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pkv w ptL `t=H C=ar=]t |=yxv} Ry R= |yHwD p@=k VN@ OYkt � -=O@t |Q}oQ=t;
=@ OYkt � -=O@t |=yT} QD=t K}LYD 'p}rO u}ty x@ "OyO|t X=YDN= OwN x@ =Q |QyW

QO Ct}ku=RQ= |WwQ u=wvax@ xm@W |=yu=tm QO sHL VQ=tW C=aq]= R= xO=iDU=
K}LYD |xr�Ut pL |=Q@ |irDNt |=yVwQ "CU= xDiQo Q=Qk xHwD OQwt Q}N= |=yp=U
|=yxm@W |=Q@ QwmPt |=yVwQ |};Q=m u=R}t |rw 'CU= OwHwt OYkt � -=O@t T} QD=t
� -=O@t T} QD=t K}LYD |xr�Ut 'Q=DWwv u}= QO "CU}v uWwQ |@ wN x@ T=}ktnQR@

G}=Dv w pL PSO w u=}O=Qo OwHwt sD} Qwor= wO R= xO=iDU= =@ u=QyD QyWuqm |=Q@ OYkt
O}rwDR=@ Q_v R= u=}O=Qo sD} Qwor= xm OvyO|t u=Wv G}=Dv "Ov=xOW xU}=kt sy =@ =yv;

Q_v R= PSO sD} Qwor= |rw 'OQ=O |QDy@ OQmrta |�RH Qw] x@ xOWxOy=Wt |=yu=} QH
"Ovm|t pta QDy@ |yHwD p@=k Qw] x@ xOWK}LYD T} QD=t Q=DN=U R}v w QY=va `tH
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|R} Qxt=vQ@ 'OYkt � -=O@t T} QD=t K}LYD 'pkv w ptL |=[=kD %|O}rm u=oS=w
"(PSO) C=QP `=tDH= |R=Uxv}y@ 'u=}O=Qo VwQ '|L]UwO

xtOkt "1
|=yVwQ |xDUO wO x@ =Q QwmPt |=yVwQ u=wD|t |rm Qw] x@ =t= "OQ=O OwHw
=[=kD pOt l} =OD@= s}kDUtQ}e |=yVwQ QO "OQm |Ov@xDUO s}kDUt w s}kDUtQ}e
T} QD=t TBU w CN=OQB sHL VQ=tW C=aq]= T=U=Q@ �x@P=H |=ypOt ,=twta�
1972 p=U QO Q=@ u}rw= |=Q@ "OwW|t OQw;Q@ =[=kD pOt j} Q] R= OYkt � -=O@t
u}= [1]"CU= xOW xO=iDU= ODMEP ?=wH uDi=} |=Q@ s}kDUtQ}e VwQ l} R=
QO "Ov=xDiQo Q=Qk |UQQ@ w xar=]t OQwt [3w2]'=yVywSB |NQ@ QO =yVwQ R= xDUO
pL w |Ov@pwtQi sHL VQ=tW C=aq]= |x}=B Q@ ODMEP 's}kDUt |=yVwQ
QwmPt ẁv R= =ypOt u} QDpw=ODt [4]'Wardrop pO=aD |x}=B Q@ |=ypOt "OwW|t
Q=@ u}rw= |=Q@ u}vJty "Ov=xO=iDU= p@=k dwrW w sm =QDt |=yxm@W |=Q@ xm OvDUy
pw= pOt [5]"CU= xOW x�=Q= ODMEP |=Q@ |[=} Q pOt wO 1977 p=U QO
'OW=@ Q=}DN= QO =yu=tm |t=tD |=Q@ sHL VQ=tW C=aq]= xm CU= |Dr=L |=Q@
|=yGwR |t=tD |=Q@ =yQ}Ut u} QDx=Dwm C=aq]= xm CU= |Dr=L |=Q@ swO pOt w
CyH u}}aD QO |D=Q}}eD p=ta= =@ R}v Q}N= swO pOt "OW=@ xDW=O OwHw OYkt � -=O@t
'1982 p=U QO u}vJty [6]"CU= xOW pL hrw � lv=Qi X}YND VwQ CmQL
wO |rOt [7]"CU= xOW x�=Q= ODMEP |=Q@ =[=kD C=Q}}eD x@C@Uv ?OLt |rOt
Q_v QO =Q C=Oy=Wt QO OwHwt |=]N xm CU= xOW x�=Q= 1991 p=U QO R}v |L]U
w |L]Ul} |R=Uxv}y@ |=ypOt pL |=Q@ R}v Qo}O |=yVwQ |Q=}U@ [8]"OQ}o|t
|=ypOt QO [13�9]"CU= xOW x�=Q= xm@W QO pO=aD |x}=B Q@ ODMEP |L]U wO

w ptL `t=H C=ar=]t |xv} Ry R= |yHwD p@=k VN@ OYkt � -=O@t |Q}oQ=t;
|=yQiU C=aq]= |Q}oQ=t; u}= QO "OyO|t X=YDN= OwN x@ =Q |QyW pkv
CQwY x@ w CW=OQ@ |QyW |xOwOLt K]U QO u=OvwQyW R= |}xvwtv |xv=RwQ
"OvwW|t xQ}NP pkv w ptL |=yxk} Q] `=wv=l}miD x@ 1OYkt � -=O@t |=yT} QD=t
ptL |=[=kD OQw;Q@ |=ypOt |=y|OwQw u} QDsyt R= OYkt � -=O@t |=yT} QD=t
x@ QHvt Ov=wD|t =yv; CUQO=v u}tND xm |Qw] x@ 'OvwW|t ?wULt pkv w
p}rOx@ |rw "OwW �u=oOvvmxO=iDU= =} u=Q}Ot x=oO}O R=� |O=YDk=Q}e |=yKQ] |x�=Q=
=Pr w CU= |O=YDk=Q}e u; |xv=}r=U s=Hv= 'OYkt � -=O@t |Q}oQ=t; O=} R |xv} Ry
x@ xHwD =@ "OwW|t s=Hv= p=U 20 |r= 10 |v=tR pY=wi QO ,qwtat |Q}oQ=t; u}=
|=yT} QD=t |xvq=U K}LYD 'OYkt � -=O@t |=y|Q}oQ=t; u}@ |vqw] |xrY=i
VQ=tW,qwtat� xm@W |=yu=tm sHL VQ=tW C=aq]= R= xO=iDU= =@ OYkt � -=O@t
xHwD OQwt Q}N= |=yp=U QO u=RQ= |WwQ u=wvax@ �xm@W |=yu=tm �5 R= QDtm
u}= R= 'pkv w ptL |UOvyt sra QO "CU= xDiQo Q=Qk u=QoWywSB R= |Q=}U@
xOQ@ s=v 2�ODMEP� OYkt � <=O@t |=[=kD T} QD=t K}LYD u=wva =@ xr�Ut

"OwW|t
ODMEP pL |=yVwQ |=Q@ |irDNt |=y|Ov@xk@] |aw[wt C=}@O= QO

pw�Ut xOvU} wv �
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=kt%CU= xOQm xO=U 2 |x]@=Q CQwYx@ =Q 1 |x]@=Q '=]N C=a@ Qt ẁtHt8>>>><>>>>:
Mind Z(d) = 1

2
P
a2Â

(xa � x̂a)2

s:t: d � 0
x = assign (d)

(2)

|xm@W |=Q@ PSO w u=}O=Qo sD} Qwor= wO R= xO=iDU= =@ '2 |x]@=Q 'Q=DWwv u}= QO
sD} Qwor= \UwD u}}=B K]U p�=Ut 'CQwY wO Qy QO "CU= xOW pL u=QyD QyW

"OvwW|t pL [24]'5 Q}Ut Q@ |vD@t |r}tmD

u=}O=Qo sD} Qwor= "3
ẁQW =Q xr�Ut pL 'x}rw= ?=wH l} R= xm CU= |Q=QmD VwQ l} 'u=}O=Qo sD} Qwor=
=D p}rO u}ty x@ "Ovm|t CmQL hOy `@=D pwRv u} QDW}@ CyH QO Q=QmD Qy QO w
T} QD=t <=RH= VwQ '` Q=QmD Qy QO "Ov=t|t |k=@ x}rw= T} QD=t x@ l}ORv u=mt= OL

[9]%OwW|t K}LYD 3 |x]@=Q CQwYx@ d

d`+1
j =

8<:d̂j for ` = 0;
d`j(1� �`( @Z(d`)

@dj
)) for ` = 1; 2; 3; :::

(3)

Q@ "OvDUy ` Q=QmD QO s=o |xR=Ov= �` w j OYkt � -=O@t GwR |=[=kD d`j 'u; QO xm
|x}rw= Q=Okt =@ ?U=vDt |r=wDt Q=QmD wO Qy QO dj Q=Okt QO Q}}eD '3 |x]@=Q j@]
xOWK}LYD T} QD=t QO xW}ty 'x}rw= T} QD=t QO QiY <=RH= ?}DQD u}O@ "CU= d̂j
CQwYx@ �` s=o pw] w @Z(d)=@dj u=}O=Qo T} QD=t "Ovv=t|t |k=@ QiY R}v

[9]%OvwW|t x@U=Lt 5 w 4 \@=wQ
@Z(d)
@dj

= 1
dj

X
a2Â

(xa � x̂a)
X
k2Kj

hk�ak 8 j 2 J (4)

�` =

P
a2Â

x0a(x̂a � xa)P
a2Â

x02a
(5)

[9]%CU= 6 |x]@=Q CQwYx@ �` x@ C@Uv xa jDWt x0a 'u; QO xm
x0a = �X

j2J
@Z(d)
@dj

(
X
k2Kj

hk�ak) 8 a 2 Â (6)

Q}Ut QO u=} QH hk w j OYkt � -=O@t GwR u}@ |=yQ}Ut xawtHt Kj 'u; QO xm
"CU= k

PSO sD} Qwor= "4
1995 p=U QO xm 'CU= C}atH |x}=B Q@ |iO=YD |Q=QmD |WwQ PSO sD} Qwor=
[29�26]"CU= xOW xO=O xaUwD u=QoWywSB|NQ@\UwD xt=O= QO w [25]'|iQat |Oq}t
u=wvax@ ?=wH Qy 'CU= xDiQo s=yr= u=oOvQB |ywQo Q=DiQ R= xm 'sD} Qwor= u}= QO
=@ i |xQP Qy "OvwW|t xDN=vW 7`=tDH= u=wva =@ =y?=wH |xawtHt w 6xQP l}
Qou=}=tv 'u=mt xm |Qw] x@ 'OwW|t h} QaD Vi CaQU w Pi u=mt |xYNWt wO
CmQL |xR=Ov= w CyH Qou=Wv 'CaQU w xQP u; \UwD xOt;CUO x@ |rai ?=wH

'OYkt � -=O@t T} QD=t uDi=} |=Q@ |R=Uxv}y@ pOt l} 'q=@ K]U pOt '|L]U wO
u=} QH uDi=} |=Q@ |iO=YD =} |a]k l}i=QD X}YND pOt l} 'u}}=B K]U pOt w
|L]U wO pOt l} u}vJty "CU= OYkt � -=O@t T} QD=t Qy x@ \w@ Qt |rO=aD
xOQ@ Q=mx@ u; pL |=Q@ u=}O=Qo |x}=B Q@ |WwQ xm 'CU= xOW x�=Q= xr�Ut pL |=Q@
xO=O xaUwD [17�14]'|Q=}U@ |=yVywSB QO QwmPt VwQ 'xt=O= QO [9]"CU= xOW
\w@ Qt |=ypOt R= |Qo}O |xDUO '3xv}W}@ |B wQDv; |x}=B Q@ |=ypOt "CU= xOW
xOW x�=Q= ẁv u}= R= |}=ypOt R}v |Qo}O C=ar=]t QO "OvDUy s}kDUt |=yVwQ x@
R= =yVywSB |NQ@ QO 'xr�Ut |=y|OwQw QO C}a]k sOa x@ xHwD =@ [21�18]"CU=

[23w22]"CU= xOW xO=iDU= xr�Ut pL |=Q@ |R=i C=}[=} Q
w OwW|t ẁQW x}rw= T} QD=t l} R= [9]'�1990� R}BW= |xOWx�=Q= VwQ
R= pY=L |=ysHL =D OwW|t K}LYD |wLv x@ |rai T} QD=t 'Q=QmD Qy QO TBU
R= p=L u}a QO w 'OwW QDl}ORv xOWVQ=tW |=ysHL x@ xm@W x@ u; X}YND
|R=UxO=}B|oO=U x@ u=wD|t =Q xOWQmP VwQ xmv; seQ|ra "OwWv QwO x}rw=T} QD=t
QDW}@ |UQQ@ x@ R=}v u=QyD |xm@W pFt nQR@ |=yxm@W |=Q@ u; G}=Dv |DUQO 'OQm
|vD@t |Q=mD@= =Qi |tD} Qwor= R}v [13]'�2012� |tqe w xO=R=@=@ VywSB QO "OQ=O
xOWQmP |L]U wO |xr�Ut pL |=Q@ 4�PSO� C=QP `=tDH= |R=Uxv}y@ VwQ Q@
wO |=QH= w |R=UxO=}B 'Q=DWwv u}= hOy "CU= xOW x�=Q= nQR@ |=yxm@W |=Q@

"CU=yv; G}=Dv w |};Q=m p}rLD w u=QyD QyWuqm |=Q@ Q}N= sD} Qwor=

OYkt � -=O@t T} QD=t K}LYD |xr�Ut |Ov@pwtQi "2
|=yu=tm |xawtHt R= pmWDt h=Qo l} CQwYx@ u=wD|t =Q |m}i=QD |xm@W l}
|xawtHt 'Â � A xm O}vm ZQi "CiQo Q_v QO N |=yxQo |xawtHt w A
u=tm QO xOW �VQ=tW� xOy=Wt u=} QH x̂a 'sHL VQ=tW C=aq]= =@ |=yu=tm
� -=O@t T} QD=t d̂ = (d̂j)j2J 'OYkt � -=O@t |=yGwR xawtHt J 'a 2 Â

hOy "OvW=@ Q}PBu=mt= OYkt � -=O@t |=yT} QD=t |xawtHt D w 'x}rw= OYkt
|xrY=i xm |Qw]x@ 'CU= d 2 D T} QD=t uOQw;CUOx@ ODMEP pL R=
QO xOWVQ=tW |=yu=} QH w xm@W x@ u; X}YND R= pY=L |=yu=} QH u}@
T} QD=t w d̂ |x}rw= T} QD=t u}@ |xrY=i p=L u}a QO w OwW xv}tm Â |=yu=tm
CU= |L]U wO |xr�Ut l} 'xr�Ut u}= "OwWv O=} R OL R= V}@ d |xOWK}LYD
X}YND pOt l} u; u}}=B K]U w dT} QD=t uDi=} p=@vO x@ u; |}q=@ K]U xm
h} QaD 1 |x]@=Q CQwYx@ ODMEP |q=@ K]U |xr�Ut "CU= |rO=aD l}i=QD

[9]%OwW|t8>>><>>>:
Mind Z(d; x) = 
1Z1(d; d̂) + 
2Z2(x; x̂)

s:t: d � 0
x = assign (d)

(1)

K]U |xr�Ut pL sD} Qwor= hQat assign :RjDj ! RjAj CW=ov 'u; QO xm
R= pY=L |rO=aD u=tm QO u=} QH Q=OQ@ x = (xa)a2A 'd T} QD=t <=R= x@ u}}=B
'x}rw= w xOWK}LYD |=yT} QD=t u}@ xrY=i `@=D Z1 w 'u}}=B K]U |xr�Ut pL
w 
1 "OvDUy xOWxOy=Wt w xOWxO=O X}YND |=yu=} QH u}@ xrY=i `@=D Z2 w
u}= =@ [9]'R}BW= "Ovvm|t u}}aD =Q Z `@=D VN@ wO C}ty= xm OvDUy |@}=Q[ R}v 
2
x}rw= T} QD=t x@ l}ORv |xOWK}LYD T} QD=t u=}O=Qo pL VwQ QO xm pqODU=
CQwYx@ Z2 `@=D h} QaD =@ TBU w hPL hOy `@=D R= =Q Z1 `@=D 'Ov=t|t |k=@

4
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yt |=[i QO 10 w 9 \@=wQ R= xO=iDU= =@ C=QP Q}=U |rw 'Ov=t|t |k=@ x}rw= u=mt
%OvwW|t =Hx@=H ?=wH

Vij(0) = rij � d̂j � � �C � 1� (9)

Pij(0) = d̂j + Vij(0) 8 i 6= 1 (10)

QO |iO=YD |OOa rij 'j CyH QO i |xQP |x}rw= CaQU Vij(0) 'u; QO xm
x@ 0 s=o QO xOWxO=O X}YND |=ysHL C@Uv R= |Q=}at C w '[0; 1] |xR=@

[13]%OwW|t x@U=Lt 11 |x]@=Q CQwY x@ xm CU= xOWxOy=Wt |=ysHL

�C =
P
a2Â Ca
jÂj (11)

u=} QH x@ xOWxOy=Wt u=} QH C@Uv Q@=Q@ a 2 Â u=tm Qy |=Q@ Ca 'u; QO xm
%�12 |x]@=Q� CU= (xa(0)) '0 s=o QO xOWxO=O X}YND

Ca = x̂a
xa(0)

8 a 2 Â (12)

l}ORv =yv; Q=DN=U,qw= xm Ovm|t O}rwD |DQwY x@ =Q x}rw= |=yT} QD=t 'QwmPt VwQ
�i = 1 T} QD=t RH x@� =yv; <=RH= ẁtHt ut[ QO w OW=@ x}rw= T} QD=t Q=DN=U x@

"OW=@ xDW=O xOWxOy=Wt |=yu=} QH =@ |QDW}@ ?U=vD

u=QyD |xm@W |=Q@ |OOa G}=Dv "5
u=}O=Qo |=ysD} Qwor= \UwD u=QyD Q@=at |xm@W |=Q@ ODMEP 'VN@ u}= QO
QO u=}O=Qo sD} Qwor= "Ov=xOW xU}=kt w p}rLD xOt;CUO x@ G}=Dv w pL PSO w
MAT- \}Lt QO PSO sD} Qwor= w VISUAL C++ |U} wvxt=vQ@ \}Lt
QO xOWxDWwv [24]'|r}tmD X}YND |xt=vQ@ x@ =yv; |wO Qy w |R=UxO=}B LAB

"Ov=xOW pYDt VISUAL C++

l}i=QD w pkv w ptL `t=H C=ar=]t CmQW R= xOW?Um C=aq]= T=U=Q@
17790 'xQo 8021 '|m}i=QD |x}L=v 650 pt=W u=QyD Q@=at |xm@W 'u=QyD QyW
|Q=wU pO=at |xk} Q] |=Q@ C@Ft |=[=kD =@ OYkt � -=O@t GwR 117413 w 'u=tm
T=U=Q@ �|Q=wU pO=at ?UL Q@� 1373 p=U |=[=kD T} QD=t u}vJty "CU=
G}=Dv T=U=Q@ 1391 p=U |=[=kD T} QD=t w 'p=U u; QO OYkt � -=O@t |Q}oQ=t;
K}LYD Q=DWwv u}= hOy "OvDUy CUO QO u=QyD QyW |}xrLQt Q=yJ |=ypOt
1391 p=U |xOWxOy=Wt |=ysHL T=U=Q@ 1373 p=U OYkt � -=O@t T} QD=t
p=U T} QD=t K}LYD Ov}=Qi QO 1391 p=U T} QD=t xm CU= sRq QmPD u}= "CU=
wO G}=Dv |@=} RQ= QO hOy T} QD=t u=wvax@ \ki xmr@ 'OwW|tv xO=iDU= 1373

"OW Oy=wN xO=iDU= PSO w u=}O=Qo sD} Qwor=
|=yx=QoQR@ O=ODt= QOVQ@\N xU 'u=QyDl}i=QD wpkv wptL `t=HC=ar=]t QO
'Ov=xOW xDiQo Q_v QO u}WvQU w sHL VQ=tW |Q}oQ=t; |=Q@CFa@ w 'Cty 'TQOt
R= |Qw@a sHL '|Q}oQ=t; u}= QO "OvQ=O sHL VQ=tW x=oDU}= 466 ẁtHt QO xm
194 O=OaD '=yx=oDU}= s=tD u=}t R= "OwW|t VQ=tW CyH 2 =} 1 QO x=oDU}= Qy
u=tm 194 'xar=]t u}= QO "OvQ=O u=QyD |xm@W h=Qo |wQ pO=at |v=tm x=oDU}=
=@ |=yu=tm u=wvax@ 'OvyO|t p}mWD =Q xm@W |=yu=tm �1 1 OwOL xm 'QwmPt
R= =yv; QO xOWxOy=Wt |=yu=} QH w xOW xDiQo Q_v QO sHL VQ=tW C=aq]=
x@ "Ov=xOW u}}aD p=U u; Q@=at |xm@W x@ 1391 p=U T} QD=t X}YND j} Q]

T=U=Q@ C=QP 'sD} Qwor= Q=QmD Qy QO "CU= |Oa@ u=mt x@ uO}UQ |=Q@ xQP u;
CaQU "OvwW|t =Hx@=H xr�Ut |=[i QO Qo}O |v=mt x@ u=mt l} R= OwN CaQU
s=tD \UwD Q=QmD u; =D xOt;CUO x@ ?=wH u} QDy@ T=U=Q@ Q=QmD Qy QO i |xQP
\UwD Q=QmD u; =D xOt;CUO x@ ?=wH u} QDy@ w �P �g 8|v=yH ?=wH u} QDy@� C=QP
Qy �u=mt� ?=wH |@=} RQ= "O};|t CUO x@ �P �i 9|rLt ?=wH u} QDy@� xQP u=ty
x}rw= ?=wH l} R= sD} Qwor= "OwW|t s=Hv= 10|oOvR=Q@ `@=D s=v x@ |a@=D \UwD xQP
|}=Hx@=H =@ Q=QmD Qy QO w R=e; �OwW|t O}rwD |iO=YD ,qwtat xm � xQP Qy |=Q@
?=wH |=[i j Oa)@ QO i |xQP CaQU "Ov};|t CUO x@ |O}OH |=y?=wH 'C=QP

%O};|t CUO x@ 7 |x]@=Q CQwYx@ t Q=QmD Qy QO
Vij(t) =WVij(t� 1) + c1r1(P �ij(t� 1)� Pij(t� 1))

+ c2r2(P �gj(t� 1)� Pij(t� 1)) (7)

w c1 w 'OwW|t ?=NDv= [0 9; 1 2] |xR=@ QO xm CU= |UQv}= uRw 'W u; QO xm
|iO=YD |O=Oa= R}v r2 w r1 w OvQ=O 2 Q=Okt ,=twta xm OvDUy |D@=F ?}=Q[ R}v c2
8 |x]@=Q CQwYx@ j CyH QO i |xQP O}OH u=mt "OvDUy [0; 1] |xR=@ QO

%OwW|t x@U=Lt
Pij(t) = Pij(t� 1) + Vij(t) (8)

l} x@ |@=}CUO'xr�Ut pL u=tR 'Q=QmD O=OaD u=wD|t R}v =Q sD} Qwor= hkwD \QW
hOy `@=D Q=Okt QO Ow@y@ uwO@ XNWt |Q=QmD O=OaD x@ uO}UQ =} w 'X=N CkO

"CiQo Q_v QO
j OYkt � -=O@t GwR |=[=kD Pij 'ODMEP pL |=Q@ PSO sD} Qwor= QO

%CU=ys=o u}= pt=W sD} Qwor= u}= [13]"CU= i �?=wH� |xQP |=Q@
|=[=kD "OwW u}}aD R=}vOQwt ?}=Q[ Q}=U w '|UQv}= uRw 'C=QP O=OaD "0 s=o
x@ =yu=tm |xOWxO=O X}YND |=ysHL "OwW xO=O X}YND xm@W x@ x}rw=
Q=Okt w ?=NDv= Q}PBu=mt= |xR=@ QO xQP Qy CaQU w u=mt "OwW xOQw; CUO
?=wH u} QDy@ "OwW x@U=Lt xQP Qy |=Q@ �2 |xr�Ut hOy `@=D� |oOvR=Q@ `@=D
?=wH u} QDy@ Q@=Q@ |v=yH ?=wH u} QDy@ w 'xQP u; |rai u=mt Q@=Q@ xQP Qy |rLt

"�(t = 0) OwW xO=O Q=Qk QiY Q@=Q@ t� OwW xO=O Q=Qk C=QP u}@ QO |rLt
GwQN CQwY QO w 's=ovy x@ 8 w 7 \@=wQ j@] Q@ xQP Qy u=mt w CaQU "1 s=o

"OwW KqY= R=Ht |xOwOLt R=
u} QDy@ |oOvR=Q@ `@=D R= Qo = w x@U=Lt |oOvR=Q@ `@=D Q}O=kt 'xQP Qy |=Q@ "2 s=o
xO=O Q=Qk O}OH u=mt Q@=Q@ |rLt ?=wH u} QDy@ 'Ow@ QDy@ xQP u; |rLt ?=wH
xO=O Q=Qk C=QP u}@ QO |rLt ?=wH u} QDy@ Q@=Q@ |v=yH ?=wH u} QDy@ "OwW

"OwW
'Ow@ Q=QkQ@ hkwD \QW Qo = "OwW xO=O Q=Qk (t = t+ 1) t+ 1 |w=Ut t "3 s=o
x@ O}=@ CQwYu}= Q}e QO "OwW VQ=Ro |HwQN u=wva x@ |v=yH ?=wH u} QDy@

� "CWoQ@ 2 s=o
w c1 ?}=Q[ [13]'�2012� u=kkLt xOWx�=Q= G}=Dv T=U=Q@ 'sD} Qwor= u}= QO
|]N CQwYx@ |UQv}= uRw w 'Ov=xOW xDiQo Q_v QO 2 1 w 1 9 =@ Q@=Q@ ?}DQD x@ c2
|x@U=Lt |=Q@ "CU= xDi=} Q}}eD QN; Q=QmD QO 0 2 Q=Okt =D pw= Q=QmD QO 1 Q=Okt R=
|x}rw= u=mt u=wvax@ x}rw= |=[=kD T} QD=t =OD@= QO '1 s=o QO C=QP |x}rw= u=mt
u=ty QO i = 1 |xQP TBU "Pij(0) = d̂j =} 'OwW|t xDiQo Q_v QO i |xQP Qy
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|xm@W |=Q@l}i=QDX}YND O=OaD x@C@Uv hOy `@=D sD} Q=or C=Q}}eD "1 pmW
"u=QyD

O=OaD x@ C@Uv xOWOQw;Q@ w xOWxOy=Wt |=yu=} QH u}@ R2 C=Q}}eD "2 pmW
"u=QyD |xm@W |=Q@ l}i=QD X}YND

|m} p}rO x@ 'OwW|t xOy=Wt 1 pmW Q=Owtv |}=yDv= |xt}v QO xm |}=yu=Uwv
w C@=F =yQ=QmD |t=tD QO hk=dj C@Uv u; QO xm CU= u=}O=Qo VwQ C=[wQit R=
x}rw= T} QD=t |xrY=i xJ Qy CU= K[=w "CU= QiY Q=QmD QO u; Q=Okt =@ |w=Ut
1391 w 1373 |=yT} QD=t |xrY=i Ovv=t� OwW QDO=} R xOWK}LYD T} QD=t w
u=}O=Qo sD} Qwor= CU= umtt w OwW|t xDU=m ZQi u}= Q=@Da= R= �Q=DWwv u}= QO

"OwW pmWt Q=JO
C=Q}}eD 'xOWxOy=Wt |=yu=} QH O}rwDR=@ QO sD} Qwor= wO QDy@ |@=} RQ= CyH
X}YND p�=Ut O=OaD x@ C@Uv xOWOQw;Q@ w xOWxOy=Wt |=yu=} QH u}@ R2

sD} Qwor= wO xm OwW|t xOy=Wt "CU= xOW xO=O u=Wv 2 pmW QO xOWpL l}i=QD
=@� 1 |}=yv Q}O=kt x@ ?}DQD x@ R2 = 0 9 |x}rw= Q=Okt R= ẁQW =@ PSO w u=}O=Qo
R}v PSO sD} Qwor= xm OyO|t u=Wv xH}Dv u}= "Ov=xO}UQ 0 977 w �0 001 CkO
sD} Qwor= xm OvJ Qy 'CU= jiwt xOWxOy=Wt |=ysHL O}rwDR=@ QO |i=m |xR=Ov= x@

"CU= QDjiwt E}L u}= R= u=}O=Qo
R2 Q=}at R= 'x}rw= T} QD=t Q=DN=U ^iL QO sD} Qwor= wO CQOk |UQQ@ |=Q@
C=Q}}eD '3 pmW "CU= xOW xO=iDU= xOWK}LYD w x}rw= |=yT} QD=t <=RH= u}@
xm 'OyO|t u=Wv sD} Qwor= wO |=Q@ l}i=QD X}YND O=OaD x@ C@Uv =Q Q=}at u}=
|rw 'Ov=xDiQo xrY=i x}rw= T} QD=t R= Q=QmD V}=Ri= =@ sD} Qwor= wO Qy u; j@=]t
C}=yv QO xm |Qw]x@ 'CU= QDtm |L[=w Qw] x@ PSO sD} Qwor= |=Q@ xrY=i u}=

"CU= xOt; CUO x@ u=}O=Qo |=Q@ R2 = 0 85 w PSO |=Q@ R2 = 0 91
R= xr�Ut |rta |=yOQ@OQ=m QO jwi |=yQ=}at |@Uv C}ty= u}}aD CyH
<=RH= ẁtHt C=Q}}eD "CU= xOW xO=iDU= 1391 p=U hOy T} QD=t C=aq]=
4 pmW QO xOWpL l}i=QD X}YND p�=Ut O=OaD C@Uv xOWK}LYD T} QD=t
sD} Qwor= wO Qy QO �1373T} QD=t� x}rw=T} QD=t <=RH= `tH "CU= xOW xO=O u=Wv

u=}O=Qo |=ysD} Qwor= j} Q] R= xOWK}LYD |=yT} QD=t |@=} RQ= u=mt= 'CQwY u}=
"OwW|t sy=Qi |ak=w T} QD=t =@ xU}=kt QO PSO w

|x}rw= T} QD=t K}LYD QO PSO w u=}O=Qo sD} Qwor= wO |};Q=m |xU}=kt |=Q@
u}}=B K]U |xr�Ut |=ypL hQY =Q |w=Ut |v=tR =yv; |wO Qy O}=@ '1373
Qy QO l}i=QD X}YND p�=Ut ,qw= 'Qw_vt u}O@ "OvW=@ xOQm �l}i=QD X}YND�
\QW ,=}v=F w 'OvwW|t pL 0 001 11|@Uv h=mW =@ pO=at |DkO =@ sD} Qwor= wO
|@Uv h=mW "OwW|t xO=O Q=Qk l}i=QD X}YND O=OaD |wQ sD} Qwor= wO Qy hkwD

%OwW|t h} QaD 13 |x]@=Q CQwYx@
RG =

TC �Pj2J djuj
TC

(13)

OYkt � -=O@t GwR u}@ QiU u=tR u} QDx=Dwm uj w xm@W QiU u=tR pm TC 'u; QO xm
"OvDUy |rai u=} QH QO j

l}i=QD X}YND Q=@l} OvtR=}v 'u=}O=Qo sD} Qwor= Q=QmD Qy xm CU= QmP u=}=W
X}YND xr�Ut C=QP O=OaD x@ O}=@ PSO sD} Qwor= Q=QmD Qy QO xm |r=L QO &CU=
w �l}i=QD X}YND Q=@ 31� Q=QmD 31 =@ u=}O=Qo sD} Qwor= 'pta QO "OwW pL
l} |xwqa x@ l}i=QD X}YND Q=@ 30� Q=QmD 6 w xQP 5 =@ PSO sD} Qwor=
=QH= u=QyD |xm@W |=Q@ �12 |x]@=Q QO Ca |x@U=Lt |=Q@ |i=[= X}YND

%OvDUy xU}=kt p@=k =yQ=}at u}= |=v@t Q@ sD} Qwor= wO u}= G}=Dv "Ov=xOW
&hOy `@=D Q=Okt "1

&xOWOQw;Q@ w xOWxOy=Wt |=yu=} QH u}@ �|oDU@ty ?} Q[� R2 "2
&xOWK}LYD T} QD=t w �1373 T} QD=t� x}rw= T} QD=t <=RH= u}@ R2 "3

&1391 hOy T} QD=t x@ C@Uv xOWK}YLD T} QD=t <=RH= ẁtHt "4
"1391 hOy T} QD=t w xOWK}LYD T} QD=t <=RH= u}@ R2 "5

pw= Q=}at 3 R= ,=@r=e [17�14w9] 'u}W}B C=ar=]t |NQ@ QO xm CU= QmP x@ sRq
QO hOy T} QD=t =Q} R 'CU= xOW xO=iDU= xOWK}LYD |=yT} QD=t |@=} RQ= CyH
p@k R= w CU= xr�Ut Q}eDt `k=w QO 'T} QD=t K}LYD |xr�Ut |rta |=yOQ@ Q=m
wO |}=v=wD u=wD@ =D Ov=xOW x�=Q= R}v 5 w 4 Q=}at wO 'xar=]t u}= QO xD@r= "CU}v swrat
|@=} RQ= QDy@ =Q 'CU= 1391 T} QD=t u}}aD xm '|rY= hOy x@ uO}UQ QO sD} Qwor=
|=yQ=}at |@Uv C} wrw= =D Ovm|t ltm Q=}at wO u}= |x�=Q= 'Qo}O hQ] R= "OQm

"OwW uWwQ xr�Ut |rta |=yOQ@ Q=m QO xO=iDU= CyH |r@k
X}YND p�=Ut O=OaD x@C@Uv =Q 2 |xr�Ut hOy `@=D Q=Okt sD} Q=or '1 pmW
pmW QO xm Qw]u=ty "OyO|t u=Wv sD} Qwor= wO |=yQ=QmD QO xOWpL l}i=QD
|=yQ=QmD QO =Q hOy `@=D Q=Okt Ov=xDUv=wD sD} Qwor= wO Qy 'OwW|t xOy=Wt QwmPt
|Qw] x@ 'OQ=O |QDy@ OQmrtaE}L u}= R= u=}O=Qo sD} Qwor=|rw 'OvyOVy=m|r=wDt
1 36�105 Q=Okt x@ 1 38�108 |x}rw= Q=Okt R= =Q hOy `@=D CU= xDUv=wD xm
xO}UQ 1 23� 107 Q=Okt x@ C}=yv QO PSO sD} Qwor= xm |r=L QO 'OyO Vy=m
xOQm O}rwDR=@ QDy@ =Q xOWxOy=Wt |=ysHL u=}O=Qo sD} Qwor= 'Qo}O CQ=@a x@ "CU=
|=yGwR|=[=kD 'u=}O=QoVwQ QO xmCU=K}[wDp@=kCQwYu}O@ xH}Dvu}= "CU=
OvwW|t s}_vD |wLv x@ 'Ovvm|t Qw@a xOWVQ=tW |=yu=tm R= xm '|OYkt � -=O@t
xOWxOy=Wt |=yu=} QH x@ u=mt= OL =D =yu=tm u; x@ xDi=}X}YND |=yu=} QH xm
u=}O=Qo sD} Qwor= O}m = xHwD "�OwW xv}tm '2 hOy `@=D |DQ=@a x@� OvwW l}ORv
x@ xOWK}LYD T} QD=t Q=DN=U XwYNQO =Q |@}=at xOWxOy=Wt |=yu=} QH x@

"Ov=xDiQo Q=Qk |UQQ@ OQwt xt=O= QO xm 'OQ=O x=Qty
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O=OaD x@C@Uv hOyT} QD=t w xOWK}LYD |=yT} QD=t u}@R2 C=Q}}eD "5 pmW
"u=QyD |xm@W |=Q@ l}i=QD X}YND

"u=QyD |xm@W |=Q@ PSO w u=}O=Qo sD} Qwor= wO |=QH= u=tR "1 pwOH
pL u=tR pm |xr�Ut pL u=tR p�=Ut pL u=tR sD} Qwor=
�xk}kO� xr�Ut �xk}kO� q=@ K]U �xk}kO� u}}=B K]U

58 4 3 1 55 3 u=}O=Qo
56 1 0 8 55 3 PSO

'OyO|t u=Wv =Q |UQQ@ OQwt sD} Qwor= wO \UwD xr�Ut pL u=tR '1 pwOH
hkwDt u=}O=Qo sD} Qwor= R= QDOwR xk}kO 2 3 OwOL QO PSO sD} Qwor= u; j@=]t xm
u}= 'VwQ wO Qy QO u}}=B K]U p�=Ut pL u=tR uOw@ Q@=Q@ x@ xHwD =@ "OwW|t
QwmPt pwOH xm Qw]u=ty "OwW|t q=@ K]U |xr�Ut pL u=tR x@ \w@ Qt Cw=iD
sD} Qwor= R= QD`} QU Q@=Q@ 3 9 =Q q=@ K]U |xr�Ut PSO sD} Qwor= 'OyO|t u=Wv
u=} QH =@ |=yQ}Ut |wQ |=yu=tm s=tD O}=@ u=}O=Qo sD} Qwor= =Q} R "Ovm|t pL u=}O=Qo
PSO sD} Qwor= xm |r=L QO 'Ovm V}=t}B OYkt � -=O@t |=yGwR |xty u}@ =Q C@Ft
|wQ Q@ sD} Qwor= wO Qy xm CU= QmP x@ sRq "Ovm|t pta xO=U |]@=wQ T=U=Q@
=QH= 4 GB |x_i=L w 2 53 GHz |xOvR=OQB C=YNWt =@ xv=}=Q x=oDUO l}

"Ov=xOW

|Q}oxH}Dv "6
VQ=tW C=aq]= T=U=Q@ OYkt � -=O@t |=yT} QD=t K}LYD |=yVwQ xRwQt=
KQ]t OYkt � -=O@t |Q}oQ=t; |=Q@ Ct}ku=RQ= |v} Ro}=H u=wvax@ =yu=tm sHL
T} QD=t K}LYD CyH PSO w u=}O=Qo OwHwt sD} Qwor= wO 'Q=DWwv u}= QO "OvDUy
QO xm@W |=yu=tm R= �1 1 OwOL u=} QH C=aq]= T=U=Q@ 1373 p=U |x}rw=
=yu=tm QO u=} QH C=aq]= "CU= xOW xU}=kt =yv; |};Q=m w V}=tR; 1391 p=U
xr}Uw u}O@ =D 'CU= xOt; CUOx@ 1391 p=U OwHwt T} QD=t X}YND j} Q] R=
xm Ov=xO=O u=Wv G}=Dv "OwW sy=Qi|ak=wT} QD=t =@ sD} Qwor= wO G}=Dv |xU}=kt u=mt=
'OQ=O |�RH |QDQ@ =yu=tm QO xOWxOy=Wt |=ysHL O}rwDR=@ Q_v R= u=}O=Qo sD} Qwor=
Kw[w x@ x}rw= T} QD=t Q=DN=U ^iL Q_v R= PSO sD} Qwor= OQmrta xm |r=L QO
xOWK}LYD |=yT} QD=t 'Q}N= Q=}at wO |@Uv C}ty= u}}aD CyH "CU= QDy@
u; j@=]t xm 'Ov=xOW xU}=kt R}v 1391 p=U hOy T} QD=t =@ sD} Qwor= wO \UwD

O=OaD x@ C@Uv xOWK}LYD w x}rw= |=yT} QD=t <=RH= u}@ R2 C=Q}}eD "3 pmW
"u=QyD |xm@W |=Q@ l}i=QD X}YND

X}YND O=OaD x@ C@Uv xOWK}LYD T} QD=t <=RH= ẁtHt C=Q}}eD "4 pmW
"u=QyD |xm@W |=Q@ l}i=QD

hOy T} QD=t <=RH= `tH �60 ,=OwOL xm 'CU= |Q=wU pO=at 430778 Q@=Q@
|QDy@ OQmrta PSO sD} Qwor= xm OyO|t u=Wv 4 pmW "CU= �1391 T} QD=t�
<=RH= ẁtHt 'l}i=QD X}YND Q=@ 31 R= Oa@ xm |Qw] x@ 'OQ=O Q_vt u}= R=
QO 'CU= xO}UQ �hOy T} QD=t �95� 684652 OOa x@ xOWK}LYD T} QD=t
��77 |@Uv Q=Okt� 55270 Q=Okt Q@=Q@ u=}O=Qo sD} Qwor= QO OOa u}= xm |r=L
u}= xm CU= p}rO u}= x@ u=}O=Qo sD} Qwor= h}a[ OQmrta "CU= xOt; CUO x@
smCUO xm Ovm|t K}LYD =Q |OYkt � -=O@t |=yGwR u; |=[=kD \ki sD} Qwor=
xm |r=L QO 'OW=@ xDW=O OwHw =yv; u}@ |=yQ}Ut QO xOWxOy=Wt u=tm l}
hrDNt T} QD=t OvJ R= xO=iDU= R}v w u; |iO=YD C}y=t Q]=N x@ PSO sD} Qwor=
CU= QO=k |Oa@ Q=QmD |=yT} QD=t O}rwD |=Q@ �T} QD=t 5 =Hv}= QO� Q=QmDQy QO
PSO sD} Qwor= '`k=w QO "OyO Q}}eD R}v =Q OYkt � -=O@t |=yGwR Q}=U |=[=kD
pta u=}O=Qo sD} Qwor= R= QDy@ |yHwD p@=k Qw] x@ =yQiU pm OWQ |v}@V}B QO

"Ovm|t
=Q hOy T} QD=t Q=DN=U x@ uOWl}ORv QO sD} Qwor= wO |};Q=m 'C}=yv QO
"OQm |UQQ@ |}=yv w xOWK}LYD |=yT} QD=t <=RH= u}@ R2 Q=}at =@ u=wD|t R}v
QwO |}=yv T} QD=t R= Q=QmD V}=Ri= =@ sD} Qwor= wO Qy xm OyO|t u=Wv 5 pmW
x@ C@Uv R2 = 0 43 =@ PSO |xOWK}LYD T} QD=t 'C}=yv QO =t= "OvwW|t
'CU= QDl}ORv |}=yv T} QD=t x@ R2 = 0 41 =@ u=}O=Qo |xOWK}LYD T} QD=t

"CU= u; QDy@ |};Q=m |xOvyOu=Wv xm
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QmWD w Q}OkD
w pkvwptL `t=H C=ar=]t CmQW sQDLt pt=a Q}Ot R= Q=DWwv u}= u=oOvU} wv
OwN C}=tL =@ xm |RwQwv u}UL OtLt TOvyt |=k; ?=vH u=QyD QyW l}i=QD

"OvQ=O =Q QmWD p=tm 'Ov=xDN=U QU}t =Q VywSB u}= s=Hv=

xH}Dv T} QD=t QY=va `tH sy w Q=DN=U Q_vt R= sy u=}O=Qo sD} Qwor= `]=k |QDQ@
"CU= xOW

|xr�Ut |rta |=yOQ@ Q=m QO xmCio u=wD|t xar=]t u}= OwOLt G}=Dv T=U=Q@
�x}rw= T} QD=t Q=DN=U ^iL� Q=}at |=Q@ CU= QDy@ 'OYkt � -=O@t T} QD=t K}LYD
"OwW xDiQo Q_v QO |QDW}@ uRw �xOWxOy=Wt |=yu=} QH O}rwDR=@� Q=}at x@ C@Uv

=yCWwv=B
1. origin-destination (OD) matrix
2. origin-destination matrix estimation problem (ODMEP)
3. maximum entropy
4. particle swarm optimization (PSO)
5. path-based complementarity algorithm
6. particle
7. Swarm
8. global best
9. local best
10. �tness function
11. relative gap
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