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xOW xDN=OQB |}xvwo x@ ?; `} RwD |=yxm@W QO ?; uU Vy=m \UwD ?; C}i}m
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u=mt |}=tv=H Q@ xwqa [4]"CU= xOW CUB Q}e |=ypLx=Q |QU l} O}rwD x@ QHvt
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Q=tWx@ ?; `} RwD |xm@W |=yVN@ u} QDsyt R= xQ}NP lv=D xmv}= x@ xHwD =@
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OQwt u; QO OwHwt ?; xm CU= lv=D sHL R= |DtUk 'xQ}NP |=ylv=D O}it sHL
hQYt |Da=U C=v=Uwv u=Q@H |=Q@ R=}vOQwt sHL pt=W w OQ}o|t Q=Qk xO=iDU=
|xQ}NP w |v=WvVD; hQ=Yt u}t-=D |=Q@ R=}vOQwt sHL '�xOvvmpO=aDt sHL�
xOWQmP VN@ xU |x@U=Lt R= xQ}NP |=ylv=D O}it sHL =Pr "CU= |Q=Q][=
O}it sHL '|rwtat \}=QW QO '|i=m C=aq]= uOw@v CQwY QO w OwW|t u}}aD
KQ] |xQwO u=}=B QO xOW|v}@V}B |xv=RwQ hQYt |xv}W}@ OYQO 80 =D 50 u}@
QO xQ}NP lv=D QO OwHwt ?; R=QD 'xOWQmP OQ=wt x@ xHwD =@ [15]"OwW|t x}YwD
x@ |Q=Q][= sHL pt=W xm |v}at OL R= RwQxv=@W pw] QO ?; `} RwD |xm@W
lv=D Cw=iD |rmQw]x@ "OW=@ QDtm Ov=wD|tv 'CU= |v=WvVD; |xQ}NP sHL x=Qty
pw] QO C@=F Oy =@ uRNt "CU= u; uOW|r=N w QB C}r@=k QO uRNt =@ xQ}NP
C=v=Uwv =@ Q}}eD C}r@=k 'xQ}NP lv=D sHL xH}Dv QO w ?; R=QD |rw 'CU= RwQxv=@W
sHL |L=Q] QO s}tYD Q}eDt u=wva x@ Ov=wD|t lv=D QO ?; R=QD '=Pr w OQ=O =Q ?;

"OQ}o Q=Qk xO=iDU= OQwt xQ}NP |=ylv=D
u=wva x@ '�1 |xrO=at� =ylv=D CN=U |xv} Ry |R=Uxv}tm 'VywSB u}= QO

[7]%CU= xOW xDiQo Q_v QO pw= hOy `@=D
TCC =
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i
ta)�max(h1;i; :::; hk;i; :::; hT;i) (1)

ẁv '|R=Uxv}y@ p�=Ut QO s}tYD |=yQ}eDt u=wvax@ lv=D ?; R=QD w sHL 'lv=D
uDN=Usy=Qi |=Q@ =ylv=D "CU= p}NO xQ}NP |=ylv=D |L=Q] QO R}v |Q=OQ@xQy@
"OvQ}o|t Q=Qk xO=iDU= OQwt =yxm@W QO |Q=Q][= |xQ}NP w |R=UpO=aDt sHL
R= |Q=OQ@xQy@ w |L=Q] p�=Ut 'OW=@ |m} R= V}@ xm@W QO =ylv=D O=OaD x=oQy
|xiOylD |R=Uxv}y@ x@ '2014 p=U QO [5]"OwW|t QDxO}J}B ?D=Qt x@ sDU}U
xat=H sD} Qwor= \UwD Q}eDt QwO AtB R= xO=iDU= =@ S=BtB |=yxv} Ry |R=Uxv}tm
C}r@=k x@ xHwD uwO@ RwQ pw] pm |=Q@ |iQYt u=wD w xOW xDN=OQB u=oJQwt
|xiOyOvJ |R=Uxv}y@ x@ u}vJty [6]"CU= xOt; CUOx@ S=BtB x=oDU}= u=v}t]=
=yAtB C}a[w xm |}xvwo x@ 'CU= xOW xDN=OQB ?; `} RwD |=yxm@W R= |Q=OQ@xQy@
xDiQo Q_v QO s}tYD |=yQ}eDt u=wvax@ =ylv=D QO ?; R=QD w �Vwt=N =} uWwQ�
'=yAtB Oy '=yxrwr Q]k s}tYD |=yQ}eDt R= xO=iDU= =@ =DU=Q u}= QO [7]"CU= xOW
|=yQ}eDt w |L=Q] |xrLQt QO =ylv=D |xQ}NP sHL w =yAtB u=wD |xv}W}@
|xm@W |R=Uxv}y@ x@ |Q=OQ@xQy@ |xrLQt QO =ylv=D QO ?; R=QD w Oy s}tYD
|R=Uxv}tm |xiOy wO |R=Uxv}y@ x@ u}vJty [8]"CU= xOW xDN=OQB ?; `} RwD
O}k uDiQoQ_vQO =@ ?; `} RwD |=yxm@W QO ?; C}i}m uOQmxv}W}@ w S=BtB |xv} Ry
[9]"CU= xOW xDN=OQB SPEA2 sD} Qwor= ltm x@ xQ}NP lv=D u=v}t]= C}r@=k
x@ '?; `} RwD |xm@W QO S=BtB x=oDU}= u=v}t]= C}r@=k h} QaD R= xO=iDU= =@ u}vJty
|R=Uxv}W}@ =@ p@=kD QO S=BtB x=oDU}= |=yxv} Ry uOQmxv}tm |xiOy wO |R=Uxv}y@
xH}Dv u}= w xOW xDN=OQB u=oJQwt |vwrm sD} Qwor= R= xO=iDU= =@ u; u=v}t]= C}r@=k
|Q=OQ@xQy@ |xv} Ry x@ S=BtB x=oDU}= u=v}t]=C}r@=kV}=Ri= =@ xmCU= xOt;CUOx@
|=[=kD QDW}@ uOWhQ]Q@ Ea=@ xQ}NP lv=D QDW}@ C}iQ_ "OwW|t xOwRi= u;
|WwQ u}vJty [10]"O@=}|t V}=Ri= u; u=v}t]= C}r@=k xH}Dv QO w OwW|t xm@W
j} QRD |xwLv 'AtB QwOC}a[w T=U=Q@ ?; `} RwD |=yxm@W |i}m |R=Uxv}y@ |=Q@

[11]"CU= xOW x�=Q= �Q=Wi =} =[=kD Q@ |vD@t� p}rLD VwQ ẁv w Qrm
xm 'OwW|t ?wULt |i}m |=yQDt=Q=B R= |m} u=wvax@ xm@W QO ?; uU
p=wR '=Pr &OwW|t OQ=Ov=DU= u=R}t R= ?; |xRt w w@ 'sa] Vy=m Ea=@ u; V}=Ri=
|L=Q] |R=Uxv}y@ QO u}=Q@=v@ "OQ=O Q=Qk ?; uU =@ s}kDUt \=@DQ= QO ?; C}i}m
u=tR |R=Uxv}tm '?; `} RwD |=yxm@W QO xQ}NP |=ylv=D C=U}U-=D |Q=OQ@xQy@ w
w |m}rwQO}y pOt j}irD =@ u}vJty [12]"Ow@ Oy=wN |rY= h=Oy= R= |m} 'Ov=t
|=yx=oDU}= u=mt 'l}DvS sD} Qwor= |R=Uxv}y@ pOt R}v w EPANET2 0 |i}m
'=yv; |xiOylD `@=D w CU= xOW xv}y@ ?; `} RwD |=yxm@W QO =yv; R)O w Qrm j} QRD
xQo Qy QO xOv=t}k=@ Qrm u=R}t xm |r=L QO 'CU= xOw@ |iQYt Qrm u=R}t |R=Uxv}tm
V}=Ri= xm Ov=xOQm Q=y_= u=QoWywSB |NQ@ [13]"OwW `k=w OQ=Ov=DU= |xOwOLt QO
?; Ov=t u=tR V}=Ri= Qw]u}ty w =yxv} Ry V}=Ri= Ea=@ xQ}NP |=ylv=D C}iQ_
[14]"Ovvm Q=QkQ@ pO=aD 'O=[Dt hOy wO u}= u}@ O}=@ u=L=Q] w OwW|t xQ}NPlv=D QO
Vy=m w |R=Uxv}y@ x@ QHvt xQ}NP |=ylv=D CN=U |xv} Ry |R=Uxv}y@ wQ u}= R=

"OwW|t xm@W pm |=yxv} Ry
|x@U=Lt |=Q@ EPANET2 0 xrtH R= Q=R=@ QO OwHwt |=yQ=Ri=sQv QDW}@
1�DDSM� =[=kD Q@|vD@t|m}rwQO}yp}rLDVwQ R= xm@W|m}rwQO}y|=yQDt=Q=B
C@=F Q=Wi C=Q}}eD =@ =yxQo R= |HwQN |@O VwQ u}= QO xm =Hv; R= "Ovvm|t xO=iDU=
V}=Ri= Ovv=t� |Q=OQ@xQy@ p=tQvQ}e \}=QW QO CU}v QO=k VwQ u}= =Pr 'Ov=t|t
O}rwD =Q C}ak=w Q@ j@]vt w K}LY |=y?=wH �sDU}U <=RH= CUmW =} =[=kD
|DL w xv}tm Q=Okt R= |}xQo |=yQ=Wi Vy=m u=mt= xmv}= x@ xHwD =@ u}=Q@=v@ "Ovm
p=ta= hQYt |=yxQo |=Q@ OQ=Ov=DU= Q=Wi |xv}tm O}k 'OQ=O OwHw u; uOW|ivt
2�HDSM� Q=Wi Q@ |vD@t |m}rwQO}y p}rLD VwQ xm =Hv; R= um}r "OwW|t
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%CU= uOWxrwtQi

R1 = Hmax �H1
H2 �H1

(7)

'CU= |v=WvVD; w |Q=Q][= sHL R= xO=iDU= u=v}t]= C}r@=k u=R}t R2 u}vJty
%O};|t CUOx@ 8 |x]@=Q R= xm

R2 = Hmin

H1
(8)

"OvDUy h} QaD p@=k 1 pmW CQwYx@ H2 w H1 |=yQDt=Q=B 'QwmPt CqO=at QO
Hmin w RwQxv=@W pw] QO lv=D QO OwHwt ?; R=QD |xv}W}@ =@ Q@=Q@Hmax u}vJty

"CU= xOQDUo |xQwO R}r=v; pw] QO lv=D QO OwHwt ?; R=QD |xv}tm =@ Q@=Q@
|xv}tm u=R}t xm OUQ|t OwN Q=Okt |xv}W}@ x@ lv=D u=v}t]= C}r@=k |v=tR
QO OwHwt ?; R=QD |xv}W}@ u}vJty wH1 R=QD Q@ (Hmin) lv=D QO OwHwt ?; R=QD
ẁtHt R= xm =vat u}= x@ "OwW j@]vt H2 lv=D `=iDQ= |xv}W}@ Q@ (Hmax) lv=D
sHL R= w OwWv |}xO=iDU= I}y RwQxv=@W pw] QO |v=WvVD; w |Q=Q][= sHL
smCUO RwQxv=@Wpw] QO R=QD wO u}= u}@ ?; w OwW xO=iDU= xv}W}@ |R=UpO=aDt
|=Q@ |ivt Q=Wi OwHw sOa O}k xm CU= QmP x@ sRq "OwW |r=N w QB Q=@ l}
|=Q@ xm CyH u; R= VywSB u}= QO "CU= xDiQo Q=Qk Q_v Ot xm@W |=yxQo |t=tD
|xOwOLt QO ?; R=QD xm CU= u; Q@ ZQi 'xm@W QO lv=D u=v}t]= C}r@=k V}=Ri=
'OwWv xO=iDU= |Q=Q][= w |v=WvVD; |xQ}NP R=QD R= w Ovm Q}}eD |R=UpO=aDt R=QD
C}r@=k "CU= xOW xDiQo Q_v QO 1 =@ Q@=Q@ �1 ?} Q[ w QiY =@ Q@=Q@ �2 ?} Q[
=ylv=D lDlD u=v}t]= C}r@=k u}@ |vRw |Q}ou}ov=}t R= xm@W |=ylv=D u=v}t]=

%Ow@ Oy=wN x@U=Lt p@=k 9 |x]@=Q R=

Rta;total =
Pi=Nta1 Rtai � VtaiPi=Nta1 Vtai

(9)

xm@W QO OwHwt |=ylv=D R= |Q=OQ@xQy@ u=v}t]= C}r@=k Rta;total 'u; QO xm
|xv}W}@� s)=ilv=D pN=O ?; sHL Vtai 's)=ilv=D u=v}t]= C}r@=k Rtai "CU=
Nta w '�s)=ilv=D QO |v=WvVD; w |Q=Q][= |xQ}NP R=QD |=yvt lv=D QO ?; R=QD
R= =[=kD Q@ |vD@t |m}rwQO}y p}rLD CQwY QO "OvDUy xm@W |=ylv=D O=OaD

"OwW|t xO=iDU= 9 |x]@=Q

'|Q=Q][=w|v=WvVD; R=}vOQwt`=iDQ=H1�lv=D|a=iDQ= R=QD|Ov@s}UkD "1pmW
"�lv=D `=iDQ= pm H2 w

30 m � Hj � 50 m (2)

0 hr �Wage;j � 6 hr (3)

0 3 m=s � vij � 2 m=s (4)

?; R=QD QDt Qy |xv} Ry UTCi '�$� lv=D CN=U |xv} Ry TCC '=yu; QO xm
QO s)=ilv=D QO ?; R=QD hk;i '�QDt� s)=ilv=D Q]k dita 's)=ilv=D QO Q]k OL=w QO
vij w 'j xQo QO 3?; uUWage;j 'j |xQo OyHj '�QDt� s)=k |v=tR |xR=@ |=yDv=
?; C}i}m QO Q=PoQ}F-=D pt=wa R= |m} ?; uU "OvDUy ij |xrwr QO ?; CaQU
=i}= =Q ?; `} RwD |=yxm@W QO ?; C}i}m p=wR QO |tyt pt=a u; V}=Ri= xm 'CU=
xDiQo Q_v QO [16]'1996 p=U QO |WywSB T=U=Q@ ?; uU u}}=B w q=@ OL "Ovm|t
%CU= 5 |x]@=Q CQwYx@ ?; CW=OQ@ u=R}t |xv}W}@ O}k u}vJty "CU= xOW���Pn tan k
j=1 (Sinitialj �Sfinalj

���Pn tan k
j Sfinalj

� " (5)

|}=OD@= R=QD� xQ}NP ?; |}=yv w x}rw= sHL ?}DQD x@ Sfinalj w Sinitialj 'u; QO xm
x@ sRq "OvDUy R=Ht |=]N Q=Okt " w ?amtQDt x@ s)=j lv=D QO �?; |}=yDv= w
lv=D |}=yv w x}rw= sHL 'OW=@ 1 =@ Q@=Q@ =ylv=D O=OaD w " = 0 Qo = xm CU= QmP
"Ow@ Ovy=wN j@]vt Qo}Om} Q@ Ca=U 24 |] lv=D |}=yv w x}rw= R=QD xH}Dv QO w

u=v}t]= C}r@=k |R=Uxv}W}@ %swO hOy `@=D "2"1"2
w j@=]D sOa w l}D=twD= pQDvm sDU}U OwHw sOa 'Q=OQ@xQy@ xHwD sOa p}rO x@
x@ |OwQw ?; w lv=D |xQ}NP sHL =@ hQYt C=v=Uwv p}OaD |=Q@ sRq |R} Qxt=vQ@
R= R} QQU CQwYx@ w OwQ|t QDq=@ u; R=QD |xv}W}@ R= lv=D ?; `k=wt R= |NQ@ 'u;
|D=a=U QO ,qwtat xQ}NP |=ylv=D R= R} QQU "OwW|t GQ=N \w@ Qt |HwQN |xrwr
QO ?re=� CU= xv}tm sDU}U QO =[=kD w OQ=Ov OwHw hQYt l}B xm RwQxv=@W R=
QDW}@ xm@W |L=Q] `=iDQ= R= ?; R=QD xm |DQwY QO =Pr "OyO|t MQ �=y?W xt}v
QO QiY x@ l}ORv |OOa =@ Q@=Q@ lv=D u=v}t]= C}r@=k 'Ovm R} QQU ?; |va} 'OW=@
Qo = u}vJty "CU}v xm@W \}=QW =@ ?U=vt ?=wH u}= w �0 25� OwW|t xDiQo Q_v
R= 'R=QD u}= R= |Q=OQ@xQy@ u=R}t x@ 'OwW xO=iDU= |v=WvVD; w |Q=Q][= |xQ}NP R=
w xv}tm u}@ ?; R=QD xm |DQwY QO 'C}=yvQO w OwW|t xDU=m u=v}t]= C}r@=k u=R}t
xO=iDU= u=R}t x@ C@Uv lv=D u=v}t]= C}r@=k 'Ovm Q}}eD |R=UpO=aDt R=QD |xv}W}@
u}= CQwYx@ u=v}t]= C}r@=k R= |i} QaD '=DU=Q u}= QO "Ow@ Oy=wN Q}eDt R=QD u}= R=

%CU= xOW xDiQo Q_v QO pL=Qt
xDiQo Q_v QO xm@W |=Q@ 4�EPS� xOQDUo |v=tR |xQwO R}r=v; xm |DQwY QO
"Ow@ Oy=wN TQDUO QO RwQxv=@W pw] QO lv=D |a=iDQ= |=yR=QD C}=yvQO 'OwW
'CU= syt Q=}U@ u; R= xO=iDU= u=R}t w xOW|L=Q]lv=D sHL R= |Q=OQ@xQy@ |xwLv

"OwW|t xDiQo Q_v QO s=HL= R= l} Qy C}ty= u=R}t 'u; x@ |yOuRw =@ xm
|Q=OQ@xQy@ R=|@}mQD '�swOhOy `@=D u=wvax@�lv=D u=v}t]=C}r@=k Q=DWwvu}= QO
j@=]t |Q=Q][= |xQ}NP w |v=WvVD; |=Q@ R=}vOQwt sHL w xOvvmpO=aDt sHL R=

[3]%CU= xOW xDiQo Q_v QO 6 |x]@=Q =@
Rta = �1 �R1 + �2 �R2 (6)

ẁtHt w |R=UpO=aDt sHL R= xO=iDU= C}ty= OYQO ?}DQD x@ �2 w �1 'u; QO xm
'|R=UpO=aDt sHL R= xO=iDU= u=v}t]= C}r@=k R1 '|Q=Q][= w |v=WvVD; sHL
C}r@=k Rta w '|Q=Q][= w |v=WvVD; sHL R= xO=iDU= u=v}t]= C}r@=k R2
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[17]"xm@W lv=D QO ?; hrDNt |=yR=QD |=Q@ xt} QH |vLvt "2 pmW

G}=Dv w xO=iDU= xm@W |=ylv=D u=v}t]= C}r@=k |x@U=Lt |=Q@ xOWh} QaD |x]@=Q
"Ov=xOW xU}=kt Qo}Om} =@

|=Q@ u=v}t]= C}r@=k |=H x@ lU} Q |R=Uxv}tm `@=D xm CU= QmP x@ sRq
%CU= 13 |x]@=Q j@=]t xm 'CU= xOW xDiQo Q_v QO wDQ=B |vLvt x@ |@=}CUO
Riskta = 1�Rta (13)

|i}m w |m}rwQO}y R=Ux}@W pOt "2"2
Q@ =y|UQQ@ w =yp}rLD Q}=U s=Hv= R=}vV}B 'pt=m w j}kO |m}rwQO}y |R=UpOt
|m}rwQO}y p}rLD Q=Ri=sQv R= Qw_vt u}= |=Q@ "CU= ?; `} RwD |xm@W C}a[w |wQ
u}= "CU= xOW xO=iDU= 'Ovm|t pta u=}O=Qo VwQ T=U=Q@ xm 'EPANET2 0
QO |v=tR |xOQDUo |xQwO l} QO =Q ?; |i}m w |m}rwQO}y |=yQDt=Q=B Q=Ri=sQv
p}rLD T=U=Q@ xm 'R=Ux}@W u}= "Ovm|t |v}@V}B |vO}t=W; ?; `} RwD |xm@W
|=ypmW |R=UpOt C}r@=k Q@ xwqa 'Ovm|t pta =[=kD Q@ |vD@t |m}rwQO}y
=@ |}xQo |=[=kD '=yAtB w =yQ}W hrDNt `=wv= '=ylv=D |=Q@ |UOvy hrDNt
?; R=QD |=v@t Q@ =Q sDU}U OQmrta Ov=wD|t hrDNt |v=tR C=Q}}eD |=ywor=
Q=Ri=sQv R= R}v Q=Wi Q@ |vD@t |m}rwQO}y p}rLD |=Q@ u}vJty "Ovm XNWt lv=D
|=yxQo |x}rmp}O@D =@ w u=}O=QoVwQT=U=Q@ xm [18]'EPANET2-EMITTER

"CU= xOW xO=iDU= 'Ovm|t pta xv=Wi= x@ hQYt

u=oJQwt |xat=H sD} Qwor= "3"2
u=oJQwt |xat=H sD} Qwor= R= Q=DWwv u}= QO |R=Uxv}y@ |xr�Ut pL |=Q@
|xDUO R= sD} Qwor= u}rw= '=yxJQwt sDU}U |R=Uxv}y@ sD} Qwor= "OwW|t xO=iDU=
xOW O=yvW}B 1996 p=U QO xm 'CU=yxJQwt |xat=H |R=Uxv}y@ |=ysD} Qwor=

%CU= xOW h} QaD 14 |x]@=Q CQwYx@ sD} Qwor= u}= p=tDL= `@=D [19]"CU=

Pi(j)(k; t) =
[�i(j)(t)]�[�i(j)]�PJ
j=1 [�i(j)(t)]�[�i(j)]�

(14)

t u=tR QO k |xJQwt |Dkw s)=j |xv} Ro ?=NDv= p=tDL= Pi;(j)(k; t) 'u; QO xm
�i(j) 't u=tR QO ij Q}Ut uwtwQi C_re �i(j)(t) 'OQ=O Q=Qk i s}tYD |x]kv w
|@=NDv= |=yQ}Ut O=OaD j w '|vRw ?}=Q[ �; � 'ij Q}Ut |Ww=m |xOvvmC}=Oy

QO Q=Wi C=v=Uwv x@ C@Uv xm CU= |}x]@=Q x@ R=}v |Q=OQ@xQy@ \}=QW QO
xm@W |=ylv=D u=v}t]= C}r@=k u=wD|t =Pr "OW=@ xDW=O =Q sRq C}U=UL 'xm@W
xm |}xvwo x@ hQYt |=yxQo x@ |i=m ?; uOv=UQ |=Q@ =ylv=D |}=v=wD CQwYx@ =Q
|x]@=Q� OQm h} QaD 'OwWv QDtm OwN R=Ht |xv}tm R= hQYt |=yxQo QO ?; Q=Wi

%�10

Rta;t =
PN
j=1 Q

avl
(j;t)PN

j=1 Q
req
(j;t)

(10)

't u=tR w s)=j |xQo QO xOWu}t-=D |@O Qavl(j;t) 'hQYt |=yxQo O=OaD N 'u; QO xm
u=tR QO lv=D u=v}t]= C}r@=k Rta;t w 't u=tR w s)=j xQo QO R=}vOQwt |@O Qreq(j;t)

"OvDUy t
|x@U=Lt |=Q@ 'Q=Wi Q@ |vD@t |m}rwQO}y p}rLD VwQ ha[ x@ xHwD =@
C}r@=k |x]@=Q 'hrDNt |Q=Wi \}=QW QO =yxQo R= |HwQN |=y|@O |ak=w Q}O=kt
KqY= 11 |x]@=Q CQwYx@ HDSM VwQ j]vt w |}xQo Q=Wi T=U=Q@ u=v}t]=

%OwW|t

Rta;t;Sc =8>>>>>><>>>>>>:
0 if Havl

j;t;Sc � Hmin

PN
i=1(

Havl(i;t;Sc)�Hmin

Hdes(i;t;Sc)�Hmin )0 5�Qreq(i;t;Sc))PN
i=1 Q

req
(i;t;Sc)

if Hmin�Havl
j;t;Sc�Hdes

1 if Havl
j;t;Sc � Hdes

(11)

Q=Wi Hdes 'R=Ht |}xQo Q=Wi |xv}tm Hmin '=[=kD |=yxQo O=OaD N 'u; QO xm
Sc |w} Q=vU w t u=tR 's)=i |xQo QO OwHwt Q=Wi Havl

(j;t;Sc) 'R=}vOQwt |}xQo
Sc |w} Q=vU w t u=tR 's)=i |xQo QO R=}vOQwt |@O Qreq(j;t;Sc) '�QDt ?ULQ@�
t u=tR 's)=i |xQo QO R=Ht Q=Wi |xv}tm Hdes

(j;t;Sc) '�x}v=F Q@ ?amtQDt ?ULQ@�
w t u=tR QO lv=D u=v}t]= C}r@=k R(ta;t;Sc) w �QDt ?ULQ@� Sc |w} Q=vU w
xO=iDU= |yOuRw pt=a u=wvax@ Qreq(j;t;Sc) R= x]@=Q u}= QO "OvDUy Sc |w} Q=vU
xm CU= QmP x@ sRq "OwW x�=Q= u=v}t]= C}r@=k R= |QDj}kO u}tND =D 'CU= xOW
u}= x@ "CU= xQ}NP lv=D QO ?; hrDNt |=yR=QD 'VywSB u}= QO Q_vOt |w} Q=vU
|=vat x@ swO |w} Q=vU 'H1 R=QD R= QDtm ?; R=QD |=vat x@ pw= |w} Q=vU xm ?}DQD
QO H2 R=QD R= QDW}@ ?; R=QD |=vat x@ swU |w} Q=vU w 'H2 w H1 R=QD u}@ ?; R=QD

"CU= lv=D
|=yw} Q=vU QO xm OW=@ xDW=O lv=D |O=OaD '?; `} RwD |xm@W xm |DQwY QO
u=v}t]=C}r@=k xm|DQwY QO tX=N u=tR QO 'OvW=@ Cw=iDt |=y?; R=QD =@hrDNt
Oy=wN QD?U=vt xOvQ}os}tYD |=Q@ pta QO 'OwW x�=Q= |vRw u}ov=}t CQwYx@ lv=D
|Q=Pos=v rSc 's)=Sc |w} Q=vU u=v}t]= C}r@=k xm |DQwY QO '=DU=Q u}= QO "Ow@

%OQm xO=iDU= 12 |x]@=Q R= u=wD|t 'OwW

Rta;t;total =
PNta
Sc=1 Rta;t;Sc � rScPNta

Sc=1 rSc
(12)

u=v}t]= C}r@=k Rta;t;total w xm@W QO OwHwt |=ylv=D O=OaD Nta 'u; QO xm
=yrSc u}vJty "OvDUy ptDLt |=yw} Q=vU pm |=Q@ t u=tR QO xm@W |=ylv=D
wO Qy R= Q=DWwv u}= QO "Ov};|t CUO x@ 2 pmW QO xt} QH |vLvt R= xO=iDU= =@
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1|

xQ=t
W'

33
�2

|xQ
wO'

�13
96

Q=y@
�h

}QW
u=Qt

a|
UOv

yt ji=wD |x]kv� x]kv u} QDy@ 'nvw} hqDN= `iQ |Qw�D R= xO=iDU= =@VywSB u}= QO =Pr
'xOWu} wOD sD} Qwor= ltm x@ h=Oy= u}@ pO=@D |vLvt |wQ �u=oOvQ}os}tYD u}@
QO "OwW|t u}}aD 'OwW u}t-=D =yu; R= s=Om Qy C}@ wr]t |xv}W}@ xm |Qw] x@
T=UL u=Qo} R=@ C}@ wr]t `@=wD x@ |O=} R OL =D xH}Dv '|vRxv=J hrDNt |=yVwQ
Qy |=Q@ 'u=Qo} R=@ C}@ wr]t `@=wD QO OwHwt C}a]k sOa uDiQoQ_vQO |=Q@ "CU=
"OwW|t xDiQo Q_v QO u=Qo} R=@ R= C}atH l} 'hqDN= `iQ Ov}=Qi QO Q}oQO hQ]
"CU= u; u}W}B C=Oy=Wt T=U=Q@ 'OQ}o|t Qo} R=@ Qy xm |t}tYD 'xrLQt Qy QO
"CU= xOQm h} QaD (I1; I2) um} R=@ xwQo wO |=Q@ =Q pOt u}= 'OwN VywSB QO nvw}
(q 2 I2; p 2 I1) um} R=@ wO |iO=YD Qw] x@ '|v=tR |xQwO Qy QO pOt u}= QO
u}= QO u}vJty "OQ=Ov |YNWt |v=tR |xQwO xm 'OvyO|t s=Hv= =Q |}xQiv wO |R=@
=@ w OvQ=Ov |aq]= Qo}Om} C}@ wr]t `@=D R= u=vm} R=@ u}= xm CU= u}= Q@ ZQi pOt
C}@ wr]t `@=wD xJv=vJ =DU=Q u}= QO "OvR=OQB|t |R=@ x@ OwHwt C=aq]= R= xO=iDU=
hOy 'OvW=@ |R=@ u}iQ] |xOvyOu=Wv R}v x2 w x1 OwW xO=O V}=tv U =@ u}iQ]

[20]%Ow@ Oy=wN 18 |x]@=Q CQwYx@ 'QwmPt `@=D |R=Uxv}W}@ pOt R=

R(Z) = MAX

(
Min(

@UP (Z1)
@Z

UPP2l1 (Z1)
;

@UP (Z2)
@Z

Uqq2l2 (Z2)

)
(18)

xm R}v Z2 w Z1 w pOt T=U=Q@ xOW?=NDv= |x]kv Qou=}=tv R(Z) 'u; QO xm
[23]%Ow@ Ovy=wN x@U=Lt p@=k 20 w 19 \@=wQ R= 'OvQ=O u=Um} |=yOL=w

Z1 = l1
l1 + l2

(19)

Z2 = l2
l1 + l2

(20)

'QwmPt \@=wQ QO "Z1 +Z2 = 1 xm CU= xOy=Wt p@=k 20 w 19 \@=wQ x@ xHwD =@
OQwt hOy `@=wD xmv}= p}rO x@ "OvDUy Z2 |x}rw= Q=Okt I2 w Z1 |x}rw= Q=Okt I1
\@=wQ R= xO=iDU= =@ wDQ=B \=kv 'OvDUy |R=Uxv}W}@ w |R=Uxv}tm CQwYx@ xO=iDU=

%Ov=xOW OwOLt 1 w QiY x@ 22 w 21

l1 = f1 � fMin1
fMax1 � f 1Min

1
(21)

l2 = fMax2 � f2
fMax2 � fMin2

(22)

|xv} Ry u} QDtm fmin1 'lv=D CN=U |xv} Ry |R=Uxv}tm hOy `@=D f1 '=yu; QO xm
xawtHt QO OwHwt |xv} Ry u} QDW}@ fmax1 'wDQ=B ?=wH xawtHt QO OwHwt
u} QDtm fmin2 'lv=D u=v}t]= C}r@=k |R=Uxv}W}@ hOy `@=D f2 'wDQ=B |=y?=wH
u=v}t]= C}r@=k u} QDW}@ fmax2 w 'wDQ=B ?=wH xawtHt QO OwHwt u=v}t]= C}r@=k
hOy `@=D '21 |x]@=Q R= xO=iDU= =@ "OvDUy OwHwt wDQ=B ?=wH xawtHt QO OwHwt
|x]@=Q R= xO=iDU= =@ w 'OwW|t p}O@D 1 w QiY OwOL x@ OwN \}=QW ^iL =@ pw=
"Ovm|t p}O@D 1 w QiY |xOwOLt QO |R=Uxv}tm `@=D l} x@ =Q swO hOy `@=D '22

"OvwW|t x@U=Lt Z2 w Z1 'xOWQmP Q}O=kt R= xO=iDU= =@ TBU

�|OQwt |xar=]t� G}=Dv w EL@ "3
|=Q@ =y?=wH u} QDy@ wDQ=B |vLvt uOQw;CUOx@ |=Q@ xOWx�=Q= VwQ |@=} RQ= |=Q@
xm@W |=ylv=D |m}rwQO}y u=v}t]= C}r@=k |R=Uxv}W}@ |xiOywO |R=Uxv}y@
CN=U |=yxv} Ry |R=Uxv}tm u=tRsy Qw] x@ w �lU} Q u=R}t |R=Uxv}tm �

|x]@=Q "OvDUy 'OQ=O Q=Qk i s}tYD |x]kv QO xm |t=ovy k |xJQwt \UwD
%CU= xOW xDiQo Q_v QO 15 |xrO=at CQwYx@ uwtwQi |R=Us=ovy@

�i(j)(t+ 1) = ��i(j)(t) + ��i(j)(t) (15)

C_re �i(j)(t) 'OQ=O 1 w QiY u}@ |Q=Okt xm uwtwQi Q}N@D ?} Q[ � 'u; QO xm
't+1 u=tR QO ij Q}Ut uwtwQi C_re �i(j)(t+1) 't u=tR QO ij Q}Ut uwtwQi
QO CU= QmP x@ sRq "OvDUy t u=tR QO ij Q}Ut uwtwQi xi=[= ��i(j)(t) w
w Q}N@D ,=a} QU =yQ}Ut uwtwQi 'Ovm p}t QiY x@ uwtwQi Q}N@D ?} Q[ xm |DQwY
1 x@ uwtwQi Q}N@D ?} Q[ xm |DQwY QO u}vJty w OwW|t =Qoty CaQU x@ xr�Ut
"OQ}o|t CQwY |Ov)m x@ |}=Qoty w CU= sm Q=}U@ uwtwQi Q}N@D CaQU 'Ovm p}t
%CU= xOW h} QaD 16 |xrO=at CQwYx@ =yQ}Ut uwtwQi xi=[= '15 |x]@=Q QO
��i(j)(t) =

Xm

k=1
'

f(Sk(t))
ISk (t)f(i; j)g (16)

uwtwQi Q=Okt x@ xmCU= |D}tm ' 'Q=QmD Qy QO xat=H |=yxJQwt O=OaDm 'u; QO xm
xOt;CUO x@ ?=wH Sk(t) 'Ov} wo|t uwtwQi VRQ= pt=a u; x@ w OQ=O |oDU@
\UwD xOt;CUO x@ ?=wH |xv} Ry f(Sk(t)) w 't u=tR QO k |xJQwt \UwD
uwtwQi xm CU= QmP x@ sRq "OvDUy �hOy `@=D Q=Okt� t u=tR QO k |xJQwt
u}vJty "CU= (�0) x}rw= uwtwQi Q=Okt =@ Q@=Q@ |R=UpOt |=OD@= QO =yQ}Ut |x}rm

%CU= xOW h} QaD 17 |x]@=Q CQwYx@ ISk (t)

ISk (t) =

8<:1
0

(17)

QO w 1 =@ Q@=Q@ ISk (t) 'Ovm ?=NDv= =Q (i; j) Q}Ut s)=k |xJQwt xm |DQwY QO
xOWO}rwD O}OH |=ypLx=Q 'xrLQt u}= QO "Ow@ Oy=wN QiY =@ Q@=Q@ CQwYu}= Q}e
`@=D w OwN |=yQ=}at T=U=Q@ |vwrm u}= =D 'OQ}o|t Q=Qk swO |xat=H Q=}DN= QO ,qt=m
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