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xv=oOvJ |Q=PoQ=@CLD u=UWm|WvQm |SQv= '|R=Uxv}tm |xr�Uth} QaD =@VywSB
uD@ <=[a= |}=B QN pOt u}}aD |=Q@ |WwQ 'pO=aD w sHL O}k uDiQoQ_vQO =@ w

"CU= xOW O=yvW}B KrUt

|Q=PoQ=@ CLD u=UWm |WvQm |SQv= |R=Uxv}tm "3
xv=oOvJ

uOQm =O}B |=Q@ xv}tm u=UWm |WvQm |SQv= pY= R= 1987 p=U QO Q=@ u}rw= |=Q@
xOt;CUO x@ VvD Q}U \w]N R= xO=iDU= =@ u}vJty w xO=iDU= xv}y@ |}=B QN pOt
KQ]t |}=B QN pOt u}}aD |=Q@ O}OH |Q=my=Q 'K]Ut uD@ |]N u=UWm p}rLD R=
|=yVvD |Q}oCyH =@ j@=]t pOt |Q=Wi w |WWm <=[a= u; |] xm 'CU= xOW
|y=oW}=tR; |=yQ=m R= pY=L G}=Dv [2]"Ov=xDiQo Q=Qk |Q=Wi w |WWm |rY=
Cr=L wO Qy 'j} Q] u}= R= xOt;CUO x@ pOt xm OyO|t u=Wv `H=Qt R= |Q=}U@
R= ?U=vt |}=B QN pOt u}}aD [13w5]"Ovm|t xOQw;Q@ =Q |}=yv OL w |yOT} wQU
uDW=O =@ =} w |Q=PoQ=@ Cr=L u}OvJ =@ |r�=Ut |=Q@ =yVvD |Q}oCyH |wQ
O=H}= QO Q=@H= R= |W=v uOw@CNU u}= xm 'CU= CNU Q=}U@ '|}xO}J}B |xR=U
|t=tD u=}t R= sRq w[a ?=NDv= uOw@CNU w |O=yvW}B pOt QO pO=aD |=QkQ@
x@ pOt ?=NDv= QO u}vJty "OQ=O OwHw =yu; ?=NDv= u=mt= xm 'CU= |}=[a=
R= QDtm O}=@v |Q=Wi w |WWm <=[a= u}@ |x} w=R xm CW=O xHwD O}=@ VwQu}=
Q@u=tR w CNU xOWQmP VwQ =@ pOt ?=NDv= wQ u}= R= [5]"OwW ^=Lr xHQO 25

"CU=
|}=B QN pOt uOQm =O}B |=Q@ xv}tm u=UWm |WvQm |SQv= |xO}= R= 1998 p=U =D
p=U QO R}v w 1998 p=U QO "CU= xOW|t xO=iDU= pOt OvJ u}@ R= xv}y@
|SQv= |R=Uxv}tm hOy `@=D w xDUUo |SwrwB wD |R=Uxv}y@ R= xO=iDU= =@ '2001
R= xO=iDU= [14]"CU= xOW xDN=OQB |}=B QN pOt Q=mOwN u}}aD x@ u=UWm |WvQm
%OQ=O |U=U= C}OwOLt 2 |}=B QN pOt u}}aD |=Q@ xDUUo |SwrwB wD |R=Uxv}y@
?=NDv= w OQ=O xR=U |}=yv |SwrwB wD QO |tyt Q}F-=D 'xv}tR |xR=U |Ov@xm@W ',qw=
|xR=U ',=twO "OwW|t Cw=iDt |=ywor= O=H}= x@ QHvt 'hrDNt |xv}tR |=yxR=U
|rY= |xDUw}B |xR=U C=P x}@W |i=m |xR=Ov= x@ CU= umtt ?NDvt |xv}tR
Ea=@ '?NDvt |xOW|Ov@xm@W |xv}tR |xR=U 'Qo}O u=}@ x@ "OW=@v �uD@ \}Lt�
C}OwOLt O=H}= Ea=@ 'xv}tR |xR=U u}=Q@=v@ "OwW|t Q=@ |=ywor= uOW|Q=YLv=
?@U '|}=B QN pOt u}}aD |=Q@ u}W}B |=yVwQ CqmWt [15]"OwW|t |L=Q] QO
pOt u}}aD |=Q@ xDUw}B |SwrwB wD |R=Uxv}y@ R= xO=iDU= x@ u=QoWywSB uOQw;|wQ
uOQm =O}B |=Q@ u=UWm |WvQm |SQv= |R=Uxv}tm pY= x@ xHwD =@ "CU= xOW ?U=vt
xv=oOvJ |Q=PoQ=@ CLD xDUw}B |SwrwB wD |R=Uxv}y@ |xr�Ut 'xv}y@ |}=B QN pOt
4 |r= 1 \@=wQ CQwYx@ pO=aD Cr=L QO u=UWm |WvQm |SQv= |R=Uxv}tm |=Q@

%OwW|t h} QaD
min C :

MX
k=1

wkFTk Uk = 2
MX
k=1

wkWk (1)

[K(x)]Uk = FK (2)

V (x)
V0
� f (3)

0 � xe � 1 e = 1; 2; 3; :::; N (4)

[1]"|UOvy w |m}D=DU= |oDUw}B=v "1 pmW

pOt u}}aD x@ VwQ u}= |=yxN=WQ} R R= xO=iDU= =@ hrDNt `H=Qt QO xm 'CU=
u}OvJ,qwtat 'KrUt uD@ |=yxvwtv R= |Q=}U@ QO [10�8]"CU= xOW xDN=OQB |}=B QN
Q_v QO |}xR=U <=[a= |L=Q] |=Q@ |}xRQr w |m}D=DU= Q=@ pFt |Q=PoQ=@ Cr=L
xR=U x@ CWoQ@ w CiQ |ki= Q=@ l} CQwYx@ |}xRQr Q=@ ,qwtat w CU= xOW xDiQo
|=Q@ xm CU= j} Q] u}O@ =[a= u}= |L=Q] |=Q@ |}=B QN VwQ T=U= "OwW|t OQ=w
OQ}o|t CQwY |L=Q] w p}rLD TBU 'O=yvW}B ?U=vt pOt '|Q=PoQ=@ Cr=L Qy
w |}=yv KQ] |Q=PoQ=@ |=yCr=L |t=tD 'K}rUD Oqwi uO=yv sy|wQ =@ C}=yvQO w
nQR@ <=[a= |=Q@ VwQ u}= "O};|t CUOx@ |}xR=U w[a u; |=Q@ |}=QH= C=}�RH
u}}aD w xOw@ Q@u=tR Q=}U@ 'OvDUy |Q=PoQ=@ C}a[w u}OvJ CLD xm 'uQ=kDt=v
|=Q@ xm '=Dm} |rOt u}}aD wQ u}= R= "CU= CNU R}v K}rUD Oqwi |}=yv u=tO}J
VywSB u}= QO =Pr "OUQ|t Q_v x@ |QwQ[ 'OW=@ wo?=wH |Q=PoQ=@ Cq=L s=tD
|=Q@ |WwQ '5xv=oOvJ |Q=PoQ=@ CLD xDUw}B |SwrwB wD |R=Uxv}y@ R= xO=iDU= =@
'OvQ=O Q=Qk =y|Q=PoQ=@ xvwou}= CLD xm |}=yxvwtv |=Q@ ?U=vt |}=B QN pOt u}}aD
|}=B QN pOt ?=NDv= |=Q@ O}OH |]}=QW h} QaD =@ u=}=B QO "CU= xOW O=yvW}B
|UQQ@ OQwt |OOa |xr�Ut wO '|]NQ}e OwOLt <=RH= p}rLD R= xO=iDU= w xv}y@
QO ?U=vt nv} QDr}i `=aW w |tHL QUm ?=NDv= |=Q@ |}=yx}YwD w xDiQo Q=Qk
"CU= xOW x�=Q= xv}y@ |}=B QN pOt x@ uO}UQ |=Q@ |SwrwB wD |R=Uxv}y@ |xr�Ut

xDUw}B |SwrwBwD |R=Uxv}y@ "2
uOQm =O}B u; hOy xm 'CU= |R=Uxv}y@ |=yxN=W Q} R R= |m} '|SwrwB wD |R=Uxv}y@
|RQt|L=wv x@ xOQ=w |=yQ=@ p=kDv= |=Q@u}at |x}L=vl} uwQO O=wt |xv}y@ u=tO}J
[11]"OwW|t s}UkD xDUw}B w xDUUo |xDUO 2 x@ |R=Uxv}y@ R= xN=W u}= "CU=
|R=Uxv}y@ p�=Ut |=Q@ OwOLt <=RH= |OOa pL R= u; QO xm |Q=DWwv u}DUNv
xOW KQ]t 1988 p=U QO 'CU= xOW xDiQo ltm xDUw}B |=yxR=U |SwrwB wD
'=[i=wy '|R=Up}@twD= CavY QO xDUw}B |SwrwB wD |R=Uxv}y@ R= xRwQt= [12]"CU=
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|SwrwBwD |R=Uxv}y@ Ov}=Qi "4
QO |SwrwB wD |R=Uxv}y@ R= xO=iDU= =@ |}=B QN pOt VwQ x@ |L=Q] |rm Ov}=Qi
KQW u}= x@ |R=Uxv}y@ Ov}=Qi |=ys=o "CU= xOW xO=O u=Wv 2 pmW CQ=Jwri

%CU=
|R=Uxv}y@ |xr�Ut h} QaD "1 s=o

|x}L=v QO O=wt |xv}y@ u=tO}J uOQm =O}B '|SwrwB wD |R=Uxv}y@ QO |rY= hOy
QO u}at |=yC}tm =yvD "CU= |RQt |L=wv x@ xOQ=w |=yQ=@ p=kDv= |=Q@ u}at
w 'xR=U sHL '|y=ox}mD \}=QW 'xOQ=w |=yQ=@ '|SwrwB wD |R=Uxv}y@ |xr�Ut
'OvW=@ QB wD w |r=NwD |L=wv O=a@= w C}akwt Q}_v |}=yC}OwOLt CU= umtt
QO [11]"CU= pwyHt 'xR=U |xOvyOp}mWD <=RH= u}@ \=@DQ= w 'pmW 'xR=Ov= =t=

"OvwW h} QaD |@ wN x@ O}=@ |L=Q] |xr�Ut u}at |=yC}tm xrLQt u}=
x}rw= |yOQ=Okt "2 s=o

|r=oJ� x}rw= Q=Okt l} '|R=Uxv}y@ Ov}=Qi ẁQW |x]kv u=wvax@ s=o u}= QO
"OwW|t xO=O X=YDN= =yu=tr= R= l} Qy x@ �x}rw=

C}U=UL p}rLD 'hOy `@=D 'OwOLt <=RH= p}rLD "3 s=o
'|SwrwB wD |R=Uxv}y@ QO |DNU w |}=Hx@=H |=yu=O}t |R=UxDUUo |=Q@
|}xQo 4 |=yu=tr= R= VywSB u}= QO [18]"CU= xOW KQ]t |awvDt |=yVwQ
Q_v QO C@=F u=tr= Qy pN=O |L=Q] |=yQ}eDt w xO=iDU= |Oa)@ 2 K]Ut VvD

"�3 pmW� CU= xOW xDiQo
C}U=UL w OwW|t x@U=Lt |R=Uxv}y@ Ov}=Qi QO 1 |x]@=Q =@ j@=]t hOy `@=D

Q=OQ@ F w U u; QO xm 'CU= |SwrwB wD |R=Uxv}y@ |xr�Ut hOy `@=D '1 |x]@=Q
|R=Uxv}tm x@ swUwt 'QwmPt hOy `@=D w OvDUy xR=U pm |wQ}v w |}=Hx@=H
|Qw�D T=U=Q@ "OwW|t xv}W}@ |DNU =@ |}xR=U O}rwD x@ QHvt xm CU= |tQv
u=UWm VvQm |SQv= Q@=Q@ wO Qou=}@ '1 |x]@=Q QO xOWx�=Q= hOy `@=D '6uwQ}Bqm
'CU= xOW xO=O u=Wv 2 |x]@=Q QO pO=aD O}k [16]"CU= pO=aD Cr=L QO Wk

O}k '3 |x]@=Q "CU= |L=Q] Q}eDt x w xR=U pm |DNU T} QD=t K u; QO xm
V0 w V (x) u; QO xm 'Ovm|t u=}@ =Q |L=Q] |xr�Ut |wQ xOWh} QaD sHL
"CU= xOWu}at |tHL QUm f w |L=Q] |x}L=v sHL w O=wt sHL ?}DQD x@
|Q=PoQ=@ C}a[w Cq=L O=OaD M w |Q=PoQ=@ C}a[w u}t)=k |xOvyOu=Wv k
|Q=PoQ=@ C}a[w u}t)=k x@ \w@ Qt |vRw ?} Q[ wk w CU= xr�Ut l} |=Q@

"CU=
|=yQ}eDt x@ pm |DNU T} QD=t 'CU= XNWt 2 |x]@=Q QO xm Qw]u=ty
"OQ}o|t CQwY 7O=wt |@=}uwQO uwv=k R= xO=iDU= =@ Q=m u}= xm 'CU= xDU@=w |L=Q]
SIMP R= Q=DWwv u}= QO xm 'CU= xOW u=}@ O=wt |@=}uwQO |=Q@ |irDNt |=yQ=my=Q

[17]%CU= xOW xO=iDU= O=wt |R=UpOt |=Q@ xOWKqY= 8

Ee(xe) = Emin + xpe(E0 � Emin) (5)

=Hv}= QO xm |L=Q] |=yQ}eDt x@ O=wt |v=UWm pwOt xm CU=vat u}O@ 5 |x]@=Q
w �1 u=tr=� O=wt|v=UWm pwOtE0 u; QO xm 'OwW|t xDU@=w 'CU=|awvYt|r=oJ
T} QD=t uOWu}mD R= |Q}owrH |=Q@ �QiY u=tr=�|r=N|L=wv|v=UWm pwOtEmin

|=y|r=oJ xm 'CU= xt} QH QDt=Q=B '5 |x]@=Q QO OwHwt p u=wD "CU= |DNU
'|LQ] O=H}= Ea=@ w OyO|t jwU 1 w 0 CtU x@ =Q u}@=v}@ �|L=Q] |=yQ}eDt�

"OwW|t 'OW=@ O=wt w |r=N |=[i pt=W xm
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"CU= xOW xO=iDU= |ov}y@ Q=}at VwQ R= |L=Q] |=yQ}eDt |v=UQRwQ@ |=Q@
w xOW KQ]t 2003 p=U QO xm CU= |Q=mD@= VwQ l} '|ov}y@ Q=}at VwQ
O}k CLD VvQm |SQv= |R=Uxv}tm p�=Ut |=Q@ =ysD} Qwor= u} QD?U=vt R= |m}
xO=iDU= |L=Q] |=yQ}eDt |v=UQRwQ@ |=Q@ u; R= VywSB u}= QO xm 'CU= sHL

[11]"CU= xOW
|}=Qosy Q=}at "6 s=o

?=NDv= 'xDUw}B |SwrwB wD |R=Uxv}y@ p�=Ut |=Q@ |}=Qosy |=yQ=}at R= |m}
=@ "CU= |r=wDt |xNQJ wO QO xOWx@U=Lt |r=oJ Q}O=kt u}@ hqDN= |xv}W}@
Q}O=kt '�xr�Ut pt=m |}=Qosy u=tR� R=}vOQwt CaQU u=R}t w CkO u=R}t x@ xHwD
Q=Okt u}= VywSB u}= QO "OwW|t xDiQo Q_v QO xOWQmP |xv}W}@ |=Q@ |Dw=iDt
OwW|t hkwDt |R=Uxv}y@ Ov}=Qi |v=tR |va} 'CU= xOW xDiQo Q_v QO 0 01
R= |r=wDt |xNQJ wO QO xOWx@U=Lt |r=oJ Q}O=kt u}@ hqDN= |xv}W}@ xm

"OW=@ QDtm 0 01

|}=yv |SwrwBwD R= xv}y@ |}=B QN pOt u}}aD |xwLv "5
|}=yv |SwrwB wD |wQ R= |}=B QN pOt <=[a= '|}=yv |SwrwB wD uOQw;CUO x@ R= TB
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exural regions (Bernoulli or B-regions)
2. discontinuities (disturbed or D-regions)
3. Henebique
4. Ritter
5. multiple load
6. Clapeyron
7. material interpolation law
8. solid isotropic material with penalization
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