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�Q=}O=DU=� |�xvq}m O=wi

�xQ� |v}tN s=t= |rrtr=u}@ x=oWv=O 'u=Qta |UOvyt |xOmWv=O
�OWQ= |U=vWQ� |wHWv=O� |�xvq}m u=t}B
x=Wv=tQm '|R=Q x=oWv=O 'u=Qta |UOvyt |xOmWv=O

=Q pO=aD \}=QW |x}rm xm CU= xOW x�=Q= O}OH |OL pO=aD VwQ l} 'Q[=L VywSB QO
w |}xQ}=OQ}e w |}xQ}=O CQwYx@ VRer K]U pmW '|O=yvW}B VwQ QO "Ovm|t =[Q=
x]kv l} x@ xm Ov=xOW xDiQo Q_v QO |]w]N =} w VRer K]U `=aW O=ODt= QO C=a]k

ZQi xvwoI}y uwO@ 'Qw=DWo w =ywQ}v pO=aD CqO=at u}vJty "OvwW|t =Qosy
`=]k CQwYx@ C=a]k pmW QO Q[=L VywSB |Qw;wv "Ov=xOW xO=iDU= |}xOvvmxO=U

Q=_Dv= u}=Q@=v@ "OwW|t |OL pO=aD VwQ QO pw=ODt C=}[Qi uOW hPL ?Hwt xm CU=
Qw_vt x@ "OW=@ xDW=O |QDtm |=]N 'u=v}t]= ?} Q[ u}}aD QO QwmPt VwQ xm OwQ|t
xO=O xaUwD |OOa pOt l} '|O=yvW}B VwQ R= xO=iDU= =@ u=v}t]= ?} Q[ |x@U=Lt

|aU� |Q=QmD VwQ R= 'Qw=DWo w wQ}v pO=aD CqO=at u=tRsy <=[Q= CyH xm 'CU= xOW
QO =Q |WQ@ w s�=k |=ywQ}v Q=Okt Ov=wD|t xOW x�=Q= VwQ u}vJty "Ovm|t xO=iDU= �=]N w
'xOW xO=O xaUwD pOt |}=Q=m w |O=yvW}B VwQ |@=} RQ= Qw_vt x@ "Ovm x@U=Lt C=a]k u}@
G}=Dv =@ |@ wN j@=]D =yu; R= pY=L G}=Dv xm CU= xOW pL hrDNt \}=QW =@ p=Ft OvJ

"OQ=O Qo}O |=yVwQ
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'|OL pO=aD VwQ 'u=v}t]= ?} Q[ '|m =N |v=wQ}W |Q=O}=B %|O}rm u=oS=w
"VRer K]U

xtOkt "1
w |oDN}Uo K]U l} ZQi =@ |OL pO=aD |=yVwQ QO "OvDUy |v=QL@ VRer
"OwW|t x@U=Lt u=v}t]= ?} Q[ Q=Okt 'u; |=Q@ |m}D=DU= pO=aD CqO=at u}t-=D
w CU= QDtm CqwyHt O=OaD R= pO=aD CqO=at O=OaD 'QwmPt |=yVwQ QO u}vJty
"OwW|t xDiQo Q_v QO xr�Ut uOW u}at |=Q@ |i=[= |D=}[Qi ,qwtat p}rO u}ty x@

[1]"CU= xOW x�=Q= 1936 p=U QO |OL pO=aD VwQ u}DUNv
?} Q[ Q=Okt |x@U=Lt w xOW Q_vhQY C=a]k u}@ |wQ}v R= QwmPt VwQ QO
VwQ "CU= xOt; CUOx@ |oDN}Uo K]U RmQt pwL Qovr pO=aD T=U=Q@ u=v}t]=
pO=aD u}t-=D w |wQ}=O |oDN}Uo K]U ZQi =@ R}v [2]'xOW KqY= 1A=W}@
|NQ@ QO "CU= xDN=OQB u=v}t]= ?} Q[ Q=Okt |x@U=Lt x@ s�=k |wQ}v w Qovr
w xOW x@U=Lt u=v}t]= ?} Q[ Q=Okt 'wQ}v pO=aD CqO=at u}t-=D =@ [5�3]'C=ar=]t
u=v}t]=?} Q[ Q=Okt wQ}v pO=aD CqO=at u}t-=D =@ xmhrDNt |=yVwQ u}@ hqDN=
|Qw] x@ "CU= C=a]k u}@ |wQ}v |x} w=R x@ \w@ Qt C=}[Qi QO 'Ovvm|t x@U=Lt =Q
QO u}vJty "CU= xDiQo Q_v QO QwmPt |=ywQ}v |=Q@ |irDNt |=}=wR |WwQ Qy xm
pO=aD CqO=at u}t-=D w C=}[Qi R= |[a@ uDiQo Q_vQO =@ [8�6]'|Qo}O C=ar=]t

R= w u=Qta |UOvyt QO syt EL=@t R= |m} '|m =N |=y?}W |Q=O}=B p}rLD
p}rLD "CU=yR} Qm =N w =yp=v=m '=yx=Q '|m =N |=yOU |L=Q] QO |U=U= p�=Ut
=} |a}@] |v=wQ}W l} |vt}= u; |] xm OwW|t jq]= |Ov}=Qi x@ ?}W |Q=O}=B
=} |Q=OQ@Owo QF= QO CU= umtt QwmPt ?}W xm |Qw] x@ 'OwW pQDvm |awvYt
xOWO=H}= |WQ@ |=yVvD |x@U=Lt pt=W pQDvm u}= "OW=@ xOW O=H}= |R} Qm =N
|WQ@ Ctw=kt =@ u; |xU}=kt w VRer K]U u} QDptDLt w u} QD|v=QL@ O=ODt= QO
Q}_v u=v}t]= ?} Q[ |x@U=Lt w =y?}W |v=QL@ VRer K]U uDi=} "CU= l =N
u}}aD "CU= |m =N |=y?}W |Q=O}=B R}r=v; EL=@t QO |U=U= swyit wO 'K]U u}=
|xv}tm |x@U=Lt xm CU= C}ty= R�=L CyH u}= R= VRer K]U u} QD|v=QL@
K]U u}= QO 'CU= |Q=O}=B p}rLD s=Hv= hOy ,qwtat xm u=v}t]= ?} Q[ Q=Okt
K]U u}}aD QO =yVwQ u} QD|t}Ok R= |OL pO=aD |=yVwQ "ODi=|t j=iD= VRer

pw�Ut xOvU} wv �
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x�=Q=ut}= CN=U w |L=Q] |=Q@ |k]vt |=v@t Ov=wD|t u; G}=Dv xm CU= xOW x�=Q=
pO=aD VwQ w uwQ@ � lwy |oDN}Uo Q=}at ?}mQD =@ u}vJty [18]"Ovm sy=Qi
x]@=Q l} '�2014� l =m]Y= |x} w=R w pO=at |WQ@ Ctw=kt j} Q] R= |OL
=@ uwQ@ � lwy |=yQDt=Q=B u}@ \=@DQ= w xOW u=}@ u=v}t]= ?} Q[ |x@U=Lt |=Q@
|x]@=Q |=yQDt=Q=B QF= u}vJty w |UQQ@ l =m]Y= |x} w=R w |oOv@UJ |=yQDt=Q=B
p=U QO |Q=DWwv QO [19]"CU= xOW u}}aD u=v}t]= ?} Q[ Q=Okt QO uwQ@ � lwy
u=}O=Qo ?w=vDt C=Q}}eD� 3 TDAVLG |R=Uxv}y@ VwQ R= xO=iDU= =@ '2013
|=Q@ u=v}t]= ?} Q[ |x@U=Lt x@ |OL pO=aD VwQ R= xO=iDU= w �Oa@ xU QO |rLt
|oDN}Uo K]U u} QD|v=QL@ =OD@= w xOW xDN=OQB Oa@ xU QO |wQmQ}e VRer K]U
|Oa@ xU Cr=L |=Q@ QUvBU= |OL pO=aD |xDi=}xaUwD \@=wQ R= xO=iDU= =@ |wQm
=@ w ?=NDv= xOWQmP |oDN}Uo K]U |wQ \=kv |O=OaD TBU "CU= xOW u}}aD
Oa@ "CU= xOW xv}y@ \=kv R= l} Qy u=mt '|rLt u=}O=Qo C=Q}}eD VwQ R= xO=iDU=
?} Q[ u=ty xm hOy `@=D Q=Okt 'pw= pm}U QO QwmPt \=kv |t=tD |R=Uxv}y@ R=
xDi=} xt=O= \=kv |R=Uxv}y@ OvwQ Oa@ |xrLQt QO w xOW x@U=Lt 'CU= u=v}t]=
TB "OwW R}J=v |r=wDt pm}U wO u=v}t]= ?}=Q[ u}@ hqDN= xm |v=tR =D 'CU=
QO xOW x@U=Lt u=v}t]= ?} Q[ w xO}UQ s=tD= x@ |R=Uxv}y@ OvwQ 'xrLQt u}= R=
u; x@ xDU@=w |oDN}Uo K]U w u=v}t]= ?} Q[ u} QDtm u=wvax@ 'QN; |xrLQt

[20]"CU= xOW xDiQo Q_v QO |wQmQ}e |oDN}Uo K]U u} QD|v=QL@ u=wvax@
=@ uQ=kDt=v ?}W |Q=O}=B |=ypOt [21]'2008 p=U QO |Qo}O |xar=]t QO
x@ T}=QB � uQDWvoQwt w xOWKqY= w@v=H 'xOWKqY= A=W}@ |=yVwQ |xaUwD
VRer O=ODt= 'QwmPt u=QoWywSB |xOWx�=Q=\@=wQ j@] w xOW `=O@= |Oa@ xUCr=L
"O};|t CUOx@ |Oa@ xU Cr=L QO Qovr =} w wQ}v pO=aD R= w u=Um} VwQ xU Qy QO
Vy=m VwQ w |Q}tNu=UWm OwOLt u=tr= VwQ R= xO=iDU= =@ R}v '2012 p=U QO
xOW xDN=OQB |Oa@ xU u=v}t]= ?} Q[ |x@U=Lt x@ 4�SRM� |WQ@ Ctw=kt
=Q ?}W |Oa@ xU |Q=O}=B R}r=v; pOt '2009 p=U QO R}v |v=QoWywSB [22]"CU=
�LEM� |OL pO=aD VwQ w �SRM� |WQ@ Ctw=kt Vy=m VwQ R= xO=iDU= =@
R= xO=iDU= xm CU= QmP p@=k ,=vt[ [23]"Ov=xOQm |@=} RQ= hrDNt Cr=L u}OvJ |=Q@
xDW=O xt=O= u=vJty |m =N |=y?}W |Q=O}=B p}rLD QO pw=ODt |OL pO=aD VwQ

[27�24]"CU=
C=a]k pmW uDiQo Q_vQO w |OL pO=aD VwQ R= xO=iDU= =@ Q[=L VywSB QO
xvwoI}y uwO@ w xOW xDiQo Q_v QO C=a]k Q@ OQ=w |=ywQ}v |t=tD 'X=N |DQwYx@
uOQm <=[Q= =@ 'xt=O= QO "Ov=xOW p=ta= wQ}v w Qovr pO=aD \@=wQ '|}xOvvmxO=U ZQi
x@U=Lt |QDW}@ CkO =@ u=v}t]= ?} Q[ Q=Okt '�wQ}v w Qovr pO=aD� pO=aD CqO=at

"CU= QDW}@ |OL pO=aD |=yVwQ Qo}O x@ C@Uv u; Q}O=kt xm CU= xOW

|O=yvW}B VwQ QO |OL pO=aD CqO=at "2
xa]k |O=OaD x@ xm OyO|t u=Wv =Q |m =N ?}W l} QO VRer |xwo '1 pmW
C=a]k pmW QO Q[=L VywSB |Qw;wv "CU= xOW s}UkD xQ}=O `=aW O=ODt= QO
|OL pO=aD VwQ QO pw=ODt C=}[Qi uOW hPL ?Hwt xm CU= `=]k CQwYx@
u}= xm CU= xOW x�=Q= 2 pmW QO xa]k 1 Q@ OQ=w |=ywQ}v O=R; s=Qo =}O "CU= xOW
|WQ@ |xir-wt pt=W |}xa]k u}@ |=ywQ}v '(Wi) xa]k uRw %R= Ov=CQ=@a =ywQ}v
(Ni) |Owta |wQ}v w (Si) |WQ@ sw=kt |wQ}v '(Ei) |Owta |xir-wt w (Xi)

"Ov=xOW p=ta= xa]k hm Q@ xm

ZQi =@ '2003 p=U QO "CU= xOW x@U=Lt u=v}t]= ?} Q[ Q=Okt 'wQ}v w Qovr
pO=aD \}=QW xm CU= xOW xO=O xaUwD |OL pO=aD VwQ l} |}xQ}=O VRer K]U
R= Qovr w wQ}v pO=aD CqO=at pL |=Q@ Qw_vt u}O@ [9]"Ovm|t =[Q= =Q Qovr w wQ}v
QO u}vJty "CU= xOW xO=iDU= \@DQt Ow}k =@ x=Qty |]NQ}e |R=Uxv}y@ VwQ
R= u=v}t]= ?} Q[ Q=Okt |x@U=Lt Qw_vt x@ [10]'p=U u=ty QO |Qo}O VywSB
x@U=Lt ,=t}kDUt u=v}t]= ?} Q[ 'QwmPt VwQ QO w xO=iDU= ha=[t QR VwQ
=@ xm ?}DQD u}O@ "CU= xOw@v �=]N w |aU� Q=QmD VwQ R= xO=iDU= x@ |R=}v w xOW
\@=wQ ?}mQD =@ TBU w x@U=Lt |}xa]k u}@ |=ywQ}v 'wQ}v pO=aD \@=wQ R= xO=iDU=
n |xHQO R= |}xrO=at 'CU= xOW s}UkD xa]k n x@ xm |v=wQ}W l} |=Q@ QwmPt

"CU= xOt; CUOx@ u=v}t]= ?} Q[ ?ULQ@
Q=vm u; |k]vtQ}e w |ivt Q}O=kt 'xOW QmP |xrO=at |=yxW} Q |x@U=Lt =@
|}xW} Q u}rw= "Ov=xOW V}=tR; ?}DQD x@ xOv=t|k=@ Q}O=kt u; R= TB w xOW xDW=Po
CUQO |y=ox}mD |Owta |=ywQ}v w |}xa]k u}@ |=ywQ}v Q}O=kt u; <=R= x@ xm
?} Q[ u=wvax@ 'CU= xOW u}t-=D R}v Qovr pO=aD |xrO=at u}vJty w x@U=Lt
\}=QW QwmPt |xrO=at |=yxW} Q R= l}I}y Qo = "CU= xOW xDiQo Q_v QO u=v}t]=
|x]@=Q '2004 p=U QO "OQ=O 2|}=Qosy pmWt xr�Ut 'Ovmv u}t-=D =Q xOW u=}@
pO=aD VwQ R= xO=iDU= =@ |Oa@ wO u=v}t]= ?} Q[ Q=Okt |x@U=Lt |=Q@ |OL=w
Two |]N ?} QkD R= u=v}t]= ?} Q[ Q=Okt |x@U=Lt Qw_vt x@ w O=yvW}B |OL
sD} Qwor= l} R}v [12]'�2005� |Qo}O |xar=]t QO [11]"CU= xOW xO=iDU= uDw}v �
x�=Q= T}=QB � uQDWvoQwt VwQ R= xO=iDU= =@ u=v}t]= ?} Q[ |x@U=Lt |=Q@ xO=U
�T=}kt ?} Q[ w u=v}t]= ?} Q[ |x}rw= Q}O=kt R= xO=iDU= =@ u; QO xm CU= xOW
"CU= xOW x@U=Lt � w u=v}t]= ?} Q[ |xOW =Qosy Q=Okt '|Q=QmD C=}rta =@ w
R= pY=L G}=Dv w xOw@ xv=}=Q QO |U} wvxt=vQ@ p@=k w =Q=m 'QwmPt |xO=U sD} Qwor=
?} Q[ QO |R}J=v Q}F-=D 'Cw=iDt |}xa]k u}@ `@=D ?=NDv= xm CU= xO=O u=Wv u;

"OQ=O u=v}t]=
|=yVwQ =@ ?}W l} |Q=O}=B u=v}t]= ?} Q[ '2010 p=U QO u}vJty
Q}O=kt w xU}=kt Qo}Om} =@ =yu; R= pY=L G}=Dv w |@=} RQ= OwOLt <=RH= w QUvBU=
[13]"CU= xOW pY=L |OL pO=aD VwQ R= V}@ |OOa VwQ QO u=v}t]= ?} Q[
K]U h} QaD x@ |OL pO=aD VwQ |Qw�D w |OOa R}r=v; ?}mQD =@ R}v |v=QoWywSB
K]U '|OOa R}r=v; OQ@ Q=m =@ w xDN=OQB |m =N |v=wQ}W QO |v=QL@ |oDN}Uo
u=v}t]= ?} Q[ Q=Okt '|OL pO=aD VwQ R= xO=iDU= =@ w u}}aD |[Qi |oDN}Uo
QO |}=yCr=L '2008 p=U QO |}xar=]t QO u}vJty [14]"CU= xOW x@U=Lt
G}=Dv |}=Qosy |OL pO=aD R}r=v; QO xm CU= xOW xDiQo Q_v QO |v=wQ}W |Q=O}=B
|}xO=U VwQ QwmPt pmWt pL |=Q@ =Pr "CU= xOW|t xH=wt pmWt =@ =yv;
=@ R}v �2011� u=QoWywSB |NQ@ [15]"CU= xOW |@=} RQ= w O=yvW}B |}=Qosy |=Q@
|x@U=Lt |=Q@ |@}mQD VwQ l} 'OwOLt u=tr= w |OL pO=aD |=yVwQ uO=O Ovw}B
xOt; CUOx@ G}=Dv xm Ov=xOQm x�=Q= |Uwk OU |=Q@ VRer p@=kt QO u=v}t]= ?} Q[
u=ty QO u}vJty [16]"CU= xDW=O |Qw�D |=yVwQ =@ |@ wN j@=]D QwmPt VwQ R=
VwQ R= xO=iDU= =@ uy;x=Q |xSwQB x@ \w@ Qt |v=wQ}W l} u=v}t]= ?} Q[ 'p=U
x@ \w@ Qt u=v}t]= ?} Q[ w xU}=kt |WQ@ Ctw=kt Vy=m VwQ w |OL pO=aD
xO=O u=Wv G}=Dv w xOW |UQQ@ ?w]Qt w lWN |=yCr=L QO hrDNt `]kt wO
l} QO ,=@} QkD |OOa w |OL pO=aD |=yVwQ R= pY=L u=v}t]= ?} Q[ xm CU=

[17]"OyO|t Vy=m CaQU x@ =Q u=v}t]= ?} Q[ '?; OwHw w CU= xOwOLt
VvQm � VvD R}r=v; w |}xLiY VvQm \}=QW R= xO=iDU= =@ R}v 2013 p=U QO
OwOLt u=tr= |OL pO=aD VwQ T=U=Q@ |Q=O}=B R}r=v; |=Q@ |rOt '|Q}tN u=UWm
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Ei+1 sin �=2�W sin(�i � �=2) sin �=2�N sin2 �=2
+S cos �=2 sin �=2� Ei cos � sin �=2�Xi sin � sin �=2 = 0

(4)

%CU= xOW x@U=Lt 5 |x]@=Q CQwYx@ |Owta |wQ}v Q=Okt '4 w 3 \@=wQ `tH R=

N = Xi+1 cos �=2 + Ei+1 sin �=2 +W cos�i + Ei sin �=2
�Xi cos �=2 (5)

w sin �=2QO 2 w 1 CqO=at u}iQ] (S) |WQ@ Ctw=kt uOQw; CUOx@ |=Q@
%�7w 6 \@=wQ� OwW|t ?Q[ � cos �=2

Xi+1 sin �=2 +Ws(�i � �=2) sin �=2�N cos �=2 sin �=2
�S sin2 �=2 + Ei sin � sin �=2�Xi cos � sin �=2 = 0 (6)

�Ei+1 cos �=2 +W sin(�i � �=2) cos �=2 +N sin �=2 cos �=2
�S cos2 �=2 + Ei cos � cos �=2 +Xi sin � cos �=2 = 0 (7)

%O};|t CUOx@ 8 |x]@=Q '7 w 6 |x]@=Q wO `tH R=

S = Xi+1 sin �=2� Ei+1 cos �=2 +Xi sin �=2 + Ei cos �=2
+W sin�i (8)

|U} wvR=@ 10 |x]@=Q CQwYx@ 8 |x]@=Q '9 |x]@=Q x@ xHwD =@ |iQ] R=
%OwW|t

S = 1
F

(C�L+ (N � U�L) tan')Xi+1 sin �=2
�Ei+1 cos �=2 +Xi sin �=2 (9)

+Ei cos �=2 +W sin�i � C�L
F
� tan'

F 
Xi+1 cos �=2 + Ei+1 sin �=2 +W cos�i

+Ei sin �=2�Xi cos �=2
!

+U�L
F

tan' = 0 (10)

Qov=}@ xm (X = �f(x)E) 'T}=QB � uQDWvoQwt |x]@=Q uDiQo Q_vQO =@
QO QwmPt |x]@=Q |Q=Po|=H w CU= C=a]k u}@ s�=k w |WQ@ |wQ}v u}@ \=@DQ=
CUOx@ 11 |x]@=Q CQwYx@ wQ}v pO=aD |x]@=Q 'u; |R=UxO=U w 10 |xrO=at

"O};|t
W 'l =N QF-wt l =m]Y= |x} w=R w |oOv@UJ ?}DQDx@ '0 w c0 'u; QO xm
f(x) 'ji= x@ C@Uv xa]k Qy hm |x} w=R ai '|}xQiL ?; Q=Wi U 'xa]k uRw
� 'Ovm|t u=}@ xa]k Qy QO =Q |WQ@ w s�=k |wQ}v u}@ \=@DQ= xm CU= |[Qi `@=D
?} Q[ F 'xa]k Qy hm pw] �L 'xa]k Qy |RmQt |x} w=R � 'T=}kt ?} Q[
xm '11 |x]@=Q QO "CU= |}xa]k u}@ s�=k |wQ}v E w wQ}v pO=aD x@ \w@ Qt u=v}t]=
'11 |x]@=Q "1 %CU=C}ty= R�=L xDmv OvJ 'CU= xOt;CUOx@ wQ}v pO=aD T=U=Q@
|wQ}v "2 & � T=}kt ?} Q[ |Qo}O w F u=v}t]= ?} Q[ |m} %OQ=O pwyHt wO
xDU@=w p@k |xrLQt QO Ei |}xa]k u}@ |wQ}v x@ xrLQt Qy QO Ei+1 |}xa]k u}@
w E1 = 0 R= CU= CQ=@a xrO=at |RQt \QW "3 &�CU= |DWoR=@ |x]@=Q� CU=
"OQ=Ov OwHw |}xa]k 'xa]k u} QN; R= Oa@ w xa]k u}rw= R= p@k =Q} R En+1 = 0

"CU= xOW s}UkD |a=aW C=a]k x@ xm |wQ}=O |oDN}Uo K]U "1 pmW

"xa]k l} Q@ OQ=w |=ywQ}v O=R; s=Qo =}O "2 pmW

Qovr pO=aD u}t-=D Ei+1 w Xi+1 |=DU=Q wO QO wQ}v pO=aD CqO=at uDWwv =@
"Ov=xOt; CUOx@ Qovr w wQ}v pO=aD \@=wQ '�O |x]kv� |oDN}Uo K]U RmQt pwL
|oDN}Uo Q=}at "1 %R= Ov=CQ=@a 'Ov=xOW xO=iDU= Q[=L VywSB QO xm |D=}[Qi
&OvwW|t =Qosy XNWt RmQt l} x@ C=a]k O=ODt= "2 &CU= Q@Dat ?trwm � Qywt
\=@DQ= Qov=}@ xm CU= Q@Dat (X = �f(x)E) T}=QB � uQDWvoQwt |x]@=Q "3

"CU= C=a]k u}@ s�=k w |WQ@ |wQ}v u}@

wQ}v pO=aD CqO=at "1"2
Ei+1 w Xi+1 |=DU=Q wO QO wQ}v pO=aD CqO=at uDWwv w 2 pmW x@ xHwD =@

%CU= xOW pY=L 2 w 1 CqO=at
Xi+1 +W cos(/i ��=2)�N cos �=2� S sin �=2

+Ei sin � �Xi cos � = 0 (1)

Ei+1 �W sin(�i � �=2)�N sin �=2 + S cos �=2
�Ei cos � �Xi sin � = 0 (2)

CUOx@ 4 w 3 CqO=at sin �=2 w cos �=2 QO 2 w 1 CqO=at u}iQ] ?Q[ =@
%O};|t

Xi+1 cos �=2 +W cos(�i � �=2) cos �=2�N cos2 �=2
�S sin �=2 cos �=2 + Ei sin � cos �=2�Xi cos � cos �=2 = 0

(3)
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x�=Q=

Ei+1 =
C�L
F �U�L

F tan'+W ( tan'
F cos�i�sin�i)

�f(x) sin �=2�cos �=2� tan'
f (�f(x) cos �=2+sin �=2)

+
(��f(x) sin(�=2)�cos �=2+ tan'

F (sin �=2��f(x) cos �=2)Ei
�f(x) sin �=2�cos �=2� tan'

F (�f(x) cos �=2+sin �=2)

(11)

?} Q[ |x@U=Lt |=Q@ |OOa pOt l} |xaUwD "4
u=v}t]=

'Q[=L Q=DWwv QO |O=yvW}B VwQ R= xO=iDU= =@ u=v}t]= ?} Q[ |x@U=Lt Qw_vt x@
C=YNWt =OD@= u; QO xm CU= xOW xO=O xaUwD uQDQi u=@ R x@ |OOa pOt l}
K]U R=QD u}vJty w l =N |Dtw=kt X=wN '?}W |xUOvy %xrtH R= |m =N ?}W
O=OaD T=U=Q@ 'VRer |xwo |iQat ut[ TBU "OwW|t xO=O |OwQw u=wvax@ ?;
ut[ 'Oa@ s=o QO "OwW|t `]kvt VRer |xwo 'Ovm|t u}}aD =Q u; Q@ Q=m xm |D=t}UkD
x@ C@Uv hm |x} w=R 'uRw 'CL=Ut u=wD|t 'xa]k Qy |=yxQo C=YDNt u}}aD
"OQw; CUOx@ =Q xa]k Qy |}xQiL ?; Q=Wi C}=yv QO w Qovr |wR=@ 'K]U RmQt 'ji=
u=v}t]= ?} Q[ |x@U=Lt x@ u=wD|t C=a]k |t=tD C=YNWt uDW=O =@
u=tRsy Qw] x@ xm OwW |] |Ov}=Qi O}=@ u=v}t]= ?} Q[ |x@U=Lt |=Q@ "CN=OQB
=@ Qw_vt u}O@ "OvwW u}t-=D �15 w 11 CqO=at� Qovr w =ywQ}v pO=aD CqO=at
l} =@ =Pr "OwW|t =[Q= wQ}v pO=aD |xrO=at 'x}rw= u=v}t]= ?} Q[ l} R= xO=iDU=
u}@ |=ywQ}v (E1 = 0) QiY |x}rw= |}xa]k u}@ |wQ}v w x}rw= � T=}kt ?} Q[
QiY xa]k u} QN; |}xa]k u}@ |wQ}v Qo = "OvwW|t x@U=Lt C=a]k Qo}O |}xa]k
Q}}eD � Q=Okt CQwY u}= Q}e QO &CU= xOW =[Q= wQ}v pO=aD |xrO=at x=ov; 'OwW
w � |Q=Po|=H =@ p=L "OwW Q=QkQ@ (En+1 � 0) |}=yDv= |RQt \QW =D Ovm|t
'Qovr pO=aD |xrO=at QO wQ}v pO=aD |xrO=at <=[Q= R= pY=L |}xa]k u}@ |=ywQ}v
?} Q[ u}@ hqDN= Qo = "OwW|t x@U=Lt Qovr |xrO=at R= pY=L u=v}t]= ?} Q[
�10�4 R= QDtm � OW=@ R}J=v Qovr pO=aD R= pY=L u=v}t]= ?} Q[ w x}rw= u=v}t]=
Q=Okt CQwYu}= Q}e QO &CU= pw@k p@=k xOt; CUOx@ u=v}t]= ?} Q[ Q=Okt
w OwW|t x}rw= u=v}t]= ?} Q[ u} Ro}=H Qovr pO=aD R= pY=L u=v}t]= ?} Q[
"OwW R}J=v |r=wDt u=v}t]= ?} Q[ wO u}@ hqDN= =D OwW|t Q=QmD xOWx�=Q= Ov}=Qi
w K}[wD Qw_vt x@ 'xt=O= QO "OwW|t x@U=Lt u=v}t]= ?} Q[ Q=Okt ?}DQD u}O@
G}=Dv =@ u; R= pY=L G}=Dv w CU= xOW pL p=Ft OvJ '|O=yvW}B VwQ j}OYD

"Ov=xOW xU}=kt =yVwQ Qo}O R= pY=L

pOt OQ@ Q=m w |@=} RQ= "5
x�=Q= hrDNt \}=QW =@ p=Ft 6 '|O=yvW}B VwQ |UQQ@ Qw_vt x@ Q[=L VN@ QO
sRq "CU= xOW xU}=kt w |@=} RQ= u=QoWywSB Qo}O G}=Dv =@ u; R= pY=L G}=Dv w
|OL pO=aD |=yVwQ Q}=U |=Q@ xOW x�=Q= G}=Dv '=yp=Ft |t=tD QO CU= QmP x@
"CU= xOW x@U=Lt R}v �T}=QB � uQDWvoQwt w w@v=H 'xOW KqY= A=W}@ 'Twv}ri�

pw= p=Ft "1"5
C=YNWt xm �3 pmW� xOW xDiQo Q_v QO x}q 4 |m =N ?}W l} 'pw= p=Ft QO
K]U xmCU=|i}a[|x}q 'swU|x}q "CU= xOW x�=Q= 1 pwOH QO =yu;|m}vmDw�S
VRer K]U =OD@= 'p=Ft u}= QO xmCU= QmP p@=k "OQm Oy=wN Qw@a u; R=|v=QL@ VRer

Qovr pO=aD |xrO=at "2"2
?UL Q@ |WQ@ Ctw=kt |x]@=Q CUNv 'Qovr pO=aD |xrO=at uOQw; CUOx@ |=Q@
K]U RmQt pwL Qovr pO=aD u}t-=D =@ TBU 'OwW|t x@U=Lt |}xa]k u}@ |=ywQ}v
?UL Q@ |WQ@ Ctw=kt |x]@=Q "O};|t CUOx@ Qovr pO=aD |x]@=Q '|oDN}Uo

%CU= 13 w 12 \@=wQ CQwYx@ |}xa]k u}@ |=ywQ}v

N = Ei+1(sin �=2 + �f(x) cos �=2)

+Ei(sin �=2� �f(x) cos �=2) +W cos�i (12)

S = 1
F

0BB@C�L+

2664Ei+1(sin �=2 + �f(x) cos �=2)

E1(sin �=2� �f(x) cos �=2)

+W cos�i � U�L

3775 tan'

1CCA
(13)

%OW Oy=wN 14 |x]@=Q CQwYx@ Qovr pO=aD |xrO=at w
X

Wi sin�i�i � Sr = 0 (14)

CQwYx@ Qovr pO=aD |xrO=at 'u; |R=UxO=U w 14 |x]@=Q QO (Si) |Q=Po|=H =@
%OW Oy=wN pY=L 15 |x]@=Q

F =
P

(C�Lr + [(sin �=2 + �f(x) cos �=2)Ei+1]r tan')P
(Wi sin�i�i)

+
P

([(sin �=2� �f(x) cos �=2)Ei +W cos�i � U�L]r tan')P
(Wi sin�i�i)

(15)

"CU= u=tr= Qy QO Qovr |wR=@ � w |oDN}Uo |xQ}=O `=aW r 'u; QO xm

u=v}t]= ?} Q[ |x@U=Lt "3
R= |}xOvvmxO=U ZQi xvwoI}y uwO@ xm OvDUy x}=B CqO=at '15 w 11 CqO=at
|v=v}t]= ?} Q[ '=yv; u=tRsy <=[Q= =@ xm Ov=xOW pY=L Qw=DWo w =ywQ}v pO=aD
VywSB QO "Ovm xOQw;Q@ =Q Qovr pO=aD sy w wQ}v pO=aD sy xm OQm x@U=Lt u=wD|t =Q
w CU= xOW xO=iDU= |Q=QmD VwQ R= u=v}t]= ?} Q[ |x@U=Lt Qw_vt x@ 'Q[=L
CyH "O};|t CUOx@ u=v}t]= ?} Q[ Q=Okt 'Qovr w wQ}v pO=aD CqO=at u}t-=D =@
=[Q= =Q pO=aD CqO=at |t=tD xm |}=yVwQ 'u=v}t]= ?} Q[ Q=Okt |x@U=Lt
\@=wQ xm OwQ|t Q=_Dv= u}=Q@=v@ "OvQ=O |QDtm |=]N =yVwQ Qo}O x@ C@Uv 'Ovvm|t

"OvW=@ xDW=O |QDW}@ CkO u=v}t]= ?} Q[ Q=Okt u}}aD QO 15 w 11
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"swO p=Ft |v=wQ}W |xUOvy "5 pmW

swO p=Ft "2"5
�s�=k� 2 x@ �|ki=� 3 ?}W =@ QDt 10 `=iDQ= x@ |m =N |v=wQ}W l} 'swO p=Ft QO
'
d = 20KN=m3 XwYNt uRw?}Wu}= "CU= xOW|UQQ@ 5pmW =@j@=]t

Y c = 23 8m 'Xc = 10 8m =@ Q@=Q@ ?}DQD x@ u; `=aW w |oDN}Uo |xQ}=O
"CU= xOW ^=Lr r = 18 8m w

TB w `]kvt u=tr= 30 R= xO=iDU= =@ |UQQ@ OQwt |v=wQ}W p=Ft u}= QO
u=v}t]= ?} Q[ Q}O=kt "CU= xOW u}t-=D u; |}=Qosy Q=}at 'Q=QmD 426560 R=
"CU= xOW x�=Q= 3 pwOH QO =yVwQ Qo}O w |O=yvW}B VwQ \UwD xOWx@U=Lt
|x]@=Q x@ X=YDN= 'p=Ft u}= QO u=v}t]= ?} Q[ Q=Okt u} QDtm '3 pwOH j@=]t
u=v}t]= ?} Q[ |x@U=Lt x@ wQ}v pO=aD |xrO=at u}t-=D =@ \ki xm OQ=O w@v=H
3 pwOH R= u}vJty "Ovm|t Q_vhQY C=a]k u}@ |WQ@ |wQ}v R= w OR=OQB|t
=Q u=v}t]= ?} Q[ Q=Okt 'A=W}@ |xOW KqY= |x]@=Q xm OwW|t \=@vDU= xvwou}=
u}tND 'Ovvm|t u}t-=D =Q pO=aD CqO=at |x}rm xm |]@=wQ x@ l}ORv |@ wN CkO =@
QDW}@ =yVwQ Qo}O x@ C@Uv =Q u=v}t]= ?} Q[ Q=Okt R}v |O=yvW}B VwQ "OvR|t

"Ovm|t x@U=Lt A=W}@ |x]@=Q x@ l}ORv w

swU p=Ft "3"5
"ODi=|t j=iD= |L]U CQwYx@ |oDN}Uo ,qwtat |}xv=O l =N =@ |=y|v=wQ}W QO
|x} w=R =@ |m =N |v=wQ}W l} swU p=Ft QO '|}xv=O |=yl =N Q=DiQ |UQQ@ Qw_vt x@
XwYNt uRw w (C = 5kPa) |oOv@UJ '(' = 400) |rN=O l =m]Y=
QDt 15 `=iDQ= x@ QwmPt |v=wQ}W "CU= xOW xDiQo Q_v QO 
d = 19KN=m3

|xQ}=O RmQt C=YDNt "CU= 6 pmW =@ j@=]t �s�=k� 1 x@ �|ki=� 1 ?}W =@ w
w Yc = 32 84m 'Xc = 5 23m =@ Q@=Q@ ?}DQD x@ u; `=aW w |oDN}Uo
xO=iDU= =@ |UQQ@ OQwt |v=wQ}W p=Ft u}= QO "CU= xOW ^=Lr r = 26 69m
?} Q[ Q}O=kt "CU= xOW =Qosy 'Q=QmD 388904 R= TB w `]kvt u=tr= 10 R=
u}vJty w 4 pwOH QO =yVwQ Qo}O w |O=yvW}B VwQ \UwD xOW x@U=Lt u=v}t]=
\w@ Qt G}=Dv "Ov=xOW x�=Q= 5 pwOH QO |}xa]k u}@ |WQ@ |=ywQ}v Q=Okt |xU}=kt

"x}q 4 |m =N ?}W l} "3 pmW
"=yx}q |m}vmDw�S C=YNWt "1 pwOH

#(�) E(kN=m2) '(0) c(kPa) 
(kN=m3) x}q
0 35 105 20 15 18 62 1
0 35 105 21 17 18 62 2
0 35 105 10 5 18 62 3
0 35 105 28 35 18 62 4

"|}xQ}=OQ}e w |}xQ}=O VRer Kw]U "4 pmW
"u=v}t]= ?} Q[ Q}O=kt "2 pwOH

|O=yvW}B VwQ QUvBU= |OL pO=aD VwQ VRer K]U pmW
1 503 1 424 |}xQ}=O
1 255 1 143 |}xQ}=O Q}e

Q[=L Q=DWwv QO |O=yvW}B VwQ x=ov; "O};|t CUOx@ |}xQ}=OQ}e w |}xQ}=O |v=QL@
"OwW xU}=kt |}xQ}=OQ}e w |}xQ}=O VRer Kw]U =D 'OwW|t p=ta= Kw]U u; |=Q@
Q=Okt xm OyO|t u=Wv =Q |v=QL@ |}xQ}=OQ}e w |}xQ}=O VRer K]U '4 pmW
QO "Ov=xOW xU}=kt Qo}Om} =@ |O=yvW}B VwQ R= xO=iDU= =@ =yu; u=v}t]= ?} Q[
|}xQ}=OQ}e VRer K]U w|}xQ}=O VRer K]U |=Q@ u=v}t]=?} Q[ Q=Okt '2 pwOH

"CU= xOW x�=Q= Qo}Om} =@ xU}=kt Qw_vtx@ |O=yvW}B VwQ R= xO=iDU= =@ |v=QL@
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"swO p=Ft QO hrDNt |=yVwQ \UwD xOW x@U=Lt u=v}t]= ?} Q[ "3 pwOH
Tw}vri A=W}@ w@v=H T}=QB � uQDWvoQwt |O=yvW}B VwQ
1 49 1 56 1 47 1 55 1 57

"swU p=Ft QO hrDNt |=yVwQ \UwD xOWx@U=Lt u=v}t]= ?} Q[ "4 pwOH
Tw}vri A=W}@ w@v=H T}=QB � uQDWvoQwt |O=yvW}B VwQ
1 172 1 22 1 167 1 216 1 215

RmQtC=YDNt "OQ=O '(' = 25) l =m]Y=|x} w=R w (C = 15kPa)|oOv@UJ



"""|
Q=O}=

Bp}
rLD

QOO
}OH

|W
wQ|

x�=Q="swU p=Ft |=Q@ uDw}vwr}m ?ULQ@ hrDNt |=yVwQ \UwD xOWx@U=Lt |}xa]k u}@ |WQ@ |=ywQ}v "5 pwOH
|}xa]k u}@ `@=D |UOvyt xwQo xi=Q=m w wq |O=yvW}B VwQC@=F |Uwv}Us}v =m} Qt; VDQ=

0 6 0 26 0 05 0 42 1 33
9 97 7 35 11 35 10 5 9 64
20 13 19 3 24 22 21 83 19 5
27 67 30 34 34 193 29 5 27 4
31 07 35 54 39 15 32 08 31 34
29 94 32 54 38 36 29 56 30 55
24 69 22 66 32 16 23 29 25 32
16 53 10 72 21 9 14 74 16 88
7 38 2 37 9 96 6 18 7 39

"sQ=yJ p=Ft |v=wQ}W |xUOvy "7 pmW

"sQ=yJ p=Ft QO hrDNt |=yVwQ \UwD xOWx@U=Lt u=v}t]= ?} Q[ "6 pwOH
Tw}vri A=W}@ w@v=H T}=QB � uQDWvoQwt |O=yvW}B VwQ
1 358 1 391 1 315 1 39 1 405

?ULQ@hrDNt |=yVwQ\UwD xOW x@U=Lt|}xa]k u}@|WQ@ |=ywQ}v "7 pwOH
"sQ=yJ p=Ft |=Q@ uDw}vwr}m

|}xa]k u}@ `@=D |UOvyt xwQo |O=yvW}B VwQC@=F |Uwv}Us}v =m} Qt; VDQ=
�8 84 �3 34 0 0 42
19 49 13 27 0 0 120 87
49 99 45 41 190 8 184 3
70 84 74 47 265 83 223 27
78 2 86 37 298 87 234 38
73 66 77 27 289 84 217 21
59 61 52 89 242 32 174 41
39 53 25 3 164 71 112 86
18 44 5 92 0 0 47 6

"swU p=Ft |v=wQ}W |xUOvy "6 pmW

Tw}vri w w@v=H VwQ xm OyO|t u=Wv 4 pwOH QO u=v}t]= ?} Q[ |x@U=Lt x@
R= xm Qw]u=ty "Ov=xOQm x@U=Lt u=v}t]= ?} Q[ |=Q@ =Q Q=Okt u} QDtm ?}DQD x@
?} Q[ Q=Okt |O=yvW}B VwQ R}v p=Ft u}= QO 'OwW|t x_Lqt xOt; CUOx@ G}=Dv
5 pwOH QO "CU= xOQm x@U=Lt T}=QB � uQDWvoQwt |x]@=Q x@ l}ORv =Q u=v}t]=
QmP |=yVwQ |t=tD |=Q@ 'CU= C=a]k u}@ |WQ@ |wQ}v |x@U=Lt x@ \w@ Qt xm
G} QOD x@ w xOW ẁQW QiY x@ l}ORv Q=Okt R= |}xa]k u}@ |=ywQ}v Q}O=kt 'xOW
x@ xa]k u} QN; QO Q=Okt u}= Vy=m =@ u; R= TB w xDi=} V}=Ri= C=a]k |xv=}t =D

"CU= xOW =Qosy QiY Q=Okt

sQ=yJ p=Ft "4"5
CQwYx@ |v=QL@ |oDN}Uo ,qwtat 'xOv@UJ l =N =@ |=y|v=wQ}W QO xm |}=Hv; R=
'QwmPt |=yl =N =@ xyH=wt QO |O=yvW}B VwQ |@=} RQ= Qw_vt x@ 'CU= j}ta
l =m]Y=|x} w=R '(C = 35kPa) |oOv@UJ =@ |v=wQ}W l} sQ=yJ p=Ft QO
xOW xDiQo Q_v QO 
d = 20KN=m3 XwYNt uRw w (' = 50) |rN=O
7 pmW =@ j@=]t s�=k 2 x@ |ki= 3 ?}W =@ QDt 10 `=iDQ= x@ QwmPt |v=wQ}W "CU=
=@ Q@=Q@ ?}DQD x@ u; `=aW w |oDN}Uo |xQ}=O RmQt C=YDNt u}vJty "CU=
|v=wQ}W p=Ft u}= QO "OvDUy r = 17m w Y c = 19 66m 'Xc = 16 13m
"CU= xOW =Qosy 'Q=QmD 402643 R=TB w `]kvt u=tr= 10 R= xO=iDU= =@|UQQ@ OQwt
Qo}O w |O=yvW}B VwQ \UwD xOW x@U=Lt u=v}t]= ?} Q[ Q}O=kt '6 pwOH QO
"CU= xOW x�=Q=|}xa]k u}@|WQ@ |=ywQ}v Q=Okt |xU}=kt R}v '7 pwOH QO w =yVwQ
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"sWW p=Ft |r=ta= |xrRrR |ki= ?=DW w |v=wQ}W |xUOvy "9 pmW

"sWW p=Ft |=Q@ hrDNt |=yVwQ \UwD xOW x@U=Lt u=v}t]= ?} Q[ "9 pwOH
Tw}vri A=W}@ w@v=H T}=QB � uQDWvoQwt |O=yvW}B VwQ
1 12 1 22 1 14 1 22 1 25

|=yQDt=Q=B x@ QDtm |oDU@=w w |oO=U Cra x@ =yVwQ u}= "OvDUy xrRrR s=ovy QO
u=UOvyt QDW}@\UwD 'OvQ=O VRerhrDNt |=yCr=L|UQQ@ QO xm|DaQU w l =N
|m =N |v=wQ}W 'xrRrR ẁkw Cr=L QO pOt |};Q=m |UQQ@ Qw_vtx@ "OvwW|t xO=iDU=
0 1 =@ Q@=Q@ |ki= ?=DW Q=Okt w |m}t=v}Ox@W Cr=L |=Q@ swO p=Ft QO xOWx�=Q=

"�9 pmW� CU= xOW p}rLD (ah = 0 1g) pkF ?=DW
=yVwQ Q}=U w |O=yvW}B VwQ \UwD xOWx@U=Lt u=v}t]= ?} Q[ Q}O=kt
xm OyO|t u=Wv QwmPt pwOH QO xOWx@U=Lt G}=Dv "CU= xOW x�=Q= 9 pwOH QO
|m =N |v=wQ}W |Q=O}=B=v V}=Ri= w u=v}t]= ?} Q[ Vy=m Ea=@ xrRrR |wQ}v OwHw
"CU= xrRrR C=W=aDQ= R= |W=v lQLt |=ywQ}v V}=Ri= ẁ[wt u}= Cra "OwW|t
x@ l}ORv |O=yvW}B VwQ \UwD xOWx@U=Lt u=v}t]= ?} Q[ R}v Cr=L u}= QO
QDm}ORv T}=QB � uQDWvoQwt VwQ x@ 'p=Ft u}= QO w xOW KqY= A=W}@ \@=wQ

"OvQ=O =Q u=v}t]= ?}=Q[ u} QDtm ?}DQDx@ Twv}ri w w@v=H \@=wQ "CU=
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