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"V=WDe= VwQ '|UQv}= w |wQv=Qo

xtOkt "1
=yu; u} QDsyt xm 'OvwW|t |Q=Pos=v |SQv= CiQQOy sR}v=mt T=U=Q@ =ys} SQ
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"OwW|t |SQv= CiQQOy Ea=@ u=} QH p@=kt QO p=}U Ctw=kt xm |wQv=Qo
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2V (t); V (t) =
Z t
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Qdt:

(1)

p=}U CmQL |xrO=at "2"2"2
p=}U u=} QH w xDi=} O=ODt= lQD OWQ CyH QO p=}U CmQL xm CU= xOW ZQi

[20w3]%�2 |x]@=Q� CU= sm =QD p@=kQ}e p=}U w s=Q; lQD QO
@v
@t

+ 1
2
@v2

@x
= �1

�

�
@P
@x

+ �0v
w2

�
(2)

|xrO=at x@ 2 |x]@=Q '1|R=Uu=wQ |xrO=at AJ CtU sQD R= uOQmQ_vhQY =@
[19]%O};|t QO 3 |x]@=Q CQwYx@ 2|vR} wB

v = �w2

�0
@P
@x

(3)

|v=UWm Cr=L |xrO=at "3"2"2
|r=QoDv= |x]@=Q l} =@ lQD pN=O p=}U Xr=N Q=Wi =@ =Q lQD |oOWR=@ 'xrO=at u}=
|xrO=at l} CQwYx@ w 4 |x]@=Q pmW x@ |r=QoDv= |x]@=Q "OR=U|t \w@ Qt
OWQ |m}D=DU= x@W pmW x@ lQD xm CU= u}= x]@=Q ZQi "CU= OQivt |r=QoDv=

[21]%Ovm|t
w(x; t) = 4

�E0
Z l

0
G
�
x
`
; x
0
`

�
P (x0; t)dx0;

G
�
�; �0

�
= ln

�����p1� �2 +
p1� �02p1� �2 �p1� �02

����� : (4)

lQD Q=WDv= Q=}at "4"2"2
'KI = KIC 'pw= CUmW Owt |=Q@ |]N u=UWm CUmW l}v=mt =@ j@=]t
[22]%�5 |x]@=Q� OwW|t u=}@ swO |xW} Q |OL CQ=@a =@ T-=Q QO lQD |oOWR=@
w = K0

E0 (`� x)1=2; `� x << `: (5)

%CU= CQwY u}=x@ K0 w �0 'E0 '=yu; QO xm
E0 = E

1� �2 ; �0 = 12�; K0 = 4
�2
�

�1=2
KIC :

Oa)@|@ |=ypwtQi "3"2
\@=wQ CQwYx@ |}=yQ}eDt Q}}eD |QU l} '5 |r= 1 CqO=at pL |R=UxO=U |=Q@
pL xH}Dv QO w Ovvm|t xOWT=}kt w Oa)@|@ =Q CqO=at xm 'CU= xOW xO=iDU= 6

[24w23'17'16'7'3]%OwW|t QDxO=U xr�Ut
w (x; t) = " (t)L (t) 
 (�; t) ; ` (t) = L (t)  (t) ;

P (x; t) = " (t)E0� (�; t) ; " (t) = L�2 (t)V (t) ;

v (x; t) = t�1L (t)# (�; t) ; �# (�; t) = # (�; t) = (t) ;

�
 (�; t) = 
 (�; t) = (t) (6)

?}DQD x@ (t) w '�(�; t) '
(�; t) '� = x=`(t) 2 [0; 1] '=yu; QO xm
"CU= lQD |xOWT=}kt pw]s}v w Xr=N Q=Wi 'lQD |oOWR=@ '|v=mt C=YDNt
"CU= C}tm u; OOHt |R=UT=}kt |xv=Wv '�Q=@ Ctqa� xm CU= QmP x@ sRq
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|DNU p@=kt QO |UQv}= QDt=Q=B xm |Dr=L pL |=Q@ xOWx�=Q= VwQ 'u}vJty "CU=
syQ@ pY= R= xO=iDU= =@ C}=yvQO w xDiQ Q=mx@ '�|DNU T=}kt� OW=@ lJwm nvU
lJwm |UQv}= w |wQv=Qo Cr=L QO xr�Ut '|WvmQOv= Q=F; uDiQoQ_vQO uwO@ w |yv
Q_v QO QF= u}= V=WDe= VwQ R= xO=iDU= =@ Q=DWwv u}= QO [17]"CU= xOW p}rLD

"CU= xOW xDiQo
j} Q] R= |}=tQou}tR uR=Nt R= =tQo G=QNDU= xm CU= C}ty= R�=L xDmv u}=
=@ Q=DWwv u}= QO pOt p}rLD \=@DQ= xm [17]'OwW|t s=Hv= sm |wQv=Qo =@ p=}U j} QRD

"Ovm|t u}t[D |DNU s} SQ QO =Q |m}rwQO}y CUmW OQ@ Q=m

|[=} Q |Ov@pwtQi "2
xr�Ut h} QaD "1"2

xOvvmW |ovU \}Lt l} QO 2`(t) pw]x@ |m}rwQO}y lQD '1 pmW =@ j@=]t
"CU= xOW xDiQo Q_v QO KIC |otQkJ w � uwU=wB ?} Q[ 'E nv=} pwOt =@
� |wQv=Qo =@ p=}U "CU= xOW Qw_vt p}rLD QO pOt R= |t}v 'lQD u}= uQ=kD p}rOx@
lQD Kw]U QO Pf (x; t) |rN=O Q=Wi Ea=@ xm 'CU= xOW j} QRD Q(t) |@O =@ w
xH}Dv QO 'OQ=O Q=Qk �0 |xOvvmOwOLt VvD CLD \}Lt xmv}= x@ xHwD =@ "CU= xOW
|Qw�D "CU= P (x; t) = Pf (x; t) � �0 =@ Q@=Q@ lQD pN=O QO Xr=N Q=Wi
'w(x; t) lQD |oOWR=@ u}}aD |=Q@ �LEFM� |]N u=UWm CUmW l}v=mt
x |rLt C=YDNt w t u=tR ?UL Q@ `(t) lQD OWQ w P (x; t) Xr=N Q=Wi

"CU= xOW xDiQo Q=mx@
xDiQoQ_v QO [17]'V=o =Q=o Q=DWwv j@=]t u; |RQt\}=QW w xr�Ut C=}[Qi Qo}O

"CU= xOW

sm =L CqO=at "2"2
Cr=L |xrO=at 'lQD OWQ Q=}at pt=W |m}rwQO}y CUmW pOt QO sm =L CqO=at
'lQDs}v pw] ?UL Q@ CqO=at u}= "CU= p=}U CmQL |xrO=at w |v=UWm
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u}= QO "OwW|t pOt CmQL |xR=Ov= w sQH |=k@ uwv=k =@ lQD QO p=}U u=} QH
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lQD |}xLiY Q=WDv= |@} QkD ?=wH uDi=} |=Q@ 3V=WDe= VwQ R= 'VywSB u}= QO
Q=mx@ |]NQ}e CqO=at pL |=Q@ |akwt VwQ u}= "CU= xOW xO=iDU= |m}rwQO}y
=@ 'u}=Q@=v@ [25]"OW=@ xDW=O OwHw CqO=at QO lJwm QDt=Q=B OvJ =} l} xm OwQ|t

%OQm ZQi u}vJ u=wD|t G� w G� 'Gk Oa)@|@ |=yQDt=Q=B x@ xHwD
f(�;Gi)=

��
(�;Gi);�(�;Gi); �#(�;Gi); (Gi)
	
; i=k; �; �

f(�;Gi) =f0(�)

+
1X
n=1

X
i1�i2�:::�in

i1;2;:::;n=1;2;3 or k;�;�

�
Gi1Gi2 :::Ginf

(i1i2:::in)(�)
�

(12)

C@=F j} QRD MQv =@ |DNU T=}kt QO pL "4
VwQ R=xO=iDU= =@ '|DNU T=}kt QO pL ,=@k=aDt w CU= Gk = 1 T=}kt u}= QO
12 |x]@=Q u}=Q@=v@ "OQ=O |oDU@ G� |UQv}= w G� |wQv=Qo QDt=Q=B wO x@ V=WDe=

%O@=}|t Vy=m 13 |x]@=Q CQwYx@ |DNU T=}kt pL QO

f(�;Gi) = f0(�) +G�f�1 (�) +G�f�1 (�) +G�G�f��1 (�) + :::

(13)

p=}U |wQv=Qo w |UQv}= |=yQDt=Q=B u}@ |WvmQOv= sQD u}rw= f��1 (�) 'u; QO xm
T=U=Q@ =yu; uOQm?DQt w '9 |r= 7 CqO=at QO 13 |x]@=Q |Q=Po}=H =@ "CU=
s}y=wN =Q =ysQD u}= 'Gk = 1 |DNU T=}kt QO G�G� w G� 'G� '1 ?}=Q[

%�17 |r= 14 \@=wQ� CW=O
%�14 |x]@=Q� f0(�) QiY |UQv}= w |wQv=Qo sQD ��

1 :
1Z
�

�
0d� + 2
3� �
0 � �
0 �#0 = 0;

220
1Z

0
�
0d� � 1 = 0;

@�0
@�

= 0;
�
0 (�) = L�1 f�0g (�) ;

lim
�!1 (1� �)�1=2 �
0 = �1=2

0 : (14)

%�15 |x]@=Q� f�1 (�) QiY |UQv}= w lJwm |wQv=Qo sQD ��

G� :

0@��
0 �#0 + 2
3� �
0 +

1Z
�

�
0d�

1A 1�

+

0@��
0 �#1�� �
1� �#0+ 2
3� �
1�+

1Z
�

�
1�d�

1A0 =0;

7 CqO=at CQwYx@ 5 |r= 1 CqO=at 'xOWQmP |=yQ}eDt Q}}eD |Q}oQ=mx@ =@
%Ov};|t QO 10 |r=

%�7 |xrO=at� sQH |=k@ |xrO=at �

t _V
V

1Z
�

�
d� + t _L
L
� �
 + 	T = �
�#;

1Z
0

�
d� = 1
22 ;

	T = t
1Z
�

�
_�
 + _
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��
d�: (7)

%�8 |xrO=at� sDvtt |xrO=at �

�@�
@�

= G�2 �#
�
t _L
L

�
1� �

�#
@ �#
@�

�
� 1 +@ �#

@�
+ �T

�
+Gm

�#

2 ;

�T = t _


�
1� �

�#
@ �#
@�

�
+ t_�#

�#
: (8)

%�9 |xrO=at� lQD Q=WDv= Q=}at w |v=UWm Cr=L |xrO=at �

�
 (�; t) = L�1 f�g (�; t) = 4
�

1Z
�

G
�
�; �0

�
�
�
�0; t
�
d�0;

lim
�!1 (1� �)�1=2 �
 = Gk�1=2: (9)

w �7 |xrO=at� |oDUw}B CqO=at VN@ |=QPo |=ysQD 	T w �T '=yu; QO xm
CQwYx@ '9 w 8 CqO=at QOG� wG� 'Gk u}vJty "OvDUy �8 |xrO=at� sDvtwt

%OvwW|t u=}@ 10 |xrO=at

Gk = K0
E0

L3=2

V
; G� = �0

E0
L6

tV 3 ; G� = �
E0

L4

t2V : (10)

C=L}[wD |=Q@ "Ov} wo|t xOWT=}kt |=yQDt=Q=B u; x@ w OvDUy Oa)@|@ =yQDt=Q=B u}=
ẁHQ [17]' V=o =Q=o Q=DWwv x@ u=wD|t =yu; u}@ \@=wQ w =yQDt=Q=B OQwt QO QDW}@

"OQm
T=}kt Qo = w &Gk = 1 x=ov; 'OW=@ Q_vOt |DNU T=}kt xm |DQwY QO
xDiQo Q_vQO G� = 1 w G� = 1 ?}DQD x@ x=ov; 'OW=@ lqt |UQv}= =} w |wQv=Qo

"OvwW|t
QwD=QB= =@ u=wD|t =Q 8 w 7 CqO=at QO t _L=L w t _V =V |=yQDt=Q=B 'C}=yvQO

%OQm u} Ro}=H 11 |x]@=Q |Q}oQ=mx@ =@ j@=]t u=tR

t @
@t

=
�
t _Gk
Gk

�
Gk

@
@Gk

+
�
t _G�
G�

�
G�

@
@G�

+
�
t _G�
G�

�
G�

@
@G�
(11)

x@ C@Uv u; jDWt Qw_vt x@ |U=}kt |=yQDt=Q=B |q=@ QO x]kv Ctqa u; QO xm
"CU= t u=tR
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@ �#0
@�
� 1

3
�

�#0 �
2020 +2@�0
@�
��
0+ �
1�

��
1�� @�1�
@�

�
20

� 2
3
@ �#0
@�

� �
2020 + �#1� � 4
3 �
20

@ �#0
@�

�01�

� 2
3 �
20

@ �#1�
@�

�20 � 4
3 �
0 �
1�

@ �#0
@�

�20 + @�1��
@�

�
20

+ 2@�1�
@�

�
0 �
1� � 2
3 �
20 �#001� � 2�
0 �
1� �#020�1

3 + @ �#0
@�

�
+ 2@�1�

@�
�
0 �
1� + 2�
20 �#0

@ �#0
@�

01�

+ 2@�0
@�

�
0 �
1�� � 1
3 �
20 �#1�20 + �
20 �#0

@ �#1�
@�

20

+ �
20 �#1�
@ �#0
@�

20 = 0;
�
1��(�) = L�1 f�1��g (�);

1�� = lim
�!1

�
�2�
1�1�

�
0
� 2�
1� �
1�0

�
20

�2�
1��0
�
0

� 2�
1�1�
�
0

�
: (17)

R= |r=wDt CQwYx@ �17 x]@=Q� xOWQmP |r}Uv=Qi}O � |r=QoDv= CqO=at |xDUO
C=}�RH uOQw; R= =Hv}= QO |R=UQYDNt |=Q@ "OvwW|t pL 17 |r= 14 |=yx]@=Q

%�20 |r= 18 |=y\@=Q� CU= xOW Q_vhQY pL OvwQ w

�
0 = 1
2�

1=3p1� �2; �0 = �1=3

8 ;

�#0 = 1
6� + 1

2
cos�1(�)p1� �2 ; 0 = 2

�2=3 : (18)

�1� =� 2 arccos(�)�
�2=3p1� �2 +

ln
�1� �2�
�2=3 +

ln
�
�2 � 1�
3�2=3

+ 1 + 48 ln(2)
9�2=3 (19)

�
1� = 8
3�2=3

�
2� � 4� arcsin(�)�

�5
6 � ln 2

�p1� �2

�3
2 ln

0@1 +
p1� �21+

p
1��2

1�p1� �21�p1��2

1A1A ;

1� = �2 722:
:::

�1� =� 2 ln(2)
�4=3 + 5

18
�2

�4=3 + 1
6
�1 + 2�2� arccos(�)2

�4=3 (�2 � 1)

+ arccos(�)�
�4=3p1� �2 + 0 195207;

1� = 0 166199: (20)
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0 �
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�
20 �
1� + �#0 = 0;
�
1� (�) = L�1 f�1�g (�) ;

lim
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� @
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3
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�2��3�#0

��@ �#0
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�
+ 1

3
20 �#0�2@�0

@�
�
1�
�
0

;

21�
1Z

0
�
0d� + 0

1Z
0

�
1�d� = 0;

�
1�(�) = L�1 f�1�g (�);

1� = lim
�!1

�
�2�
1�0

�
0

�
: (16)
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1� �#1� � �
1� �#1�� �
1�� �#0
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3� �
1��

�
0 +

0@2
3� �
1� + 2

3
1Z
�

�
1�d�

+1
3

1Z
�

� @
�
1�
@�

d� � �
0 �#1� � �
1� �#0

1A 1�

+

0@��
0 �#0 + 2
3� �
0 + 2

3
1Z
�

�
0d�

+1
3

1Z
�

� @
�
0
@�

d�

1A 1�� +
�
� �
0 �#1� � �
1� �#0

+2
3� �
1� + 2

3
1Z
�

�
1�d�

1A 1� = 0;

1
2

20
1Z

0
�
1��d� + 01�

1Z
0

�
1�d� + 01�
1Z

0
�
1�d�

+ 01��
1Z

0
�
0d� + 1�1�

1Z
0

�
0d� = 0;
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