u}= =@ "CU= ?U=vt Q=@ |OL |x]kv R=
pO=aD pt=m Q}Ut s}UQD |=Q@ R}v VwQ u}= 'Qo}O CQ=@ax@ "OQ=Ov =Q u=mtQ}}eD |OL
|NQ@ "CU= xOW xH=wt CUmW =@ 2?ka x@ |DWoQ@ |=yQ=DiQ Cr=L QO xR=U
xar=]t u=mtQ}}eD |wtv VwQ |wQ Q@ '2014 p=U QO OwN VywSB QO u=QoWywSB
x@ xOv=t|k=@ |}=Hx@=H uDN=Uxv}tm =@ =Q Q=@ ?} Q[ w 'Ov=xOQm x�=Q= |O}OH VwQ w
|wtv s=o |=Q@ |vwo =vwo pt=wa R}v �2009� |Qo}O VywSB QO [7]"Ov=xOQw; CUO
O=yvW}B |rQDvm |=yQ=mx=Q R= |Q=tW '|]NQ}e p}rLD |Q=QmD CtUk |=Q@ w |iQat

[8]"Ov=xOW =v@ |}=DU}= Q}Ut |xUOvy T=U=Q@ |O=yvW}B |=yVwQ "CU= xOW
|NQ@ QO "CU= xOW O=yvW}B C@=F u=tm pw] VwQ 'R=}v u}= x@ uO=OMU=B |=Q@
|wLv x@ |]N |O}k |xrO=at l} |Q}oQ=mx@ =@ x]@=Q u}= QO Q=F; u}rw= '=yVywSB
'Qo}O CQ=@ax@ [10w9]"CU= xOW QWDvt 'OW=@ T=tt Q@ Owta CQwYx@ =yQ=QmD xm
|x]kv Qy u}@ |xrY=i 'u=mtQ}}eD =} Q=@ R=QD uDW=OvBC@=F |=H x@ xw}W u}= QO
=yQ=QmD 'wQ u}= R= "OwW|t ZQi C@=F xQ=wty u}W}B s=o |rO=aD |x]kv R= Q=QmD
|}=Qosy '|}=DU}= Q}Ut =@ |kqD pLt QO =D &OvQ}o|t s=Hv= |}xQ}=O Q}Ut |wQ Q@
VwQ u}= 'TBU "CU= wO |xHQO R= |}=Qosy MQv 'Qw@ Rt VwQ QO "OQ}PB CQwY
'p=Ft |=Q@ "CU= xOW xO=O Q}}eD |O}k |xrO=at KqY= =@ QoWywSB u}OvJ \UwD
xmv=vJ &CU= xOW xOQ@ Q=m x@ Cw=iDt |]N O}k l} '1981 p=U QO |WywSB QO
R= |r@k |xDi=}s=Hv= QF= wO "OvW=@ Cv=mU C=Q}}eD Q@ Owta 'xOvwWQ=QmD C=Q}}eD
u=ty QO |Qo}O VywSB QO [11]"OvOw@ u=tm pw] VwQ |xOW|]N |=yxw}W u}rw=

'OR=U|t|iDvt =Q|]NQ}e QF= xvwoQy uOWQ=mW; u=mt= '|]N|a=HDQ= Q=DiQZQi
R= "OvQ}o Q=Qk Crie OQwt |tyt Q=}U@ C=aq]= CU= umtt CQwY u}= QO xm
p@=k |]NQ}e MU=B 'OwN Ctw=kt OL x@ uO}UQ R= V}B '=yxR=U ?re= |iQ]
QO u=v}t]= sOa '|]NQ}e p}rLD OQ@ Q=m QO "OvyO|t u=Wv OwN R= =Q |}x_Lqt

[1]"O@=} Vy=m CU= umtt xR=U |ak=w Q=DiQ OQwt
|UOvy |]NQ}e p}rLD uO=Os=Hv= OvtR=}v Qeq |=yxR=U |Q=O}=B p}rLD
|UQ=w '|Wv=tm |=yQ=@ u}}aD x@ u=wD|t '=yxR=U |]NQ}e p}rLD =@ [2]"CU=
|Wv=tm TB Ctw=kt Q=Okt '|Q=PoQ=@ pqN QO xR=U |ak=w |=ypmWQ}}eD Q=Okt
|=yhOy |t=tD x@ uO}UQ |=Q@ "Ci=} CUO Qo}O |=ypt=a R= |}xQ=B w 'xR=U
� Q=@ Q=Owtv uDi=} =@ Q=m u}= "CU= xR=U pt=m |}=DU}= Q}Ut uOwt}B x@ R=}v 'Qw@ Rt
Q=mx@ |]NQ}e p}rLD |=yVwQ `=wv= 'Qw_vt u}= |=Q@ "OQ}PB|t s=Hv= u=mtQ}}eD
� |wtv Q=@ pQDvm VwQ '|]NQ}e p}rLD QO pwtat |=yxw}W R= |m} [3]"OwQ|t
s=o Qy QO Q=@ ?} Q[ |xR=Ov= Q=my=Q u}= QO "CU= Newton-Raphson |Q=QmD
1|OL |x]kv R= QPo x@ QO=k Qw@ Rt VwQ '?@U u}ty x@ [4]"Ov=t|t C@=F |Q=PoQ=@

"O};|t CUO x@ |vLvt R= |DtUk \ki =Pr w CU}v Q=@
'1971 p=U QO |WywSB QO '|OL \=kv CqmWt Q@ x@re |=Q@ wQ u}= R=
uDW=Oxov C@=F |=H x@ 'Q=my=Q u}= QO [5]"CU= xOW O=yvW}B u=mtQ}}eD wtv VwQ
QO OQ=wt Qo}O R= "Ov=t|t C@=F u=mtQ}}eD Q=OQ@ R= x}=QO l} Q=Okt 'Q=@ ?} Q[

pw�Ut xOvU} wv �
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QO ,qta "CU= xOw@ u=ir-wt Q_v OQwt |UOvy |]NQ}e `@vt \ki VywSB u}=
CLD |UOvy |]NQ}e Q=DiQ u}vJ '|m}rJ |=yO@vo xrtH R= Q=m =[i |=yxR=U

"OwW|t xOy=Wt xOQ=w |=yQ=@ QF=
QO "CU= xOW x�=Q= |O}k |xrO=at w xQ=W= u=tm pw] pQDvm VwQ x@ '2 Ov@ QO
pw] pQDvm VwQ `=wv= R= '3 Ov@ QO "CU= xOW QmP KqY= � |v}@V}B VwQ 'xt=O=
|xrO=at '4 Ov@ QO "CU= xOW xO=O K}[wD |]N u=tm pw] pQDvm VwQ 'u=tm
Qw@a CyH xrO=at u}= Ctqa u}}aD x@ QHvt xm CU= xOW x�=Q= Q}Ut |v}@V}B
xrO=at Ctqa ?=NDv= |=Q@ pwtat VwQ xU '5 Ov@ QO "OwW|t xS} w |x]kv R=
"CU= xOW xOQw; p�=Ut |NQ@ QO =yVwQ u}= |=yO=Q}= "CU= xOW QmP Q=wxYqN
x@ |Dkw |rw 'Ovm Qw@a |OL \=kv R= Ov=wD|t Cris�eld VwQ p=Ft Qw] x@
'xt=O= QO "OwW|t pmWt Q=JO 'OUQ|t ?ka x@ CWoQ@ \=kv x@ =} w |oN=WwO
Ovv=wD|t wO Qy u=ir-wt VwQ w Feng VwQ "CU= xOW x�=Q= u=ir-wt |O=yvW}B VwQ
?Q[pY=L R= Feng VwQ xm Cw=iD u}= =@ "Ovvm hQ]Q@ =Q pwtat VwQ wO |=yO=Q}=
=yu=mtQ}}eD |rN=O ?Q[pY=L Ctqa R= xOWx�=Q= VwQ w =yu=mtQ}}eD |rN=O
Q=}at '7 Ov@ QO w |U=}kt Q}eDt VwQ '6 Ov@ QO "CU= xOW xDiQo xQy@ |wtv Q=m w
xOW s=Hv= |Q}oxH}Dv w p}rLD '=yp=Ft |Oa@ |=yOv@ QO "CU= xOW x�=Q= |}=Qosy

"CU=

u=tm pw] pQDvm VwQ "2
Ovv=wD|tvCyH Q}}eD w |OL \=kv OwHw CQwY QO u=mtQ}}eD w Q=@ pQDvm |=yVwQ
VWwB w p=ta= CyH u=tm pw] pQDvm VwQ "Ovvm s}UQD =Q pO=aD pt=m Q}Ut
"CU= xOW xDiQo Q_v QO u=mtQ}}eD � Q=@ MU=B Q=Owtv pt=m s}UQD QO |v=QL@ \=kv
xHwD =@ "CU= r |xOv=t}k=@ sQi QO pO=aD |xrO=at 'u=tm pw] pQDvm ẁQW |x]kv

%CWwv =Q 1 |x]@=Q u=wD|t 1 pmW x@
r (d; �) = qi (d)� �qe = 0 (1)

[2]"|]N u=tm pw] VwQ "1 pmW

|=Q@ w [12]'xDi=} s=Hv= |wQm u=tm pw] VwQ uOQmKQ]t =@ |QDW}@ C=Q}}eD 'p=U
C}tm l} ?UL Q@ u=mtQ}}eD wtv u}O}rm = sQ)v =} swO |x@DQt O}k l} R= 'Qw_vt u}=
|DqmWt R= |Q}owrH |=Q@ 'xOWQmP VwQ j@=]t "CU= xOW xO=iDU= u}at w C@=F
pw] VwQ R= |]N CQwY l} 'Ov};|t OwHwx@ ?U=vt |xW} Q ?=NDv= R= xm
xOW O=yvW}B 1986 p=U QO |WywSB QO 'x@=Wt swO |xHQO O}k R= xO=iDU= =@ u=tm
VwQ Q@ |}x}LqY= '2010 p=U QO |Qo}O VywSB QO 'u}= Q@ xwqa [13]"CU=
xm |DqmWt =D OW xOwRi= QwmPt VwQ x@ |a@=D =@ |Q}eDt w O=yvW}B Cris�eld

'=yVywSB |NQ@ QO p=L u}= =@ [14]"OwW hQ]Q@ Ot;|t V}B u=tm pw] VwQ QO
VQ=Ro u=tm pw] VwQ Cw=iDt Cq=L =@ pO=aD Q}Ut |xQ=@ wO s}UQD QO |DqmWt
\=kv |m}ORv QO u=tm pw] VwQ |Q=O}=B=v uOQmhQ]Q@ |=Q@ [17�15]"CU= xOW
|WywSB QO [18]'CU= xOW x�=Q= �1990� u=QoWywSB |NQ@ \UwD ,q@k xm '|v=QL@
xOW xO=O Ow@y@ =yu; |O}k |xrO=at w |UQQ@ u=mtQ}}eD VwQ [19]'2014 p=U QO

"CU= xOW x�=Q= R}v VwQ u; R= |UOvy w |m} R}i Q}UiD w
w |oN=WwO \=kv R= Qw@a R= Oa@ pO=aD Q}Ut s}UQD QO ?re= 'u=tm pw] VwQ
K}LY CyH KqY= xm CU= u}= ,=DOta u; p}rO "OwW|t CUmW Q=JO |DWoQ@
' ẁ[wt u}= Q@ x@re |=Q@ "OQ}o|tv s=Hv= |DUQO x@ |]=kv u}vJ |r=wL QO Q}Ut
u}= QO =yQ=}at u}= R= |NQ@ "CU= xOW x�=Q= K}LY |v}@V}B |=Q@ Q=}at u}OvJ
|UQQ@ |Oa)@ wO |}=B QN |=yxR=U |=Q@ uDt QO |OOa |=yp=Ft j} Q] R= Q=DWwv
xm CU= xOW x�=Q= xOWQmP |=yQ=}at [20]'1996 p=U QO VywSB QO "CU= xOW
QO QwmPt |=yQ=}at u}=Q@=v@ "OvDU}v T=UL |DWoQ@ w 3|oN=WwO \=kv x@ C@Uv
Q@ xwqa "OvQ=O =Q sRq |}=v=wD '|]=kv u}vJ OwHw CQwY QO pO=aD Q}Ut pt=m s}UQD
[22w21]"CU=xOW O=yvW}B =yVywSB |NQ@ QO R}v |Qo}O |=yQ=}at 'QwmPt |=yQ=}at
pL CyH u=tm pw] VwQ pQDvm |=Q@ Q}N= OOaDt |=y|R=Uy@ w =yCiQW}B
QO |WywSB x@ u=wD|t xrtH R= xm 'CU= xOW s=Hv= xS} w \=kv |m}ORv QO p�=Ut
x�=Q= u=tm pw] |=yVwQ Q@ |QwQt R}v u=QoWywSB |NQ@ [23]"OQm xQ=W= 1997 p=U
'OvQ=O Cw=iD u=W|O}k CqO=at QO |Q=QmD � |wtv |=yVwQ xm Ov=xOQm u=}@ w xO=O
"O};|t j�=i |]NQ}e p�=Ut |t=tD pL |=Q@ VwQ l} xm Ov=xDW=O u=aP= R}v w
QO |O}k CqO=at =@ OwOLt <=RH= Q@ sm =L CqO=at xm Ov=xO=O O=yvW}B u}vJty

[24]"OvwQ Q=m x@ w OvwW ?}mQD |U} QD=t |xrO=at l}
w 2004 |=yp=U QO |}=yVywSB x@ u=wD|t Q}N= |=yp=U QO =yQ=m Qo}O R=
|xr�Ut l} '2013 p=U QO |Qo}O VywSB QO u}vJty [26w25]"OQm xQ=W= 2008
CqO=at xm 'CU= xOW p}rLD OwOLt Q=wv VwQ R= xO=iDU= =@ sm Ct=N[ =@ |O@vo
[27]"CU= xOW s=Hv= u=tm pw] VwQ pL =@ w |rm p}Uv=DB |SQv= R= xO=iDU= =@ pO=aD
|v=QL@ |x]kv R= Qw@a w Vv=tmTB p�=Ut pL |=Q@ R}v u=QoWywSB |NQ@
Cr=L |}=H@=H 'Scalar Homotopy |=yVwQ R= xO=iDU= =@ '|Oa)@ wO |=y?=k
QO uwJ "Ov=xOQm pL |@ wmH T} QD=t uOQmTma uwO@ |Q=QmD CQwYx@ =Q pO=aD
x@ QHvt |OL |x]kv R= Qw@a QO uOQmTwmat x@ R=}v Newton-Raphson VwQ
VwQ R= xO=iDU= uwO@ xOWQmP VwQ =@ =yu; "OwW|t |@ wmH T} QD=t 4uOWu}mD

[28]"Ov=xO=O xt=O= =Q Q}Ut |v=QL@ |x]kv R= Twk pw]
pw] VwQ QO|v}@V}BpLx=QCtqa u}}aD |=Q@ |O=yvW}B VwQ Q=DWwv u}= QO
OwHwt |=yVwQ G}=Dv =@ xOWx�=Q= VwQ R= pY=L G}=Dv =OD@= "CU= xOW x�=Q= u=tm
OvDUv=wD|tv |r@k |=yVwQ |NQ@ xm =Q |r�=Ut TBU "CU= xOW xO=O Ck@=]t

"OQ=O =Q xS} w \=kv R= Qw@a |}=v=wD VwQ u}= 'OvyO xt=O= =Q Q}Ut
%CU= xOW xDiQo Q_v QO |}xR=U p�=Ut QO |]NQ}e `@vt ẁv 4 ,qwtat
QO "|RQt \}=QW |]NQ}e w 'wQ}v |]NQ}e 'Kr=Yt |]NQ}e '|UOvy |]NQ}e
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6|]N u=tm pw] VwQ "3
uOQm =O}B '=yu=mt= u}rw= R= |m} [13]"CU= 8 |x]@=Q s}kDUt pL 'VwQ u} QDxO=U
u=wD|t 6 |x]@=Q R= 'xH}Dv QO "CU= �� QO u; |v} Ro}=H w �d |=Q@ CQ=@a l}

%CWwv �d |=Q@ =Q 9 |x]@=Q
�di = �K�1

t ri + ��iK�1
t qe (9)

'10 |x]@=Q h} Q=aD T=U=Q@ w �dt w � �d |Q=QmD u=mtQ}}eD Q=OQ@ wO R= xO=iDU= =@
%CWwv =Q 11 |x]@=Q u=wD|t

� �di = �K�1
t ri; �dit = K�1

t qe (10)

�di = � �d i + ��i�dit (11)

%OwW|t xH}Dv 12 |x]@=Q '7 |x]@=Q QO 11 |x]@=Q |Q=Po|=H =@
2
�

�di
�T �

��di + ��i:�dit
�

+ 2��i:��i 2qTe qe = �ai2 (12)

|x]@=Q� OyO|t xH}Dv =Q �� Q=QmD Q=@ R=QD pL 'OwN |x@ wv x@ xOWQmP |x]@=Q xm
%�13

��i =
� �ai=2�� ��di

�T ��di
(�di)T �dit + ��i: 2qTe qe

(13)

%Ov};|t CUOx@ 15 w 14 \@=wQ R= O}OH |wtv Q=@ R=QD w u=mtQ}}eD
�di+1 = �di + �di (14)

��i+1 = ��i + ��i (15)

7|v}@V}B pLx=Q "4
"OR=U|t u=}=tv =Q pO=aD Q}Ut uOQm =O}B QO Qw[L u}rw= CyH '|v}@V}B pLx=Q
'|v}@V}B |=Q@ CQ=@a l} uOQw;CUOx@ |=Q@ x} Q_v u} QD|twta w u} QDpw=ODt

%CWwv =Q 16 |x]@=Q u=wD|t 2 pmW x@ xHwD =@ "CU= Qr} w= VwQ R= xO=iDU=
�d1 = K�1

t �qe (16)

Q=OQ@ |}q=@ T}Ov= "CU= Q=QmD ẁQW QO |U=tt |DNU T} QD=t Kt 'u; QO xm
|k=@ i = 1 xW}ty |v}@V}B |xrLQt Q=QmD O=OaD |=Q@ �d |wtv u=mtQ}}eD

"CU= xOW P=ND= O=OQ=Qk u}= xH}Dv QO "Ov=t|t
u=}@ 17 |x]@=Q CQwYx@ u=wD|t =Q 16 |x]@=Q R= �qe |wtv |HQ=N |wQ}v

%OQm
�qe = ��1qe (17)

%OwW|t xH}Dv 18 |x]@=Q '16 |x]@=Q QO 17 |x]@=Q |Q=Po|=H =@
�d1 = ��1K�1

t qe (18)

%OQm u=}@ =Q 19 |x]@=Q u=wD|t '18 w 11 \@=wQ R= �dt h} QaD |Qw;O=} =@
�d1 = ��1:�d0

t (19)

w CU= d |xQo u=mtQ}}eD R= |a@=D xm 'CU= xR=U |rN=O |wQ}v Q=OQ@ qi 'u; QO xm
O}k l} '1 |x]@=Q pO=aD Q@ xwqa "CU= Q=@ R=QD Q}eDt � w |HQ=N |wQ}v Q=OQ@ qe
|O}k |xrO=at u}= "OwW xOwRi= O}=@ \@=wQ |xawtHt uOQmpt=m |=Q@ R}v |i=[=

%OwW|t h} QaD 2 |x]@=Q CQwY x@ xm CU= s u=tm pw]
s =

Z
ds (2)

%CWwv =Q 3 |x]@=Q u=wD|t ds |=Q@ xm
ds =

p
ddT :dd + d�2: 2:qTe :qe (3)

 'Q=@ R=QD Q}eDt p}Uv=Qi}O d� '|}xQo u=mtQ}}eD Q=OQ@ p}Uv=Qi}O dd 'u; QO xm
"CU= |HQ=N |wQ}v Q=OQ@ qe w |U=}kt Q}eDt

|xOWxO=O u=tm pw] `]=kD pLt uOQm =O}B Qw_vtx@ u=tm pw] VwQ TBU
%CWwv =Q 4 |x]@=Q u=wD|t xm |Qw] x@ "OwW|t |@=} RQ= pO=aD |xrO=at =@ s

r (s) = qi (d (s))� � (s) qe = 0 (4)

� |v}@V}B VwQ R= 4 |x]@=Q pL |=Q@ 'OW Oy=wN x_Lqt xt=O= QO xmu=vJ
pmW x@ u=wD|t =Q 3 |x]@=Q |r}Uv=Qi}O CQwY '=OD@= QO "OwW|t xO=iDU= 5KqY=

%CWwv =Q 5 |x]@=Q u=wD|t xm |Qw] x@ OQm u} Ro}=H |wtv
ai =

�
�di

�T
�di +

�
��i

�2
 2qTe qe ��l2 = 0 (5)

u=wvax@ u}vJty "CU= pO=aD Q}Ut =@ Q_vOQwt `]=kD C@=F `=aW �l 'u; QO xm
|=Q@ s)=i Q=QmD |xrLQt Qou=Wv i T}Ov= "�1 pmW� CU= hwQat R}v |wtv pw]
OvDUy |wtv �� |OOa C}tm w �d Q=OQ@ '1 pmW =@ \=@DQ= QO "CU= u=tm pw]
Q=OQ@ ?}DQD x@ �� w �d ,=vt[ "OvOQo|t Q@ pO=aD C}akwt |}=Qosy u} QN; x@ w
Q}eDt 'u}= Q@ xwqa "OvDUy |r@k s=o Q=QmD x@ xDU@=w w Q=@ R=QD w |Q=QmD u=mtQ}}eD
R=}vOQwt u=mtQ}}eD w Q=@ CqtH hrDNt O=a@= ?}mQD |=Q@ '5 |x]@=Q QO  |U=}kt

"CU=
'u}=Q@=v@ "CU= Q}eDt R}v � Q=@ R=QD xmCU= u}= QO u=tm pw] VwQ|rY=C}y=t
� Q=@ Q}eDt l} w d u=mtQ}}eD Q=OQ@ |=yQ}eDt R= Cr=L n xm 'n+ 1 CqwyHt pm
'Ovm|t XNWt =Q pO=aD |xrO=at n pm 1 |x]@=Q 'CqO=at u}= pL |=Q@ "CU=
=Q x]@=Q n + 1 u}= "Ovm|t u=}@ =Q |O}k |xrO=at l} '5 |x]@=Q xm |r=L QO
pL �5 |r= 1 \@=wQ� uwUiQ � uDw}v |xOvwWQ=QmD VwQ p=ta= T=U=Q@ u=wD|t
xOW O=yvW}B 1986 w 1981 p=U QO |}=yVywSB QO Q=@ u}rw= |=Q@ xO}= u}= "OQm
R= Qwr}D Xk=v |QU "CU= xOw@ Cw=iDt |O}k |xrO=at xm OvJ Qy [13w11]&CU=

%OyO|t xH}Dv =Q 7 w 6 \@=wQ ?}DQD x@ 5 w 1 \@=wQ
ri+1 = ri + @r

@d
�di + @r

@�
��i = ri +Kt�di � qe��i = 0 (6)

ai+1 =ai + @a
@d
�di + @a

@�
��i = ai + 2

�
�di

�T
�di

+ 2��i��i 2qTe qe = 0 (7)

%OQm ?}mQD �8 |x]@=Q� Cw=iDt |rmW QO u=wD|t =Q 7 w 6 \@=wQ 
�di

��i

!
= �

"
Kt �qe

2 ��di�T 2��i��i 2qTe qe

#�1 
ri

ai

!
(8)

"OQ=O OwHw 8 |x]@=Q pLx=Q uOQw;CUOx@ |=Q@ |irDNt |=yVwQ 'xQ=@ u}= QO
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"""|
v}@V

}Bp
Lx=Q

Ct
qa

u}}a
D|

=yV
wQ|

UQQ
@

h=Q]= QO (det (Kt)) |U=tt |DNUT} QD=t u=v}tQDOCtqa xmCU= u; R}v Qt=
uOQmp=@vO R= u=wD=v 'xH}Dv QO "Ovm|t u=Uwv C@Ft x@ |ivt R= |oN=WwO |x]kv

[29w23]"CU= pO=aD Q}Ut

�22 |x]@=Q� |wtv Q=m Ctqa R= uOQm|wQ}B "2"5

sign
�

��1� = sign
��

�d0
t

�T
qe
�

(22)

=yQ=QmD ẁQW QO 11 |x]@=Q QO xOWh} QaD |Q=H |U=tt pL �d0
t 'u; QO xm

VywSB QO u=QoWywSB |NQ@ Q_vQ=y_= T=U=Q@ "CU= |HQ=N |wQ}v Q=OQ@ qe w
Ov=wD|t w CU}v T=UL |oN=WwO \=kv x@ C@Uv Q=}at u}= [30]'�1999� OwN
'p=L u}= =@ "OyO xt=O= |oN=WwO |x]kv R= Qw@a TB =Q pO=aD Q}Ut uOQmp=@vO
p�=Ut QO u=mtQ}}eD � Q=@ |vLvt R= |rwRv |xN=W QO xm Ovm|t C@=F Q=}at u}=
s}UQD l} Q=@ V}=Ri= =@ C@Ft ?}W |v}@V}B xm 'CU= QF=|@ �?ka x@ |DWoQ@�
Qw@a R= TB OwN Q}Ut QO VwQ u}= 'Qo}O CQ=@a x@ "OQm Oy=wN O=H}= 9?ka x@
u=QoWywSB R= |NQ@ "CW=O Oy=wN ?ka x@ CWoQ@ Q=@ wO |DWoQ@ |x]kv l} R=
CQw=Ht QO O@ Q=DiQ Q@ x@re |=Q@ |r@k Q=}at wO u}@ Z} waD xm Ov=xOQm O=yvW}B
|B QO =Q |D=@U=Lt |i=[= |xv} Ry Q=m u}= =t= "OQ}o s=Hv= |DWoQ@ w |OL \=kv

"CW=O Oy=wN

=yu=mtQ}}eD |rN=O ?Q[pY=L R= uOQm|wQ}B "3"5

sign
�

��1� = sign
��

�d0�T :�d0
t

�
(23)

|Q=H |U=tt ?=wH �d0
t w |r@k |xOW=Qosy |wtv u=mtQ}}eD �d0 'u; QO xm

w CyH Q}}eD '|OL \=kv |=Q@ xm Q=}at u}= "CU= 11 |x]@=Q QO xOWh} QaD
u=Q=mty w Feng \UwD 1996 p=U QO |WywSB QO 'OQ=Ov C}U=UL |oN=WwO
C=aq]= �d0 xm CU= Ck}kL u}= Q=}at |O}rm |xDmv [20]"CU= xOW |iQat
'Q=}at u}= C}OwOLt xv=o} "OQ=O OwN =@ =Q |Q=H pO=aD Q}Ut |xJN} Q=D |xQ=@ QO
CU= xOQm =aO= Feng 'p=L u}= =@ "CU= |i=m |xR=Ov= x@ �d0 uOw@lJwm swRr
QO xm CU= xOW p}tLD uwUiQ � uDw}v sD} Qwor= \UwD QDW}B C}OwOLt u}= xm
`=aW R= QDnQR@ xW}ty Q}Ut j}kO |v}@V}B |=Q@ �d0 R=}v OQwt |xR=Ov= 'pta
w Feng VywSB QO 'u}= OwHw =@ "Ow@ Oy=wN uwUiQ � uDw}v VwQ sRq |}=Qosy
OQmQ=m |DUQO |=Q@ R=}vOQwt �d0 |xv}W}@ |xR=Ov= |=Q@ |}xv=Wv I}y 'u=Q=mty
QO "OQ=Ov OwHw R}v �d0 wtv u}rw= R= |D=aq]= I}y 'u}= Q@ xwqa "OQ=Ov OwHw Q=}at
pLx=Q l} "OQm u}}aD 23 |x]@=Q R= u=wD|tv =Q |v}@V}B s=o u}rw= Ctqa xH}Dv
x@ p}O@D TBU w (det (Kt)) x}rw= |U=tt |DNU T} QD=t u=v}tQDO R= xO=iDU=
|=OD@= QO xR=U xm |DQwY QO OwQ|t Q=_Dv= p=L u}= =@ "CU= |O=yvW}B Q=}at

"Ow@ Oy=wN C@Ft ��1 |v}@V}B Q=@ R=QD u}rw= 'OW=@ Q=O}=B |Ov@ Qm}B

Q=m w =yu=mtQ}}eD |rN=O ?Q[pY=L Ctqa R= uOQm|wQ}B "4"5
|wtv

sign
�

��1� = sign
��

�d0�T :�d0
t : (qe)

T :�d
�

(24)

[2]"Qr}w= |xOvwQV}B |Q=QmD VwQ "2 pmW

|x]@=Q |Q=Po|=H =@ wQu}= R= "OwW OwOLt �l |wtv pw] \UwD O}=@ 19 |x]@=Q
%OwW|t xH}Dv 20 |x]@=Q C}=yv QO �� |=Q@ pL w 5 |x]@=Q QO 19

��1 = � �lq�
�d0
t
�T �d0

t +  2qTe qe
(20)

|v}@V}B wO 'CQ=@a QO |ivt w C@Ft Ctqa uDW=O p}rO x@ 20 |x]@=Q |=Q@
CyH ��1 Ctqa u}}aD |=Q@ |irDNt |=yQ=}at "Ow@ Oy=wN Q}PBu=mt= Cw=iDt
x@ |y}O@ 'Ctqa u}}aD u}= CU= umtt "OQ=O OwHw pO=aD Q}Ut |xt=O= |v}@V}B
"OwW |}xDU=wN=v G}=Dv x@ QHvt CUQO=v ?=NDv= =@ 'VwQ |xv=}t QO =t= OUQ@ Q_v
w QD|twta |xv} Ro xU "ODi}@ j=iD= pO=aD Q}Ut |wQ CWoQ@ Q=@ wO p=Ft u=wvax@
"CU= xOW x�=Q= 6 VN@ QO 'OW=@ |ivt =} C@Ft ��1 xmv}= u}}aD |=Q@ QDpw=ODt
VN@ QO VwQ u}= OQmrta CLY w x�=Q= 6 VN@ QO R}v |O=yvW}B VwQ l}

"CU= xOW xU}=kt OwHwt VwQ xU =@ xrY=L G}=Dv w |UQQ@ |OOa |=yp=Ft

|v}@V}B pLx=Q Ctqa u}}aD "5
u=QoWywSB |wU R= uwvm =D xm |v}@V}B pLx=Q Ctqa u}}aD VwQ xU VN@ u}= QO
|=Q@ |O}OH |O=yvW}B VwQ 'xt=O= QO "CU= xOW u=}@ 'CU= xOW x�=Q= hrDNt

"CU= xOW x�=Q= 'CU= VywSB u}= hOy xm |v}@V}B pLx=Q Ctqa u}}aD

|U=tt |DNU T} QD=t u=v}tQDO Ctqa R= uOQm|wQ}B "1"5

sign
�

��1� = sign (det (Kt)) (21)

��1xm |v=tR |va} "CU=yQ=QmD ẁQW QO |U=tt |DNU T} QD=t Kt 'u; QO xm
1980 p=U QO =OD@= QO xm CU=yQ=}at u} QDOQ@ Q=mQB R= Q=}at u}= "OwW|t x@U=Lt
'p=L u}= =@ "Ovm|t pta |@ wNx@ |OL \=kv CQw=Ht QO w [12]'CU= xOW |iQat
u}= p}rO "OwW|t xH=wt CUmW =@ OQ=wt ?re= QO 8|oN=WwO \=kv CQw=Ht QO
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u=}k
Q@O

}Ht
w|

mrt
O}tL ?U=vt T=}kt l} h} QaD ẁ[wt [32w29'11]"Ov=xOQm `=iO =Q  = 0 R= xO=iDU=

xOW u=wva R}v Qo}O u=QoWywSB |NQ@ \UwD QDW}B u=mtQ}}eD w Q=@ |=yxir-wt u}@
[33w13]"Ow@

|}=Qosy Q=}at "7
Q=}at l} '=yQ=QmD u=}=B =} xt=O= |=Q@ O}=@ 'QF-wt |wtv � |Q=QmD VwQ l} QO
?=NDv= xv=Q}oCNU Tv=QrD l} Qo = '|}=Qosy Q=}at u}}aD QO "OwW u}}aD |}=Qosy
|QwQ[Q}e |=yCkO |=Q@ C=@U=Lt QO OL R= V}@ VqD hQY ?Hwt 'OwW
|xR=Ov= 'OW=@ h}a[ =} pW OL R= V}@ |Q=O=wQ Qo = 'Qo}O |wU R= "OW Oy=wN
Q@ xwqa "OwW K}LY=v w j}kOQ}e G}=Dv x@ QHvt w O@=} V}=Ri= CU= umtt =y=]N
OwW s}_vD pO=aDt=v |=ywQ}v |=Q@ O}=@ |Q=O=wQ |xR=Ov= =}; xm CU= u}= p-=wU 'u}=
u=QoWywSB |NQ@ \UwD xDi=}s=Hv= |]NQ}e |=yp}rLD T=U=Q@ #=yu=mtQ}}eD =}
=} |} wQ}v |=]N Q@ xOWp=ta= pW ,=D@Uv |Q=O=wQ l} xm CU= xOW XNWt
'Qw_vt u}= |=Q@ "CU=yv; |wO Qy Q@ xv=Q}oCNU |Q=O=wQ l} R= QDy@ '|v=mtQ}}eD
QO u=mtQ}}eD =} xOvvmpO=aDt=v |wQ}v 'xv}W}@ |=yQ=}at |=Q@ �0 1 |=]N |xR=Ov=
wO Qy |xR=Ov= pQDvm R= xm OW Oy=wN jkLt |v=tR \ki pO=aD "OwW|t xDiQo Q_v
|x]@=Q CQwYx@ u=mtQ}}eD w wQ}v |=Q@ |}=Qosy Q=}at '|[=} Q Q_v R= "OwW `=vk=

%OwW|t u=}@ 26
p
r � dp
f � d < " (26)

"CU= u=mtQ}}eD Q=OQ@ w |HQ=N Q=@ 'xOv=t|k=@ |wQ}v ?}DQD x@ d w f 'r 'u; QO xm
xOW s}_vD �0 1 u; Q=Okt xar=]t u}= QO w xOw@ pO=aD \}=QW Tv=QrD " u}vJty

"CU=

|OOa |=yp=Ft "8
u}}aD |=yQ=}at Q}F-=D u}@ |xU}=kt 'VN@ u}= QO xOW?=NDv= |OOa |=yp=Ft
R}v w xS} w \=kv R= Qw@a QO u=tm pw] VwQ QO 7 VN@ |v}@V}B pLx=Q Ctqa
=Q u=tm pw] VwQ OQmrta QO u; Q}F-=D w |OOa CQwYx@  |U=}kt Q}eDt |UQQ@
OL=w '(N) uDw}v %wQ}v OL=w '=yp=Ft |t=tD QO xm CU= sRq QmPD u}= "Ovvm|t sy=Qi
pwOt OL=w w (mm2) `@ Qt QDt|r}t %K]U OL=w '(mm) QDt|r}t %u=mtQ}}eD
Q=Okt '=yp=Ft |t=tD QO ,=vt[ "CU= � N

mm2
� `@ Qt QDt|r}t Q@ uDw}v %|a=HDQ=

2 1�105� N
mm2

�|a=HDQ= pwOt Q=Okt w 20(mm2)|}=B QN |=yxr}tCL=Ut
"CU= xOW xDiQo Q_v QO

VyHwQi |xO}OB =@ uQ=kDt |w[a wO |=B QN sDU}U "1"8
|xO}OB '|Q=PoQ=@ |] QO xm =Q uQ=kDt |w[a wO |=B QN sDU}U l} '4 pmW
2 xQo u=mtQ}}eD � Q=@ |vLvt '5 pmW "OyO|t u=Wv 'CW=O Oy=wN VyHwQi
u=Wv |v}@V}B pLx=Q Ctqa u}}aD VwQ 3 Qy R= xO=iDU= =@ s�=k CyH QO =Q
QO Q}Ut Qw@a |}=v=wD VwQ 3 Qy uwJ 'p=Ft u}= QO xm CU= sRq QmPD u}= "OyO|t
"CU= xOW x�=Q= VwQ 3 Qy |=Q@ Q=Owtv l} R= 'OvQ=O =Q VyHwQi |xO}OB =@ xyH=wt
|O=yvW}B |x]@=Q R= xO=iDU= CQwY QO =Q u=mtQ}}eD � Q=@ MU=B Q=Owtv '6 pmW
24 |x]@=Q |}=v=wD x@ u=wD|t 6 w 5 |=ypmW |xU}=kt =@ xm 'OyO|t u=Wv 24

=@ u; OQmrta CLY xm CU= VywSB u}= QO O}OH |O=yvW}B Q=}at '24 |x]@=Q
"CU= xDiQo Q=Qk |UQQ@ OQwt xOW=QH= |=yp=Ft

|=y|UQQ@ 'xi=[= (qe)T :�dCtUk 'Feng |xOWx�=Q= |x]@=Q x@ `k=w QO
"CU= xOW pY=L |D@Ft G}=Dv w s=Hv= sRq

 10|U=}kt Q}eDt "6
%OwW|t u=}@ 25 |x]@=Q CQwYx@ u=tm pw] VwQ |x}=B Q@ '5 |O}k |xrO=at
ai =

�
�di

�T
�di +

�
��i

�2
 2qTe qe ��l2 = 0 (25)

Q=OQ@ qe w |wtv pw] �l '|wtv Q=@ R=QD �� '|wtv u=mtQ}}eD Q=OQ@ �d 'u; QO xm
"CU= xOW RmQtDt  |U=}kt Q}eDt |wQ Q@ VN@ u}= =t= "CU= |HQ=N |wQ}v
u}=Q@=v@ "Ovm|t u}}aD u=tm pw] VwQ Q=DiQ QO =Q u=mtQ}}eD w Q=@ pQDvm Q}F-=D  Q}eDt

%Qo = p=Ft u=wvax@
"Ovm|t pta u=mtQ}}eD pQDvm Ovv=ty :  ! 0

"Ovm|t pta Q=@ pQDvm Ovv=ty :  !1
|Y=N|=yCr=L 'u=mtQ}}eD w Q=@ pQDvm |=yVwQ xmCio u=wD|t 'u}= Q@ xwqa
X}YND '25 |x]@=Q QO  |rY= hOy [31]"�3 pmW� OvDUy u=tm pw] VwQ R=
QDnQR@ Q}O=kt R= xO=iDU= s=ovy p=Ft |=Q@ "CU= u=mtQ}}eD w Q=@ CqtH u}@ T=}kt
'O=} R Q=}U@ p=tDL= x@ ,=D}=yv "OwQ|t Q=mx@ lJwm |=yu=mtQ}}eD G}=Dv |=Q@ wQ}v
�|=yu=tr=� QY=va |DNU xm ODi=|t j=iD= |v=tR p}rLD QO |ak=w Q}O=kt R= xO=iDU=
lJwm |=yu=mtQ}}eD uOQw;CUOx@ |=Q@ nQR@ |=ywQ}v 'u}=Q@=v@ "OW=@ q=@ xR=U
"�u=mtQ}}eD QDt|r}t l} uOQw;CUOx@ |=Q@ uDw}v 1010 |va}� OwW|t R=}vOQwt
|xrO=at QO ��2 2qTe qe |wQ}v |xrtH 'OW=@  = 1 Qo = 'Cr=L u}= QO
u=mtQ}}eD |xrtH =@ xm |DQwY QO 'OQm Oy=wN p}t C}=yv|@ CtU x@ '25 |O}k
Oy=wN Q=DiQ Q=@ pQDvm x}@W u=tm pw] VwQ 'u}=Q@=v@ "OwW xU}=kt �dT�d

u}= =@ "OwW|t |OL \=kv Q@ x@re |=Q@ u; |}=v=wD uDiQCUO R= ?Hwt w OQm
CtU x@ ��2 2qTe qe ! 0 xm |v=tR 'p@=kt QO xm OUQ|t Q_v x@ ,qta 'p=L
R= Qw@a x@ QO=k sy Rwvy u=tm pw] VwQ w OQ=O |tm Q}F-=D 'Ovm|t p}t QiY
u=oOvU} wv R= |NQ@ 'xH}Dv l} u=wvax@ "CU= |DWoQ@ w |oN=WOvJ '|OL \=kv

[2]"Q}Ut uOQmp=@vO Cw=iDt |=yVwQ "3 pmW
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[2]"OvD |x}w=R =@ uQ=kDt |w[a wO |=B QN sDU}U "7 pmW

"21 |x]@=Q =@ u=mtQ}}eD � Q=@ MU=B Q=Owtv "8 pmW

21 \@=wQ Q=}at 3 Q}F-=D u=wD|t 10 |r= 8 |=ypmW QO "CU= xOW xOQ@ Q=m x@
\=kv OwHw "OQm xOy=Wt |oN=WwO w |OL \=kv Qw[L CQwY QO =Q 23 |r=
u}=Q@=v@ w OvQ=Ov |Q}F-=D 23 |r= 21 \@=wQ |=yQ=}at QO p@k p=Ft j@=]t |OL
=@ 'u=tm pw] VwQ =t= "OyO|t xt=O= =Q |rY= Q}Ut s=tD s}UQD 'u=tm pw] VwQ
u}= p}rO "CU= u=wD=v |oN=WwO |x]kv Q@ x@re |=Q@ 21 |x]@=Q Q=}at R= xO=iDU=
pLx=Q 'O@=}|t Q}}eD |ivt x@ |Dkw |DNU T} QD=t u=v}tQDO Ctqa xm CU= u; Qt=
=Qosy 'Ov=xOW s}UQD QDW}B xm '|rO=aD Q}Ut QO =yQ=QmD w u}}=B x@ wQ \=kv |v}@V}B
=D |oN=WwO |x]kv h=Q]= QO u=tm pw] VwQ 'Cr=L u}= QO u}=Q@=v@ "OvwW|t
\=kv C}akwt ' ẁ[wt QDy@ lQO |=Q@ "OQm Oy=wN u=Uwv =ywtv O=OaD |xv}W}@ s=tD=
"Ow@ Oy=wN 1 pwOH CQwYx@ xt=vQ@ |=QH= R= TB pO=aD Q}Ut |wQ sWW =D pw=
u=v}tQDOCtqa xm OwW|t xOy=Wt xt=vQ@ |=QH= R= xOt;CUOx@ G}=Dv x@ xHwD =@
|ivt sQ=yJ |x]kv QO w C@Ft pO=aD Q}Ut |wQ pw= |x]kv 3 QO |DNU T} QD=t
QO \=kv C}akwt =Pr "O@=}|t Q}}eD |ivt x@ C@Ft R= u=}t QO l} TBU w CU=

"OvwW|t =Qosy 'Ov=xOW s}UQD QDW}B xm |rO=aD Q}Ut
u=Wv 24 |x]@=Q R= xO=iDU= =@ =Q u=mtQ}}eD � Q=@ MU=B Q=Owtv '11 pmW
Qw[L CQwY QO Q=Owtv pt=m s}UQD QO x]@=Q u}= |}=v=wD Qou=}@ ,=OOHt xm 'OyO|t

"CU= |OL \=kv

[2]"uQ=kDt |w[a wO |=B QN sDU}U "4 pmW

"u=mtQ}}eD � Q=@ MU=B Q=Owtv "5 pmW

"24 |x]@=Q =@ u=mtQ}}eD � Q=@ MU=B Q=Owtv "6 pmW

|B 'OW=@ xDW=O VyHwQi Q=DiQ xR=U xm |Dr=L QO u=mtQ}}eD � Q=@ Q=Owtv s}UQD QO
"OQ@

w |OL \=kv =@ pO=aD Q}Ut =@ w |w[a wO uQ=kDt sDU}U "2"8
|oN=WwO

'�7 pmW� O@=} V}=Ri= xHQO 68 x@ '4 pmW |=B QN |=yw[a u}@ |x} w=R Qo =
"Ci=} Oy=wN Q}}eD s�=k CyH QO 2 xQo |=Q@ u=mtQ}}eD � Q=@ |vLvt xm CU= |y}O@
Q=@ 4 w OwW|t Qy=_ pO=aD Q}Ut QO |oN=WwO w |OL |x]kv wO Cr=L u}= QO
Q=DiQ |xU}=kt CyH 'p=Ft u}= "ODi=|t j=iD= |DNU T} QD=t u=v}tQDO uOWQiY
u=tm pw] VwQ QO =yu; Q}F-=D w |v}@V}B s=o Ctqa u}}aD |=Q@ Cw=iDt |=yQ=}at
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u=}k
Q@O

}Ht
w|

mrt
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5. predictor-corrector scheme
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7. the predictor solution
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10. the scaling parameter
11. Matlab
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