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OtxOW C=@F= Cq=}U l}v=mt p�=Ut QO R}v w |Oa)@ wO |v=UWm p�=Ut QO |k}@]D

C=a@ Qt |xv}tm VwQ |}=Q=m =D CU= xOW VqD Q[=L |xar=]t QO [19w18]"CU=
"OwW |UQQ@ R}v lQD x@ \w@ Qt p�=Ut pL QO xDUUo

`@=wD p}mWD |=Q@ lQLDt C=a@ Qt |xv}tm VwQ "2
pmW

?Q[pY=L \UwD û(X) xOvvR u}tND `@=D 'lQLDt C=a@ Qt |xv}tm VwQ QO
OwW|t pY=L �(X) ?}=Q[ Q=OQ@l} QO P (X) |}xrtHOvJ Q=OQ@l} |rN=O

%�1 |x]@=Q�

û(X) =
mX
j=1

pj(X):aj(X) � P (X):a(X) (1)

CQwYx@ J(X) Q=OuRw `@=D =OD@= 'a(X) pwyHt ?}=Q[ u}}aD Qw_vt x@
%CU= xOW h} QaD 2 |x]@=Q

J(X) =
nX
i=1

Wi(X):[PT (Xi):�(X)� ~ui]2 (2)

Q=Okt w i |}xQo |x]kv x@ \w@ Qt uRw `@=D |xOvyOu=Wv Wi(X) 'u; QO xm
QO ?=wH Q=Okt w i |x]kv QO xOWxOR u}tND Q=Okt u}@ hqDN= xWwQm pN=O
uRw `@=D "CU= W `@=D QF= |xRwL QO \=kv O=OaD n u}vJty "CU= x]kv u=ty
OwN Q}F-=D |xRwL QO |QiY Q}e Q}O=kt Wi(X) = W (X �Xi) = W (d)

%�3 |x]@=Q� CW=O Oy=wN

W (X �Xi) =

8<:1 d = 0
0 d > dmax

d = jX �Xij (3)

'QiY Q}e |=yuRw O=OaD xm OwW ?=NDv= |}xvwo x@ O}=@ ' dmax x]kv Qy |=Q@
|vRw `@=D '4 |x]@=Q QO "OvW=@ |}xrtHOvJ QO OwHwt CqtH lD O=OaD R= QDnQR@
xOy=Wt 'CU= xOW xO=iDU= u; R= Q[=L VywSB QO xm 'swU |x@DQt u}q}BU= s=v =@

%OwW|t

W (X �Xj) = W ( �d) =

8>>>><>>>>:
2
3 � 4 �d2 + 4 �d3 for �d � 1

2
4
3 � 4 �d+ 4 �d2 � 4

3 �d3 for 1
2 � �d � 1

0 for �d > 1
(4)

"CU=Xj |}xQo |x]kv Q}F-=D `=aW dmax w �d = jjX�Xj jj=dmax 'u; QO xm

|xDUUo C=a@ Qt |xv}tm |xm@W uwO@ VwQ "3
[18]CqO=at x=oDUO p}mWD |=Q@ CDLSM u=mtsy

uwO@ |=yVwQ QO =y?=wH Ow@y@ QO QF-wt w O}OH |WwQ 'u=mtsy \=kv R= xO=iDU=
xOWQmP \=kv "Ovvm|tv xO=iDU= |Q}op=QoDv= R= OwN pL OvwQ QO xm CU= xm@W

|xv}tm pmW `@=wD CN=U |=Q@ xm 'OQ}o|t CQwY |}xQo \=kv |QU l} j} Q]
ẁtHt `@=D |R=Uxv}tm Q@ |vD@t QwmPt VwQ "OvwQ|t Q=mx@ 2lQLDt C=a@ Qt

"CU=yRQt w xr�Ut |xRwL Q@ sm =L p}Uv=Qi}O CqO=at |xOv=t}k=@ C=a@ Qt
C=QP l}t=v}OwQO}y VwQ QO xm@W uwO@ |=yVwQ R= xO=iDU= |xO}= u}rw=
|xOwD w u=oQ=DU VQDUo uwJty '|twHv |=yxO}OB |R=UpOt Qw_vt x@ Q=wty
C=a@ Qt |xv}tm ?} QkD [2w1]"OW xO=iDU= 'u=QoWywSB |NQ@ \UwD |Q=@e |=yQ@=
xm OW xO=iDU= u}mQr=o VwQ QO [3]'1992 p=U QO |Q=DWwv QO Q=@ u}rw= lQLDt
=@ |O=} R |=yVwQ 'QwmPt Q=DWwv Q=WDv= R= TB "OvO}t=v 3VNB <RH VwQ =Q u;
"Ov=xOW xO=iDU= lQD p�=Ut pL |=Q@ xm OW x�=Q= xm@W uwO@ |=yVwQ u=wva
u; R= [4]"OW x�=Q= lQD p�=Ut pL |=Q@ '1994 p=U QO u=tr= uwO@ u}mQr=o VwQ
xO=iDU= lQD p�=Ut pL QO xm@W uwO@ |=yVwQ R= |O=} R u=QoWywSB uwvm =D p=U
O=wt QO lQD p}rLD |=Q@ u}mQr=o u=tr= uwO@ VwQ R= '2003 p=U QO ,qFt "Ov=xOQm
'p=U u=ty QO |Qo}O Q=DWwv QO [5]"CU= xOW xO=iDU= uoty=v OQou=Uty ?mQt
xO=iDU= lQD |xr�Ut pL |=Q@ |RQt p=QoDv= w |a[wt u}mQr=o � hwQDB VwQ R=

[6]"CU= xOW
|x@U=Lt |=Q@ u}mQr=o � hwQDB |xm@W uwO@ VwQ '2006 p=U QO u}vJty
lwv h=Q]= QO VvD Q=OQ@ lQLDt C=a@ Qt |xv}tm VwQ R= w VvD COW ?} Q[
|=Q@ w xr�Ut |xvt=O QO O=wt |]N Q=DiQ Q}}eD =@ |Oa)@ wO Ot=H s=UH= QO lQD
R}v '2008 p=U QO [7]"CU= xOW xO=iDU= =yxvt=OQ} R QO ?=wH `@=D uOR?} QkD
u=wva w x�=Q= lQD lwv h=Q]= QO |D=@U=Lt \=kv u=@}DWB |xvt=O u}}aD |=Q@ |WwQ
'xr�Ut |xvt=O uwQO |}xQo \=kv s_vt=v w s_vt `} RwD |=Q@ |O=yvW}B VwQ xm OW
VwQ R= xO=iDU= =@ lQD |xr�Ut pL |=Q@ '2010 p=U QO u}vJty [8]"OQ=O OQ@ Q=m
w OW O=yvW}B K]U |wQ |Q}op=QoDv= |=H x@ \N |wQ |Q}op=QoDv= 'xm@W uwO@
QO [9]"OW xO=iDU= lQLDt C=a@ Qt |xv}tm |wk VwQ R= ?=wH `@=D uOR?} QkD |=Q@
OQou=Uty C=LiY QO lQD p}rLD |=Q@ u=tr= uwO@ u}mQr=o VwQ R= R}v 2013 p=U
[10]"CU= xOW xO=iDU= 4xOW|ve `@=wD R= lQD R= |W=v |oDUw}B=v |R=UpOt |=Q@ w
|R=UpOt |=Q@ u}mQr=o � hwQDB |xm@W uwO@ VwQ R= '2012 p=U QO u}vJty
xO=iDU= |Oa)@ wO Ot=H sUH l} QO Cw=iDt |xO=t wO u}@ xDiQoQ=Qk lQD l} Q=DiQ
|}xOy=Wt Q=}at VwQ wO ?}mQD R= p=U u=ty QO |Qo}O VywSB QO [11]"CU= xOW
x@ w xO=iDU= u; h=Q]= QO VvD u=O}t pL w lQD |}=U=vW |=Q@ Q=wHsy |=yErFt w
'6|}xOy=Wt '5|}=tv=Qi VwQ %Ovv=t 'OwHwt |=yVwQ =@ |O=yvW}B VwQ |xU}=kt
QwQt x@ �2013� u=QoWywSB |NQ@ u}vJty [12]"CU= xOW xDN=OQB7C}i=iW w
pL QO |a[wt u}mQr=o � hwQDB |xm@W uwO@ VwQ R= =yu; QO xm C=ar=]t |NQ@

[13]"OvDN=OQB 'CU= xOW xO=iDU= lQD |xr�Ut pL R}v w hrDNt p�=Ut
<=RH= VwQ w|a=aW|@=}uwQO |xm@W uwO@ VwQ?}mQD =@ R}v '2015 p=U QO
[14]"CU= xOW |Oa)@ wO Ot=H sUH uwQO lQD OWQ |xr�Ut pL x@ s=Ok= 'OwOLt
R= xO=iDU= p}rO x@ xDUUo C=a@ Qt |xv}tm VwQ 'xm@W uwO@ |=yVwQ u=}t QO
|x@DQt Vy=m CyH |Q}op=QoDv= x@ R=}v sOa w sm =L \@=wQ |r}Uv=Qi}O pmW
'|Q}op=QoDv= x@ R=}v sOa QwmPt VwQ |=}=Rt R= "OQ=O |Y=N C}@=PH 'C=kDWt
Q}N= |=yp=U QO QwmPt VwQ "CU= u; |Q}oQ=mx@ |oO=U w '?}=Q[ T} QD=t uQ=kD
|=Q@ xDUUo C=a@ Qt |xv}tm VwQ R= "CU= xOW xO=iDU= uwo =vwo p�=Ut pL CyH
|xr�Ut Q@ xwqa [15]"CU= xOW xO=iDU= |v=UWm Cr=L QO uwU=wB |xr�Ut pL
=@ CqO=at pL |=Q@ w [16]'Vw=QD p�=Ut pL |=Q@ uwvm =D xOWQmP VwQ 'uwU=wB
|}=Q=m u}vJty "CU= xOW x�=Q= [17]'|Oa)@ l} Cr=L QO |w[}@ |�RH C=kDWt
h} Q_D w =]N OQw;Q@ w |v=UWm p�=Ut pL CyH xDUUo C=a@ Qt |xv}tm VwQ
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R(u)
k = uk � �u =

nX
j=1

('j)uj � �u

k = (1 �Mu) (10)

h} QaD 11 |x]@=Q CQwYx@ =yxOv=t}k=@ C=a@ Qt ẁtHt u=wvax@ J `@=D p=L
%OwW|t

J = 1
2
MdX
k=1

[WkR(d)
k ]2 + 1

2�:
MtX
k=1

[R(t)
k ]2 1

2�:
MuX
k=1

[R(u)
k ]2 (11)

'11 |x]@=Q QO Wk "CU= u=mtsy |x]kv l} |xOvyOu=Wv kT}Ov= 'u; QO xm
C=a@ Qt ẁtHt J `@=D Ck}kL QO "CU= s)=k u=mtsy |x]kv QO uRw `@=D Q=Okt
|oQR@ C}ty= |xOvyOu=Wv '� w � ?}=Q[ "CU= u=mtsy \=kv QO =yxOv=t}k=@
s=v |Dr=vB ?}=Q[ w OvDUy xRwL |=yxOv=t}k=@ =@ xU}=kt QO |RQt |=yxOv=t}k=@
x@ u=wD|t |DL=Q x@ pwyHt |=yQDt=Q=B x@ C@Uv J `@=D R= uDiQo jDWt =@ "OvQ=O
pwtat |=yVwQ R= xO=iDU= =@ w Ci=} CUO n� n uQ=kDt CqO=at x=oDUO l}
'14 |r= 12 \@=wQ QO "OQw; CUOx@ =Q pwyHt |=yQDt=Q=B CqO=at x=oDUO pL

"CU= xOW x�=Q= pY=L CqO=at x=oDUO |rm pmW
@J
@ui

=
MdX
i=1

@R(d)
k

@ui
[R(d)
k ]

+�
MtX
i=1

@R(t)
k

@ui
[R(t)
k ]

+�
MuX
i=1

@R(u)
k

@ui
[R(u)
k ] = 0 (12)

Klm =
MdX
i=1

[L(Nl)]Ti [L(Nm)]i

+�
MtX
i=1

[B(Nl)]Ti [B(Nm)]i

+�
MuX
i=1

[(Nl)]Ti [(Nm)]i; l;m = 1 � n (13)

Fl =
MdX
i=1

[L(Nl)]Ti f i +
MtX
i=1

[B(Nl)]Ti gi

+
MuX
i=1

[(Nl)]Ti (u� �u); l = 1 � n (14)

u}vJty "OvDUy |}=yv T} QD=t uOw@uQ=kDt |xOvyOu=Wv 'xOWQmP \@=wQ
`@=wD |x@U=Lt QO OwOLt Q}F-=D `=aW =@ uRw `@=D R= xO=iDU= p}rOx@ |}=yv T} QD=t

"Ow@ Oy=wN |Q=wv 'pmW

lQD |oDUw}B=v uOQm ^=Lr |=Q@ hrDNt |=yVwQ "4
[12]xDUw}B pmW `@=wD QO

pL CyH |OOa |=yVwQ u} QDhwQat u=wvax@ OwOLt u=tr= VwQ R= xO=iDU=
CqmWt 'OvwW|t |oO}J}B w |rmWGm Q=JO 'xr�Ut |xRwL QO xm |r�=Ut
|R=UpOtCyH QwmPt VwQ R= xO=iDU= "CU= xO=O Q=Qk u=UOvyt |wQ=Qi =Q |OOaDt

u=mtsy \=kv w |}xQo \=kv \UwD xr�Ut |xRwL |R=UxDUUo |xwLv "1 pmW
"CDLSM VwQ QO

CqO=at x=oDUO O=a@= w OvwW|t xO=iDU= p}Uv=Qi}O CqO=at |R=UxDUUo QO \ki
QO =Q 5 |x]@=Q j@=]t xOWx�=Q= p}Uv=Qi}O |xrO=at "O=O Ovy=wNv V}=Ri= =Q |}=yv

"O} Q}o@ Q_v
L(u) = f in 
 (5)

%OvwW|t h} QaD 6 |x]@=Q CQwYx@ |rY= |RQt \QW w |kDWt |RQt \QW
B(u) = g in �t

u = �u in �u (6)

=} |HQ=N |=ywQ}v R}v q "OvDUy |r}Uv=Qi}O |=yQopta B w A 'u; QO xm
xO=O u=Wv 1 pmW QO xm Qw]u=ty "Ovvm|t pta xr�Ut |xRwL Q@ xm Ov=|a@=vt
xOW |R=UxDUUo |}xQo |x]kv n \UwD u; |=yRQt w xr�Ut |xRwL 'CU= xOW

"CU=
Q=Qk =yRQt QO w xr�Ut |xRwL QO x=wNrO ,qt=m CQwYx@ R}v u=mtsy \=kv
u=mtsy |x]kvl} ,=tDL|}xQo |x]kv Qy Q@ xmCW=O xHwD O}=@ "�1 pmW� Ov=xDiQo
xOW xO=iDU= x]kv CQ=@a =H Qy TB u}= R= xm CU= QmP x@ sRq "OQ}o Q=Qk O}=@ R}v
|xRwL QO u=mtsy \=kv O=OaD Md O}vm ZQi "CU= |}xQo \=kv Qw_vt 'CU=
RQt QO u=mtsy \=kv O=OaD 'Mt |rY= RQt QO u=mtsy \=kv O=OaD 'Mu xr�Ut
l} QO u |xOvvR?} QkD `@=D Q=Okt "OvDUy u=mtsy \=kv pm O=OaD M w |kDWt

%OQm u}}aD 7 |x]@=Q \UwD u=wD|t =Q xk Ovv=t 'u=mtsy |x]kv

u(xk) =
nX
i=1

�i(xk):ui (k = 1 �M) (7)

|Q=Po|=H =@ "OvQ=O Q=Qk u; QO xk xmCU=|}xRwLQ} R|}xQo \=kv O=OaD n 'u; QO xm
|xr�Ut |xRwL QO =yxOv=t}k=@ Q=Okt x@ u=wD|t 6 |r= 5 CqO=at QO 7 |x]@=Q
CUO 10 |r= 8 \@=wQ CQwYx@ R(u) |a}@] RQt w R(t) |kDWt RQt w R(d)

%Ci=}
R(d)
k = L(uk)� f(xk) =

nX
j=1

L('j)uj + f(xk)

k = (1 �Md) (8)

R(t)
k = B(uk)� g(xk) =

nX
j=1

B('j)uj � g(xk)

k = (1 �Mt) (9)
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"lQD lwv |m}ORv QO |}=tv=Qi VwQ R= xO=iDU= =@ xOWO}rwD pmW `@=D "4 pmW

R= QDnQR@ xm CiQo Q_v QO u}vJ =Q xrY=i u}= u=wD|t xDiQoCQwY C=ar=]t
xDiQo Q_v QO 
 = 0 25 ,qwtat xm OW=@ 0 < 
 < 1 u; QO w OW=@ 
h

"OwW|t

xr�Ut pL CQ=Jwri w xOv@UJ lQD |Qw�D "5
Ov}=Qi |xOwOLt QO Kr=Yt |]NQ}e Q=DiQ |R=Ux}@W |=Q@ |WwQ 'xOv@UJ lQD
'p@=kDt |xOv@UJ |L]U |=ywQ}v xm OwW|t ZQi Qw_vt u}O@ w CU= CUmW
|}xvwox@ xOvRwO |=ywQ}v GwR u}= p=ta= |xwLv "OvwW|t p=ta= lQD |=yx@r u}@
|oOWR=@ � |L]U |wQ}v Q=Owtv Q} R CL=Ut 'lQD VQDUo |x_Lr QO xm CU=
'CU= OL=w CL=Ut =@ K]U wO uOW=OH |=Q@ xOWhQY |SQv= Qou=Wv xm 'lQD

"Ow@ Oy=wN Gf lQD CUmW |SQv= =@ Q@=Q@

lQD OWQ Q=}at "1"5
pw] V}=Ri= =@ 'pL |xrLQt Qy QO lQD OWQ |R=Ux}@W |=Q@ 'Q[=L VywSB QO
OwW|t ZQi w xOW |R=UpOt lQD OWQ 'x]kv u} QDl}ORv =D xrY=i u=R}t x@ lQD
MQ |v=tR �lQD pw] V}=Ri=� OWQ u}=Q@=v@ "OW=@ Mode I ẁv R= lQD |xaUwD
|WWm Ctw=kt Q=Okt x@ lQD lwv QO |rY= |WWm VvD |xv}W}@ xm OyO|t
|WWm VvD CyH Q@ Owta 'lQD OWQ CyH 'Cr=L u}= QO "OUQ@ Q_vOQwt |xO=t

"CU= |rY=

"lQD lwv |m}ORv QO |}=tv=Qi VwQ KQ] "2 pmW

'xm@W O}rwD Ov}=Qi "CU= |Ov@xm@W sw=Ot Ov}=Qi OvtR=}v '=y|rmWGm w =y|oDUw}B=v
|Ov@xm@W R= xO=iDU= sOa p}rOx@ xm@W uwO@ |=yVwQ "CU= Q=wWO w xv} Ry QB
QO "CU= xOQm `iDQt =Q |Ov@u=tr= x@ \w@ Qt CqmWt R= |Q=}U@ 'xr�Ut |xRwL
QO "OvwW|t |R=UxDUUo |}xQo \=kv \UwD xr�Ut |xRwL 'xm@W uwO@ |=yVwQ
|}=yVwQ R= xm@W uwO@ |=yVwQ 'CU= |oDUw}B=v Q=JO xr�Ut xm |r�=Ut pL
%|=yVwQ x@ u=wD|t =yu; |xrtH R= xm OvQ@|t xQy@ |oDUw}B=v h} QaD CyH
=Q |oDUw}B \QW |}xOy=Wt VwQ "OQm xQ=W= 10|}=tv=Qi w 9Q=Umv= '8|}xOy=Wt
QO =Pr "OQ=O |}=tv=Qi VwQ x@ C@Uv |QDxO}J}B jDWt Q=Umv= VwQ "Ovm|tv u}t-=D
'OQ=O |QDxO=U |Ov@pwtQi sy w CU= xDUw}B sy xm |}=tv=Qi VwQ 'Q[=L VywSB

"CU= xOW xO=iDU=

[12]lQD h=Q]= QO uRw `@=D KqY= |=Q@ |}=tv=Qi VwQ "1"4
hrDNt |=yxHQO =@ |a@=D |xr}Uwx@ |oDUw}B=v \N =} K]U '|}=tv=Qi VwQ QO
|oDUw}B=v lwv CQwY u}= QO "OwW|th} QaD|oDUw}B=v lwv x@C@Uv 11C}i=iW
xDU=m C}i=iW u=R}t R= lQD lwv R= uOW QwO =@ w OwW|t xDiQo Q_v QO h=iW,qt=m

"OwW|t
x |x]kv R= xm |Qwv |wDQB xm |v=tR "O} Q}o@ Q_v QO =Q 2 pmW QO |oDUw}B=v
QO uRw `@=D |rw] QDt=Q=B 'Ovm|t OQwNQ@ |oDUw}B=v \N =@ 'O@=D|t xI |xQo x@

%OQm KqY= 15 |x]@=Q CQwYx@ u=wD|t =Q |}=tv=Qi VwQ

s(x) = s0(x) + dmax(sc(x)
�sc

)�; � � 2 (15)

'CU= xQo Qy Q}F-=D |xRwL |xv}W}@ `=aW dmax w s0(x) = jjx�xljj 'u; QO xm
|oDUw}B=v \N w xxl \N OQwNQ@ |x]kv =D |oDUw}B=v lwv |xrY=i sc(x)

|xrY=i h "O};|t CUOx@ �sc = �h |x]@=Q =@ xm CU= |rw] |QDt=Q=B �sc "CU=
uRw `@=D '4 w 3 |=ypmW "CU= (0 < � < 1) |QOm ?} Q[ � w |}xQo
Ovv=t "OvyO|t u=Wv =Q |oDUw}B=v lwv l}ORv QO |}=tv=Qi VwQ \UwD xOWO}rwD
O}OB=v u; R= GQ=N QO w CU= QiY R= QDnQR@ Q}F-=D |xRwL QO uRw `@=D 'Q=Umv= VwQ

"OwW|t
=yxQo xm |t=ovy QwmPt VwQ xm CU= u}= QO |}=tv=Qi VwQ ?}=at R= |m}
lQD x@ xQo xm |OQ=wt QO "Ovm|tv Q=m ?wN 'OvW=@ l}ORv lQD K]U x@ Q=}U@
Q=}U@ lQD lwv x@ xQo R= xOW`]=U wDQB w lQD u}@ |x} w=R 'CU= l}ORv Q=}U@
u}=Q@=v@ "OwW|t O=H}= uRw `@=D QO O}OW |Di= O=H}= Ea=@ xm CU= lJwm
x@ O=vDU= =@ "CiQo Q_v QO lQD \N =D xQo |=Q@ =Q xv}tm |xrY=i l} O}=@
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"lQD |oOWR=@ u=R}t T=U=Q@ lQD |oOv@UJ |wQ}v Q=Owtv "5 pmW

"lQD p�=Ut pL |=Q@ |O=yvW}B |xt=vQ@ CQ=Jwri "6 pmW

xO=O X=YDN= |RQt \QW l} CQwYx@ Q_=vDt |x]kv x@ xOWQmP |wQ}v
"OwW|t

"OwW|t xOy=Wt lQD p�=Ut pL |=Q@ |O=yvW}B |xt=vQ@ CQ=Jwri '6 pmW QO
'Ov=xDWwv 6 5|xNUv uQDQi p=wS} w u=@ R x@ =Q QwmPt|xt=vQ@ 'Q[=LQ=DWwv u=oOvU} wv
|xt=vQ@ \UwD xm 'xt=vQ@ Q} R Qy "CU= xt=vQ@ Q} R OvJ w |rY= |xt=vQ@ l} pt=W xm

"OQ=O xOya x@ =Q X=N Q=m l} s=Hv= |xi}_w 'OwW|t |v=wN=Qi |rY=

|OOa |=yp=Ft "6
QO xDUUo C=a@ Qt |xv}tm VwQ |}=Q=m w =yC}r@=k |UQQ@ CyH 'Q[=L VN@ QO
R= |OQ=Ov=DU= p�=Ut 'xOv@UJ lQD |Qw�D T=U=Q@ CUmW l}v=mt p�=Ut pL
xU VtN V}=tR; 'pw= |xr�Ut u=wvax@ "CU= xOW |UQQ@ lQD |w=L C=LiY
C=a@ Qt |xv}tm VwQ R= GDvt 'xOt; CUOx@ |OOa G}=Dv w xOW |UQQ@ |}x]kv
G}=Dv =@ w xOW xDWwv 6 5 uQDQi p=wS} w |U} wvxt=vQ@ Q=R@= \UwD xm 'CU= xDUUo

"CU= xOW xU}=kt |y=oW}=tR;

xr�Ut |xRwL QO lQD |xaUwD |ovwoJ "2"5
|x]kv l} x@ |RQt |x]kv l} R= lQD lwv 'xr�Ut |xRwL QO lQD OWQ ẁQW =@
xOWs=Hv= |Ov@pwtQi j@] lQD lwv xm =Hv; R= "OwW|t pkDvt xr�Ut |xRwL uwQO
'OQ}o|t Q=Qk u; |wQ lQD lwv xm |}xQo 'OW=@ |RQt |x]kvl} O}=@ DLS VwQ QO
V}=Ri= OOa l} |RQt \=kv O=OaD w OwW|t xOwRi= |RQt \=kv |xawtHt x@
Om uwQO '\@DQt |=yx}=Q; QO QwmPt |x]kv |=Q@ R}v |RQt \}=QW u}vJty "O@=}|t
"CU= VvD uwO@ |RQt \}=QW 'lQD lwv |RQt \}=QW "OvwW|t xi=[= |Q=Ri=sQv
uwQ}@ |wU x@ w lQD |=DU=Q QO xOWQmP |x]kv QO R}v RQt Q@ Owta Q=OQ@ |x} w=R

"OwW|t xDiQo Q_v QO xr�Ut |xRwL
wO x@ 'CU= xDW=O Q=Qk u; |wQ Q@ lQD lwv u}= R= V}B xm |}xQo O}=@ p=L
wO x@ =Hv; QO xr�Ut |xRwL w R=@ lQD 'QwmPt |x]kv QO =Q} R &OwW s}UkD xQo
QO \=kv |xrY=i 0 1 'QwmPt |x]kv QO |oOWR=@ u=R}t "OwW|t s}UkD CtUk
O}OH |x]kv w lQD `r[ l} Q@ OwHwt |x]kv "OwW|t xDiQo Q_v QO xOwOLt u;
'CU= xOw@ |RQt \=kv <RH V}B R= xm 'OwHwt |x]kv "OQ}o|t Q=Qk Qo}O `r[ Q@
|x} w=R sy "Ovm|t Q}}eD u; |RQt \}=QW |rw 'OyO|tv Q}}eD =Q |RQt \=kv O=OaD
"OwW|t Q}}eD VwNCUO |RQt \QW O=OaD sy w Ovm|t Q}}eD RQt Q@ Owta Q=OQ@
Q@ Owta |va} 'O};|t CUOx@ lQD OWQ |x} w=R T=U=Q@ RQt Q@ Owta Q=OQ@ |x} w=R
"OwW|t x@U=Lt xOv@UJ lQD VwQ T=U=Q@ R}v RQt |wQ |wQ}v Q=Okt "CU= u;
|x]kv QO |oOWR=@ 'lQD OWQ R= Oa@ pL |xrLQt u}rw= QO xm OwW xHwD \ki
|x]kv \}=QW "OwW|t xDiQo Q_v QO QiY �|UOvy xv� |D=@U=Lt ^=Lr x@ QwmPt
xQo uwJ xm CU= u}= Cw=iD \ki "CU= |} wQ@ wQ OwHwt |x]kv |xv} Qk sy O}OH
l} =Q |RQt \=kv O=OaD sy w |}xQo \=kv O=OaD sy 'CU= O}OH |x]kv 'QwmPt
\=kv O=OaD w OOa l} '=yxQo pm O=OaD 'lQD OWQ =@ TB "OyO|t V}=Ri= OOa

"OwW|t xOwRi= xQo 2 |RQt
lQD �T-=Q� lwv 'OwW xOwRi= O}=@ lQD pw] xm OwW|t XNWt xm |t=ovy
lwv |va} "OwW|t pkDvt |Qo}O |xQo x@ 'CU= xDW=O Q=Qk u; |wQ xm |}xQo R=
=O}B "OQ}o|tv Q=Qk =yxQo u}@ |=[i QO w OQ}o|t Q=Qk xQo l} |wQ Q@ ,=tDL lQD
uDiQo Q_vQO =@ xm CU= CQwY u}O@ 'OwW|t pkDvt u; x@ lQD lwv xm |}xQo uOQm
CUOx@ �lQD OWQ CyH� lQD pw] V}=Ri= CyH |xv}W}@ '|WWm VvD CyH
xOt; CUOx@ CyH QO TBU "CU= xv}W}@ |WWm VvD |=DU=Q Q@ Owta xm O};|t
w Ci=} QwmPt |}x} w=R |xR=@ QO x]kv u} QDl}ORv w wHDUH xHQO 22 5 Tv=QrD =@

"OwW|t pkDvt =Hv; x@ lQD lwv

|oOv@UJ |wQ}v |x@U=Lt |xwLv "3"5
&OwW|t p=ta= w x@U=Lt 5 pmW Q=Owtv j@] R}v lQD RQt QO |oOv@UJ |wQ}v
VvD y QwLt w lQD |oOWR=@ u=R}t |xOvyOu=Wv x QwLt 'u; j@=]t xm
'lQD |oOWR=@ |=Q@ QiY Q=Okt ZQi =@ xm CQwY u}O@ "CU= |WWm sw=kt
|=yx@r Q@ |oOv@UJ VvD Q=Okt 'QwmPt pmW j@=]t xr�Ut pL ẁQW QO
|x@U=Lt w pL Q=@ l} R= TB "CU= xOW xDiQo Q_v QO ft =@ Q@=Q@ lQD
u=R}t 'Oa@ x@ swO |xrLQt QO u; pw] R= x]kv Qy QO lQD |oOWR=@ u=R}t
j@=]t "OwW|t x@U=Lt 5 pmW Q=Owtv T=U=Q@ lQD |=yRQt Q@ xOQ=w |wQ}v
|wQ}v 'lQD |wU wO QO p@=kt |x]kv wO |xrY=i V}=Ri= =@ QwmPt Q=Owtv
Q=Okt 'pL Ov}=Qi R= xrLQt Qy QO "O@=}|t Vy=m lQD Q=OH Q@ |WWm sw=kt
TBU "OwW|t C�=Qk Q=Owtv |wQ R= |WWm |wQ}v TBU w x@U=Lt |oOWR=@
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Ot10 pmW Q=Owtv QO xOv@UJ lQD |Qw�D T=U=Q@ 'pw= |xr�Ut pL |xH}Dv "OwW

|wQ}v y QwLt w Q}D |q=@ s�=k u=mtQ}}eD x QwLt u; QO xm CU= xOW xO=O u=Wv
|O=yvW}B VwQ R= pY=L G}=Dv w |@ QHD G}=Dv |xU}=kt =@ "CU= Q}D |q=@ Q@ xOQ=w
"CU= xOW lQD w sUHQ=DiQ |v}@V}B x@ jiwt QwmPt VwQ xm OwW|t XNWt

|}xwo V}=OH %swO |xr�Ut "2"6
|xv}tm VwQ R= GDvt |OOa G}=Dv w |UQQ@ |}xwo V}=OH |xr�Ut 'swO p=Ft |=Q@
=@ 'CU= xOW xDWwv 6 5 uQDQi p=wS} w |U} wvxt=vQ@ Q=R@= \UwD xm xDUUo C=a@ Qt
'11 pmW QO [21]"CU= xOW x�=Q= |@ QHD V}=tR; pL R= GDvt G}=Dv w |r}rLD G}=Dv

"�CU= QDt|r}t x@ O=a@=� OwW|t xOy=Wt swO |xr�Ut |RQt \}=QW w xUOvy
28 3 Q@=Q@ |v=UWm ?} Q[ E CU= Q=Qk u}O@ xDiQ Q=mx@ |xO=t C=}YwYN
GF 'p=mU=B=ot 2 11 |WWm Ctw=kt ft '0 18 uwU=wB ?} Q[ � 'p=mU=B=ot
QDt|r}t Q@ QDt uDw}v 0 482 �|oOWsQv � VWm Q=Owtv Q} R K]U� CUmW |SQv=
|xRwL 'swO |xr�Ut pL CyH "CU= p=mU=B=ot 21 |Q=Wi Ctw=kt f 0c w `@ Qt
V}=Q; '12 pmW QO "CU= xOW |R=UxDUUo s_vt=v |}xQo V}=Q; \UwD xr�Ut

"OwW|t xOy=Wt |}xQo |x]kv 1289 =@ |}xQo
pmWQ}}eD R= |W=v |=yVvD w u=mtQ}}eD <RH u}rw= p=ta= R= pY=L |xH}Dv
xOt; CUOx@ VvD w �hr=� |O=yvW}B VwQ R= xO=iDU= =@ 13 pmW QO QwmPt
|=y|UQQ@ "CU= xOW xO=O u=Wv �Twm =@; Q=Ri=sQv� �?� OwOLt <=RH= VwQ R=
K}[wD x@ sRq "CU= xOW x@U=Lt |DUQO x@VvD `} RwD xm OyO|t u=Wv xOWs=Hv=
j} Q] R= VvD |x@U=Lt |DUQO R= u=v}t]= |=Q@ \ki xOWQmP |xU}=kt xm CU=

"CU= xOw@v |Qo}O Q@ |m} |QDQ@ |UQQ@ |=Q@ w xOW s=Hv= |O=yvW}B VwQ

CUOx@ |}x]kvxU Q}D VtN p=Ft |=Q@ Q}D R}N � wQ}v Q=Owtv |xU}=kt "10 pmW
[20]"|y=oW}=tR; |xH}Dv =@ |O=yvW}B VwQ R= xOt;

[21]"|}xwo V}=OH V}=tR; "11 pmW

|}x]kvxU VtN V}=tR; %pw= |xr�Ut "1"6
QO xm CU= xOW x�=Q= |}x]kv xU VtN |xr�Ut |OOa G}=Dv '|vwvm VN@ QO
x@ =yxR=Ov= '=ypmW |xty QO "OwW|t xOy=Wt u; |RQt \}=QW w xUOvy '7 pmW
xOW x�=Q= 1 pwOH QO R}v Q}D QO xDiQ Q=mx@ |xO=t C=}YwYN [20]"CU= QDt|r}t

"CU=
Gf '|WWm Ctw=kt ft 'uwU=wB ?} Q[ � '|v=UWm ?} Q[ E '1 pwOH QO
"OvDUy |Q=Wi Ctw=kt f 0c w �|oOWsQv � VWm Q=Owtv Q} R K]U� CUmW |SQv=
|R=UxDUUo s_vt=v |}xQo V}=Q; \UwD xr�Ut |xRwL 'QwmPt |xr�Ut pL CyH
"OyO|t u=Wv =Q |}xQo |x]kv 758 =@ s_vt=v |}xQo V}=Q; '8 pmW "CU= xOW

"CU= xOW xO=O u=Wv xr�Ut |xRwL QO lQD OWQ Q}Ut '9 pmW QO
'O}OH |x]kv O=H}= =@ |O=yvW}B |xt=vQ@ 'lQD OWQ s=ovy 'OW u=}@ xJv=vJ
Q=Ri=sQv QO xOWQmP |oOWR=@ V}=tv =t= "Ovm|t pOt |ak=w Qw]x@ =Q |oOWR=@
Q=Ri=sQv w CU= sm |oOWR=@ |wU wO \=kv |xrY=i =Q} R "CU}v umtt 12CqBlD
u}=Q@=v@ "Ovm|t ZQi xDUw}B =Q |oOWR=@ |=[i 'xUOvy uOQm pOt s=ovy QwmPt
Qo}O \=kv x@ w 1 Q=Okt lQD |wU wO \=kv x@ CqBlD Q=Ri=sQv QO lQD V}=tv |=Q@
xO=O V}=tv QwDv=m l} CQwYx@ lQD Q}Ut =D 'OwW|t xO=O X=YDN= QiY Q=Okt

[20]"x]kvxU VtN V}=tR; "7 pmW

"�|}xQo |x]kv 758� xr�Ut |xRwL QO |}xQo \=kv `} RwD "8 pmW

"Q}D QO lQD OWQ Q}Ut "9 pmW
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yt "xvwtv CN=U QO xDiQ Q=mx@ uD@ C=YNWt "1 pwOH
|Q=Wi Ctw=kt u=UWm pwOt ?} Q[ |WWm Ctw=kt uD@ CUmW |SQv=

uD@ uD@ uD@ uwU=wB uD@ lQD l} Owt QO
f 0c(MPa) E(MPa) # f 0t(MPa) Gf ( NM )

23 0 20 0 0 2 2 40 113 0

"Q=@ V}=Ri= QF= QO lQD |H} QOD |oOWR=@ "14 pmW

|xH}Dv =@ xU}=kt w |}xwo V}=OH p=Ft |=Q@ R}N � wQ}v Q=Owtv "15 pmW
[21]"|y=oW}=tR;

"lQD OWQ Q}Ut "16 pmW

=@ w OwW|t O=H}= u; h=Q]= QO \=kv `} RwD w &CU= XNWt =OD@= R= lQD Q}Ut
|Qw�D T=U=Q@ q=@ p=Ft pL |xH}Dv "CU= C@=F \=kv `} RwD 'p}rLD OvwQ CiQW}B
lQD OWQ Q}Ut '16 pmW QO "OwW|t xOy=Wt 15 pmW Q=Owtv QO xOv@UJ lQD

"CU= xOW xO=O u=Wv xr�Ut |xRwL QO

13=}i=Qov}= w =} Q; Q}D %swU |xr�Ut "3"6
"CU= xOW |UQQ@ 'CU=}i=Qov}= w =} Q; Q}D x@ hwQat xm Q}D l} 'swU p=Ft u=wvax@
p=U QO |Q=DWwv R= xr�Ut u}= "CU= xOW x�=Q= 17 pmW QO u; |Q=PoQ=@ w Q}D O=a@=
Q[=L Q=DWwv x@ \w@ Qt xOWx�=Q= OwOLt <=RH= G}=Dv w xOW CW=OQ@ [22]'2006

"CU=
|v=UWm ?} Q[ E %CU= Q=Qk u}O@ xvwtv QO xDiQ Q=mx@ uD@ C=}YwYN

"|}xQo |x]kv 1289 |xr�Ut |xRwL QO |}xQo \=kv s_vt=v `} RwD "12 pmW

"X |=DU=Q QO VvD `} RwD "13 pmW

QO %CU= CQwY u}= x@ R}r=v; OvwQ xOv@UJ lQD |Qw�D OQmrta |UQQ@ |=Q@
hqN CyH wO QO xvwtv |q=@ QO uDw}vwr}m 15 Q=Okt x@ |} wQ}v CiH 'R}r=v; ẁQW
xDi=} V}=Ri= u; Q=Okt 'Q=QmD Q=@ Qy QO u; R= TB "CU= xOW p=ta= CU=Q w AJ
"CU= xOW p=ta= w x@U=Lt Q=Owtv j@] R}v lQD RQt QO |oOv@UJ |wQ}v "CU=
Q=Okt 'xr�Ut pL ẁQW QO lQD |oOWR=@ |=Q@ QiY Q=Okt ZQi =@ xm CQwY u}O@
Q=@ l} R= TB "CU= xOW xDiQo Q_v QO ft =@ Q@=Q@ lQD |=yx@r Q@ |oOv@UJ VvD
Oa@ x@ swO |xrLQt QO 'u; pw] R= x]kv Qy QO lQD |oOWR=@ u=R}t |x@U=Lt w pL
'14 pmW QO "CU= xOW x@U=Lt Q=Owtv T=U=Q@ lQD |=yRQt Q@ xOQ=w |wQ}v u=R}t

"CU= xOW xO=O u=Wv Q=@ V}=Ri= =@ lQD |H} QOD uOW R=@
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