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QvU}=Q |xOQwNlQD jQw OwOLt sHL uw}UqwtQi "1"2

|=y|Qw�D '|WtN |=yjQw p}rLD CyH |Oa@ wO pw=ODt |=y|Qw�D xrtH R=
xm CU= u}= Q@ ZQi hyWQ}m jQw |Qw�D QO "CU= QvU}=Q jQw w hyWQ}m jQw
QO jQw |[Qa |}=Hx@=H u=O}t jDWt Q@=Q@ jQw |xLiYu=}t R= x]kv Qy u=QwO
Q@=Q@ jQw |xLiYu=}t R= x]kv Qy u=QwO 'QvU}=Q jQw |Qw�D QO umr &CU= x]kv u;
CU= x]kv u; QO jQw |WQ@ VvQm w jQw |[Qa |}=Hx@=H jDWt `tH pY=L =@
QO |WQ@ VvD |]N C=Q}}eD Q@ ZQi QvU}=Q |Qw�D QO xm =Hv; R= [32]"�1 pmW�
u=wD|t 'xOW|Q=PoQ=@ jQw |=Q@ lJwm |=ypmWQ}}eD ZQi =@ 'CU= jQw `]kt

%CWwv 1 |x]@=Q CQwYx@ =Q xLiYu=}t R= x]kv Qy u=QwO |=yxir-wt
�x = @w

@x
� 
xz; �y = @w

@y
� 
yz (1)

pwL jQw |xLiYu=}t R= P x=wNrO |x]kv u=QwO �x '1 pmW x@ xHwD =@ u; QO xm
pmWQ}}eD |xOvyOu=Wv w w x QwLt pwL P x=wNrO |x]kv u=QwO �y w y QwLt

"CU= P |x]kv QO jQw |@v=H
pmWQ}}eD?UL Q@ u=wD|t =Q P x=wNrO |x]kv |}=Hx@=H |=yxir-wt 'xH}Dv QO

%CWwv 4 |r= 2 \@=wQ CQwYx@ P |x]kv |=yu=QwO w |@v=H
u = z�x(x; y) (2)

v = z�y(x; y) (3)

w = w(x; y) (4)

"OvDUy y w x O=ODt= QO jQw pmWQ}}eD |xir-wt ?}DQD x@ v w u '=yu; QO xm
|WtN jQw OwOLt sHL p}rLDCyH 'OwW|t xOy=Wt 2 pmW QO xm |Qw]u=ty

"QvU}=Q jQw QO P x=wNrO |x]kv |}=Hx@=H "1 pmW

xOQwNlQDjQw|xLiYu=}t|R=UxDUUo|=Q@ xOWxO=iDU=|rwrU|xm@W"2pmW
"OwOLt sHL VwQ QO

h=Q]= |x}L=v QO 16xvt=O Q} R QO xOWC}@FD |k@=]D |Q}op=QoDv= w |DNU T} QD=t
jQw w |RmQt lQD =@ jQw Cr=L wO QO =Q |WtN jQw VvD COW ?} Q[ 'lQD \N
u}vJty w =yx@r QO |WtN |Q=PoQ=@ CLD w u; u}iQ] QO uQ=kDt |}x@r lQD wO =@
QO xOW x�=Q= j Q}Ut R= pkDUt p=QoDv= R= w x@U=Lt |@v=H |xOQDUo |Q=PoQ=@
CkO =@ G}=Dv w OvOQm xO=iDU= lQD lwv VvD COW ?} Q[ |@=} RQ= |=Q@ [10]`HQt
[23]'u=WQ}N= VwQ R= xO=iDU= =@ �2016� u=QoWywSB u=ty [23]"Ot; CUOx@ |@ wN
QO [24]"OvOQm x@U=Lt =Q QvU}=Q |WtN jQw QO |@}mQD Owt VvD COW ?} Q[
lQD Qw=Ht |x}L=v QO =yxQo R= sm =QDt |r}N |xm@W l} R= Q}N= `HQt wO Qy
|UOvysy VwQ R= xO=iDU= =@ R}v '�2016� |Qo}O VywSB QO "CU= xOW xO=iDU=
|R=UxDUUo 'QvU}=Q |xOQwNlQD |WtN jQw p}Uv=Qi}O CqO=at 17|xDi=}xaUwD
CkO =@ G}=Dv w x@U=Lt |oOQwNlQD Cr=L OvJ QO jQw VvD COW ?} Q[ w OW

[25]"OW VQ=Ro |@ wN
l}v=mt p�=Ut pL QO =Q=m |=yVwQ R= |m} u=wvax@ OwOLt sHL VwQ
OQ@ Q=m XwYNQO xOW s=Hv= |=yQ=m u}DUNv QO [26]"CU= xOW xDN=vW |}xR=U
xm l}Uqm ?} QkD |=yVwQ R= QDW}@ '|}xR=U p�=Ut pL QO OwOLt sHL VwQ
xO=iDU= 'Ow@ =ypwrU RQt |wQ QO u; C=kDWt w |}=Hx@=H |]N |@=}uwQO CQwYx@
|=yjQw p}rLD QO OwOLt sHL VwQ OQ@ Q=m x@ u=wD|t xvwtv u=wvax@ "OW|t
xQ=W= [28w27]'CU= xDiQo CQwY 2004 w 1997 |=yp=U QO ?}DQD x@ xm '|WtN
u}mQr=o |rLt u=tr= uwO@ VwQ QO OL=w uRw `@=D OQ@ Q=m =@ R}v '2002 p=U QO "OQm
u=Wv w `=O@= u=tr= uwO@ OwOLt sHL VwQ s=v x@ |O}OH VwQ '18 �MLPG�
Qo}O =@ C@=kQ p@=k |}xR=U l}v=mt p�=Ut pL QO u; |}=Q=m w CkO xm OW xO=O

[29]"CU= |RQt u=tr= VwQ w OwOLt <=RH= VwQ uwJty '|OOa |=yVwQ
'Ot=aDt |=y|}xrtHOvJ R= xO=iDU= =@ �2012� u=QoWywSB |NQ@ u}vJty
pL |=Q@ u; R= w G=QNDU= =Q Ot=aDt |rLt u=tr= uwO@ OwOLt sHL VwQ
[30]"OvOQm xO=iDU= |}xLiY VvD |Q=PoQ=@ Cr=L QO xOQwNlQD jQw p�=Ut
R= u; QO xm u=tr= uwO@ OwOLt sHL VwQ R= xO=iDU= =@ 'Q[=L VywSB QO
COW ?} Q[ 'CU= xOW xO=iDU= 19�MLS� lQLDt C=a@ Qt |xv}tm ?} QkD
u}vJty w x@r QO |WtN |Q=PoQ=@ CLD xOQwNlQD |WtN |=yjQw QO VvD
?} QkD R= xO=iDU= "CU= xOW x@U=Lt jQw |}q=@ K]U Q@ |@v=H |xOQDUo Q=@
pY=L |}=Hx@=H u=O}t xm CU= p}rO u}= x@ OwOLt sHL VwQ QOMLS

=Q ?} QkD VwQ l} R=}vOQwt uOw@ Q=wty w |oDUw}B \}=QW 'QwmPt VwQ R=
sHL VwQ G}=Dv `} QU |}=Qosy w |Q=O}=B u}vJty w Ovm|t <=[Q= |@ wN x@
uwO@ |=yVwQ QO u; R= R}t;C}kiwt |xO=iDU= ?Hwt 'j}kO Q=Okt x@ OwOLt
?} QkD QO Q=PoQ}F-=D |=yQDt=Q=B [31]"CU= xOW |WtN |=yjQw p}rLD CyH u=tr=
|xvt=O |xR=Ov= 'x}=B `@=wD QO xO=iDU= OQwt |=y|}xrtHOvJ |x@DQt pt=W MLS

|UQQ@ Q[=L VywSB QO OwOLt sHL VwQ |}=Qosy |=yQ=Owtv R}v w |v=@}DWB
Ct=N[ O=ODt= QO |WQ@ VvD xm 'QvU}=Q jQw |Qw�D R= u}vJty "CU= xOW
pwrU l} |=Q@ |WtN jQw uw}UqwtQi w xOW xO=iDU= 'Ovm|t ^=Lr =Q jQw
|=yVN@ ?}DQD 'u}=Q@=v@ "CU= xOt; CUOx@ jQw |xLiYu=}t QO `k=w x=wNrO
OwOLt sHL uw}UqwtQi 'pw= VN@ QO xm CU= CQwY u}= x@ Q[=L VywSB
QO TBU "CU= xOW G=QNDU= jQw |xLiYu=}t R= pwrU l} |=Q@ u=tr= uwO@
'swU VN@ QO w xt=O= QO "CU= xOW xO=O K}[wD MLS ?} QkD 'swO VN@
xOQwNlQD jQw VvD COW ?} Q[ |x@U=Lt |=Q@ |WvmQOv= p=QoDv= |iQat x@
xOW x�=Q= |Q}oxH}Dv w VwQ |OOa G}=Dv 'sHvB w sQ=yJ |=yVN@ QO w xDN=OQB

"CU=
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QLDt

C=a
@Qt

|xv
}tm

?}
QkD`

@=D|
iQat

u; xwHw R= |m} Q@ lQD \N xm jQw |xLiYu=}t R= x=wNrO pwrU l} "3 pmW
"CU= j@]vt

��Qkx �Xk
Qj

�
�kx +Qjy

�
Xk
Qj

�
�ky
��

ykQj � yP
� bwj jJqkj� = 0

(9)
nkX
k=1

ngX
j=1

n��Qjx �Xk
Qj

�
�kx +Qky

�
Xk
Qj

�
�ky
� bwj jJqkjo

+qAP = 0 (10)

xHw Qy QO xOW h} QaD |Uwo \=kv O=OaD ng 'pwrU xwHw O=OaD nk '=yu; QO xm
x@ aky w akx 'pwrU R= s)=k xHw |wQ s)=j |Uwo |x]kv C=YDNt Xk

Qj 'pwrUbwj w pwrU R= s)=k xHw Q@ Owta w uwQ}@ CtU x@ Q=OQ@ |=y|O=y Twv}Um ?}DQD
pwrU R= s)=k xHw |wQ s)=j |Uwo |x]kv QO |Q}op=QoDv= |@ wm =S w uRw Jqk w
'CU= Q=QkQ@ QiY |} wQ}v \}=QW 'lQD \N |wQ xm |}=Hv; R= OQm xHwD O}=@ "OvDUy
CQwY |Q}op=QoDv= I}y 'CU= j@]vt lQD RQt Q@ xm pwrU R= |yHw |wQ u}=Q@=v@

"OwW|tv xDiQo Q_v QO |Uwo |x]kv I}y 'xH}Dv QO w OQ}o|tv
|rN=O |=yQovr w =ywQ}v ?UL Q@ =Q jQw pO=aD CqO=at '10 |r= 8 \@=wQ
x]kv Qy QO |}=Hx@=H |=yxir-wt ?UL Q@ '=yu; uDWwv |=Q@ xm Ovvm|t u=}@ jQw
w |WtN jQw |=ywQ}v u}@ xYNWt CqO=at R= u=wD|t jQw |xLiYu=}t R=
jQw |xLiYu=}t R= x]kv Qy QO jQw u=QwO w |@v=H |}=Hx@=H w VvQm |=yxir-wt

[31]%OQm xO=iDU= 13 |r= 11 \@=wQ CQwYx@266666664
Mx

My

Mxy

Qx
Qy

377777775 =

266666664
D �D 0 0 D

�D D 0 0 �D

0 0 ((1� �)D) =2 0 0
0 0 0 Gt=1 2 0
0 0 0 0 Gt=1 2

377777775
(11)

"b =

8>><>>:
"xx
"yy
"xy

9>>=>>; (12)

"s =

(

xz

yz

)(
@w
@x + �x
@w
@y + �y

)
(13)

w |WQ@ pwOt '|v=UWm pwOt ?}DQD x@ Upsilon w G 'E '=yu; QO xm
jQw Ct=N[ |xOvyOu=Wv t '11 |x]@=Q QO "OvDUy jQw Kr=Yt uwU=wB ?} Q[

|DQwY x@ 'OwW|t xDUUo =ypwrU R= xm@W l} x@ jQw |xLiYu=}t 'xOQwNlQD
=@ s_vt |xm@W 'Q[=L VywSB QO "OQ}o|t Q=Qk xQo l} 'pwrU Qy RmQt QO xm
xm OvJ Qy 'CU= xOW xO=iDU= xvt=O QU=DQU QO u=WwBty=v pmWp}]DUt |=ypwrU
Ovv=wD|t xm@W |=ypwrU u}vJty "OQm xO=iDU= R}v u=WwBty |=ypwrU R= u=wD|t
"OvwW ?=NDv= |ar[OvJ =} w |ar[Q=yJ 'pmW|FrFt s_vt=v |=ypmW CQwYx@
|xvt=O QU=DQU QO Q[=L VywSB QO xOQwNlQD |WtN jQw OwOLt sHL pOt
xm |}=ypwrU <=vFDU= x@ 'CU= xOW p}mWD |v=Um} |r}]DUt |=ypwrU R= jQw
Qy u=}t R= lQD \N Qw@a =@ Cr=L u}= QO "Ovm|t Qw@a =yu; u=}t R= lQD \N

"OwW|t u} Ro}=H lQD Qw=Ht QO pwrU wO =@ pwrU u; '|r}]DUt pwrU
\N uO=O O=ODt= =@ 'OwW|t `k=w u; QO lQD \N |=yDv= xm |rwrU QO u}vJty
lQD lwv QO pwrU wO =@ =Q pwrU u; u=wD|t pwrU |} wQ@ wQ xHw x@ u; p=YD= =D lQD
|rwrU s}UkD u}= xm O}; OwHwx@ QwYD u}= CU= umtt "�2 pmW� OQm u} Ro}=H
|x}rw= pw] x@ C@Uv lQD |=Q@ |QDnQR@ pw] uDiQo Q_vQO ?Hwt lQD lwv QO
x}rw= pwrU \ki |rwrU s}UkD Ov}=Qi QO xm =QJ &CU}v u}vJ xm |r=L QO 'OwW u;
\ki 'lQD |x}rw= pw] w xUOvy ^iL =@ w OwW|t u} Ro}=H O}OH pwrU wO =@
'Qo}O hQ] R= "OwW|t j@]vt lQD \N O=ODt= Q@ O}OH |=ypwrU RQt R= |�RH
|xvt=O QO `k=w |=yxQo u}}aD w pmW `@=D |x@U=Lt s=ovy QO lQD |xUOvy QF=
xQ=W= u; x@ xt=O= QO xm O}O Kw[w Q=}at R= xO=iDU= =@ |Uwo |x]kv Qy |v=@}DWB

"OwW|t xDiQo Q_v QO 'CU= xOW
|=Q@ pO=aD |xrO=at uDWwv =@ u=wD|t =Q |WtN jQw OwOLt sHL CqO=at
"OQw; CUOx@ xm@W |=ypwrU s=tD CqO=at uOQm |Ov@syQU TBU w pwrU Qy
=@ u=wD|t =Q |WtN jQw |xOWxDUUo |xvt=O R= pwrU Qy OwOLt sHL CqO=at
CyH QO wQ}v pO=aD |xrO=at u}vJty yw x O=ODt= QO Qovr pO=aD CqO=at uDWwv

[28]%CWwv 7 |r= 5 \@=wQ CQwYx@ '�z QwLt� jQw |xLiYu=}t Q@ OwtaX
Mx = 0 (5)X
My = 0 (6)X
Fz = 0 (7)

Ov};Q@ ?}DQD x@ |WQ@ |wQ}v w Qovr Q}O=kt 'pwrU R= xHw Qy QO xm |}=Hv; R=
CUOx@ |=Q@ =Pr 'OvDUy |[Qa `]kt QO xOW `} RwD |WQ@ w |WtN |=yVvD
VvD Q}O=kt R= O}=@ 'pwrU R= xHw Qy QO |WQ@ |wQ}v w Qovr |=yxir-wt uOQw;
\=kv h} QaD =@ 'OwW|t xOy=Wt 3 pmW QO xm Qw]u=ty =Pr "OQm |Q}op=QoDv=
QO 6 w 5 pO=aD CqO=at uDWwv |=Q@ xm xDmv u}= R}v w pwrU R= xHw Qy QO |Uwo
|}=yxir-wt x@ |WtN Qovr CU= sRq '|ar[OvJ x=wNrO pmW =@ pwrU R= xHw Qy
\@=wQ CQwYx@ u=wD|t =Q 6 w 5 CqO=at 'OwW x} RHD y w x |=yQwLt O=ODt= QO

%OQm p}O@D 10 |r= 8
nkX
k=1

ngX
j=1
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xkQj � xP
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2/
2|

xQ=t
W'

35
�2

|xQ
wO'

�13
98

u=DU
@=D�

h}
QW

u=Qt
a|

UOv
yt

|HQ=N |=yQ=@ w =ywQ}v |O=OQ=QkCyH w u=QwO |=y xirwt |O=OQ=QkCyH "4 pmW
"|WtN jQw pQDvm sHL l} |RQt `r[ |wQ Q@

xHw |wQ Q@ `k=w x=wNrO |Uwo |x]kv |=Q@ |v=@}DWB |xvt=O h} QaD "5 pmW
"pwrU

u}}aD Qo}Oty R= u=O}t |=yxQo |xrY=i x@ xHwD =@ xm CU= |QDt=Q=B �s'u; QO xm
|OOa |=yV}=tR; R= xO=iDU= =@ xr�Ut Qy |=Q@ �s ?U=vt Q=Okt u}vJty "OwW|t
QO CN=wvm} CQwYx@ u=O}t |=yxQo 'Q[=L VywSB QO xm =Hv; R= "OwW|t u}}aD
u}}aD x@ \wvt |v=@}DWB |xvt=O |xR=Ov= u}}aD xH}Dv QO 'Ov=xOW `} RwDxvt=O QU=DQU

"Ow@ Oy=wN �s QDt=Q=B ?U=vt Q=Okt
|x]kv CQw=Ht QO u; Q=Okt O}=@ xm 'OQ=O s=v uRw `@=D w '17 |x]@=Q QO
R= uRw `@=D |=Q@ [33]"OW=@ QiY Q@=Q@ |v=@}DWB |xvt=O |=yx@r QO w OL=w Q@=Q@ XI
|}=tv `@=D =} w 4 |x@DQt u}qBU= `@=D '|@amt u}qBU= `@=D uwJty |H}=Q |=ysQi
l}\}=QW uDW=O |x]U=w x@ 4 |x@DQt u}qBU= `@=D 'Q}N= `@=wD u=}t R= "OQm xO=iDU=
|x]@=Q CQwYx@ `@=D u}= "CU= xOW xO=iDU= Q[=L VywSB QO ?U=vt uRw `@=D

%OwW|t h} QaD �hr=20�

w(X �XI) =

8<:1� 6�r2
i + 8�r3

i � 3�r4
i �ri � 1

0 �ri > 1
(hr=20)

%OwW|t h} QaD ?20 |x]@=Q CQwYx@ �ri 'u; QO xm
�ri = di

rs
= jX �Xij

rs
(?20)

X x=wNrO |x]kv =D I |xQo |xrY=i jX � Xij '?20 w hr=20 \@=wQ QO
|=Q@ |v=@}DWB |xvt=O |xR=Ov= rs '?20 |x]@=Q swO CtUk QO u}vJty "CU=
"�5 pmW� "CU= y w x C=yH QO ?}DQD x@ dsy w dsx Q@=Q@ xm 'CU= s)=I |xQo
|=yxQo x@ xOWxO=O C@Uv pwyHt ?}=Q[ pt=W Q=OQ@ bu '18 |xrO=at QO
MLS?} QkD QO u=tt |=yT} QD=t 'B(X) w A(X)u}vJty "CU= u=O}t

%OwW|t x@U=Lt 14 |x]@=Q R= xm 'CU= jQw |WtN |DNU D w
D = Et3=12(1� �2) (14)

u=QwO pwyHt |=yxir-wt ?UL Q@ u=wD|t =Q 7 |r= 5 pO=aD CqO=at xH}Dv QO
"OQm u=}@ xLiYu=}t R= x]kv Qy QO jQw |[Qa |}=Hx@=H w

lQLDt C=a@ Qt |xv}tm ?} QkD "2"2
|=yxir-wt w |@v=H |}=Hx@=H |va} 'QvU}=Q jQw |=yQ}eDt ?} QkD 'Q[=L VN@ QO
xOW K} QWD MLS VwQ R= xO=iDU= =@ jQw |xLiYu=}t R= x]kv Qy QO u=QwO
'OR ?} QkD OL=w pmW `@=D l} =@ u=wD|t =Q jQw Q}eDt xU Qy xm =Hv; R= "CU=
'|rm Q}eDt l} ?UL Q@ |vwvm VN@ QO xOWx�=Q= ?} QkD uw}UqwtQi xH}Dv QO
Qy QO u(x) pwyHt `@=D 'MLS VwQ QO [31]"CU= xOW x�=Q= 'u p=Ft u=wvax@
[33]%OR ?} QkD 15 |x]@=Q CQwYx@ u=wD|t =Q xr�Ut u=O}t R= x x=wNrO |x]kv
u(X) =

mX
i=1

pi(X)ai(X) = PT (X)a(X) (15)

PT (X)w 'MLS?} QkD QO xO=iDU=OQwt|}xrtHOvJ |=yx}=B O=OaDm 'u; QO xm
|x@DQt =@ y w x |=yQ}eDt R= |]N |@}mQD xm CU= |}xrtHOvJ |=yx}=B Q=OQ@
|Oa@ wO p�=Ut |=Q@ swO xHQO w pw= xHQO |=y|}xrtHOvJ Q=OQ@ "CU= x=wNrO

%OwW|t u=}@ �? w hr= 16� |x]@=Q CQwYx@ ?}DQD x@
PT (X) = f1; x; yg (hr=16)

PT (X) =
n
1; x; y; x2; xy; y2o (?16)

|=y|}xrtHOvJ R= QDW}@ '|WtN |=yjQw x@ \w@ Qt p�=Ut pL QO ,qwtat
?}=Q[ Q=OQ@ a(X)'15 |xrO=at QO "OwW|t xO=iDU= MLS ?} QkD QO wO xHQO
?}=Q[ Q=OQ@ "CU= |}=[i C=YDNt Q=OQ@ X = [x y]T w OwW|t xO}t=v pwyHt
|}xQo Q}O=kt =@ `@=D Q=Okt Cw=iD Q=OuRw C=a@ Qt Q=OQ@ |R=Uxv}tm =@ u=wD|t =Q a(x)

%OQw; CUOx@ 18 w 17 \@=wQ CQwYx@
J =

nX
I=1

w (X �XI) [u(X)� u(XI)]2

=
nX
I=1

w (X �XI)
"
mX
i=1

pi(X)ai(X)� u(XI)

#2
(17)

@J
@a

= A(X)a(X)�B(X)bu = 0 (18)

X x=wNrO |x]kv |v=@}DWB |xvt=O QO `k=w |=yxQo O=OaD n '17 |x]@=Q QO xm
,qFt 'OQm ZQi |rmW Qy x@ u=wD|t =Q |v=@}DWB |xvt=O ' MLS?} QkD QO "CU=
|xvt=O |=Q@ |r}]DUt pmW R= Q[=L VywSB QO "xQ}e w |Rwr 'p}]DUt 'xQ}=O

�4 pmW� "CU= xOW xO=iDU= X x=wNrO |x]kv |v=@}DWB
'Ovm `]k =Q x]kv l} |v=@}DWB |xvt=O 'lQD \N xm |DQwY QO OwW xHwD
=@ u=wD|t =Q QwmPt |xr�Ut "OvwW|t GQ=N |v=@}DWB |xvt=O R= \=kv R= |NQ@
|xvt=O O=a@= [34]"OQm pL Q=Umv= Q=}at =} C}i=iW Q=}at Q}_v |}=yQ=}at R= xO=iDU=
19 |x]@=Q CQwYx@ 2dsy w 2dsx |va} 'y w x C=yH QO |r}]DUt |v=@}DWB

%OwW|t h} QaD
dsx = �sdcx; dsy = �sdcy (19)
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QLDt

C=a
@Qt

|xv
}tm

?}
QkD`

@=D|
iQat

Q@ T=tt w p=tQv |=y Q=OQ@ w jQw RQt |wQ Q@ |]N�pwrU�pQDvm sHL "6 pmW
"RQt

|=yxir-wt �tb w �nB 'OwW|t xOy=Wt ?6 pmW QO xm |Qw]u=ty '=yu; QO xm
Q=OQ@ ?}DQD x@ t w n xm CU= n� t |rLt C=YDNt QO B x=wNrO |xQo u=QwO
pmW x@ xHwD =@ "CU= B |x]kv QO jQw RQt Q@ T=tt Q=OQ@ w uwQ}@ CtU x@ Owta
\@=wQ R= xO=iDU= =@ |QU=QU |=yxir-wt ?UL Q@ =Q |rLt |=yxir-wt u=wD|t ?6

%OQm u=}@ 33 |r= 31
�n = �xB cos�B + �yB sin�B (31)

�t = �xB sin�B � �yB cos�B (32)

wB = w (33)

x C=YDNt Q}_v B x=wNrO |x]kv u=QwO |=yxir-wt �yB w �xB '=yu; QO xm
QO 28 |r= 26 CqO=at |v} Ro}=H =@ xm CU= K[=w ,qt=m "OvDUy |QU=QU y w
|xvt=O R= x]kv Qy |}=Hx@=H w u=QwO |=yxir-wt u=wD|t 33 |r= 31 CqO=at
QO `k=w |=yxQo QO Q}_v pwyHt |=yQDt=Q=B Q}O=kt ?UL Q@ =Q jQw |xLiY u=}t
|UOvy |RQt \}=QW |}=yv CqO=at xH}Dv QO 'OQm u=}@ x]kv u; |v=@}DWB |xvt=O
"OvwW|t u=}@ u=O}t |=yxQo |}=Hx@=H w u=QwO pwyHt |=yQDt=Q=B ?UL Q@ jQw

|}wQ}v |RQt \}=QW "2"3"2
jQw RQt |wQ Q@ =ywQ}v Q}O=kt 'jQw |} wQ}v |RQt \}=QW p=ta= |=Q@ Cr=L u}= QO
|r= 34 \@=wQ R= xO=iDU= =@ u=wD|t 'OvwW|t u=}@ nt |a}@] C=YDNt QO xm =Q

%OQm p}O@D |QU=QU C=YDNt x@ 36
Mn = MxB cos2 �B +MyBsin2�B

+2MxyB sin�B cos�B (34)

Mt = �MxB sin�B cos�B

+MyB sin�B cos�B +MxyB(cos2�B � sin2 �B) (35)

Q = QB cos�B +QB sin�B (36)

=Q |WQ@ |wQ}v w =yQovr 'jQw O=R; |=yx@r Q@ `k=w |xQo Qy |=Q@ p=Ft |=Q@
%OQm u=}@ 37 |x]@=Q CQwYx@ u=wD|t

Mn = 0
Mt = 0
Q = 0 (37)

%OvwW|t u}}aD 22 w 21 \@=wQ R= w OvwW|t xO}t=v
A(X) =

nX
I=1

w(X �XI)P (XI)PT (XI) (21)

B(X) =
�
w(X �X1)P (X1) w(X �X2)P (X2)

::: w(X �Xn)P (Xn)
�

(22)

%OQw; CUOx@ 23 |x]@=Q CQwYx@ u=wD|t =Q a(X)'18 |xrO=at pL =@
a(X) = A�1(X)B(X)û (23)

pY=L u(X) |=Q@ 24 |xrO=at '15 |xrO=at QO 23 |xrO=at |v} Ro}=H =@
%OwW|t

u(X) =
nX
i=1

�i(X)u(Xi) = �(X)a(X) (24)

%OwW|t u=}@ 25 |x]@=Q CQwYx@ w CU= |@=}uwQO `@=D �i'u; QO xm

�i(X) =
mX
j=1

pj(X)(A�1(X)B(X))jI

= PT (X)(A�1(X)B(X))I (25)

'jQw |xLiYu=}t R= x]kv Qy u=QwO w |}=Hx@=H |=yxir-wt '25 |xrO=at x@ xHwD =@
26 \@=wQ R= xO=iDU= =@ MLS VwQ R= xO=iDU= =@ u=wD|t =Q �y w �x 'w |va}

%OR ?} QkD 28 |r=

wh(X) =
nX
I=1

�I(X)wI (26)

�hx (X) =
nX
I=1

�xI(X)�xI (27)

�hy (X) =
nX
I=1

�yI(X)�yI (28)

xOW xO=O C@Uv |=yQDt=Q=B |xOW xOR?} QkD Q}O=kt Q@ CrqO 'hT} wvq=@ xm
"OQ=O jQw |xLiYu=}t |xvt=O QO `k=w |=yxQo |=yu=QwO w |}=Hx@=H |=yQ}eDt x@

|RQt \}=QW p=ta= "3"2
|UOvy |RQt \}=QW "1"3"2

|=ypwrU h} QaD =@ u=wD|t =Q jQw |UOvy |RQt \}=QW 'OwOLt s=HL= VwQ QO
[28]"OQm p=ta= jQw |xLiYu=}t |xvt=O |=yRQt |wQ Q@ |]N �pQDvm s=HL=�
|=yxQo Q=m u}= s=Hv= |=Q@ 'CU= xOW xO=O u=Wv hr=5 pmW QO xm |Qw]u=ty
Q=Qk jQw |xLiYu=}t |UOvy |=yRQt |wQ Q@ |]N |=ypwrU x@ xOWxO=O C@Uv
x=ox}mD =@ |=yx@r =} xO=U x=ox}mD =@ |=yx@r =@ jQw Cr=L QO p=Ft |=Q@ "OvQ}o|t
u=wD|t =Q 6 pmW QO B |xQo p=Ft |=Q@ '|RQt |xQo |}=Hx@=H Q=Okt 'Q=OQ}o

%OQm h} QaD 30 w 29 \@=wQ CQwYx@
wB = 0 �nB = 0 �tB = 0 Q=OQ}o x=ox}mD QO (29)

wB = 0 �tB = 0 xO=U x=ox}mD QO (30)
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|xQ
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98

u=DU
@=D�

h}
QW

u=Qt
a|

UOv
yt

�y = 6p2r
Et3 K1

�
4 sin

�
�
2
�
� (1 + �)

�
cos �2 sin �

��
+6p2r

Et3 K2
�
�2 cos

�
�
2
�

(1� �) + (1 + �)
�

sin �2 sin �
��

+6p2r 32

Et3 K3
8
15 cos

�
�
2
�

[1 + (1 + 3�) cos �] (A38)

`]kt |wQ Q@ xHDvt |WQ@ |=ywQ}v w =yQovr u=O}t 'Q}N= `HQt QO u}vJty
xOt; CUOx@ �E |r= hr=� 39 \@=wQ CQwYx@ lQD lwv |x}L=v QO jQw |[Qa

"CU=
Mx = K1p2r cos

�
�
2
��

1� sin
�
�
2
�

sin
�3�

2
��

� K2p2r sin
�
�
2
��

2 + cos
�
�
2
�

cos
�3�

2
��

(hr=39)

My = K1p2r cos
�
�
2
��

1� sin
�
�
2
�

sin
�3�

2
��

� K2p2r sin
�
�
2
��

cos
�
�
2
�

cos
�3�

2
��

(?39)

Mxy = K1p2r sin
�
�
2
�

cos
�
�
2
�
cos
�3�

2
�

+ K2p2r cos
�
�
2
��

1� sin
�
�
2
�

sin
�3�

2
��

(A39)

Qx = � K3p2r sin
�
�
2
�

(C39)

Qy = � K3p2r cos
�
�
2
�

(E39)

Q_=vDt lQD lwv VvD COW ?} Q[ K1 'E39 |r= hr=38 CqO=at QO
=@ |R=wt |x@r QO Qovr uQ=kDt |Q=PoQ=@ CLD xOQwNlQD jQw xm CU= |Dr=L =@
lQD lwv COW ?}=Q[ ?}DQD x@ K3 w K2 u}vJty "CU= xDiQo Q=Qk lQD O=ODt=
|R=wt |=yx@r Q@ OQ=w |WJ}B Qovr uQ=kDt |Q=PoQ=@ CLD jQw xm OvDUy |Dr=L QO
QO "�7 pmW� OW=@ xDiQo Q=Qk xLiY GQ=N |WQ@ |wQ}v |Q=PoQ=@ CLD w lQD =@
|OL Q}O=kt CQwYx@ 'xOQwNlQD |WtN jQw l} VvD COW ?}=Q[ 'Ck}kL
%OvwW|t h} QaD 40 \@=wQ j@=]t lQD lwv |x}L=v QO |WtN |=yQovr w =ywQ}v
K1 = lim

r!0
p2rMy(r; 0)

K2 = lim
r!0
p2rMxy(r; 0)

K3 = lim
r!0
p2rQy(r; 0) (40)

"|WtN jQw |oOQwNlQD hrDNt |=yOwt "7 pmW

|} wQ}v |RQt \}=QW w |UOvy |RQt \}=QW '|@}mQD |RQt \}=QW OwHw Cr=L QO
x=ox}mD Q@ |mDt |=yx@r =@ jQw Cr=L QO p=Ft u=wvax@ 'OvwW|t p=ta= sy x=Qty
\}=QW w �33�31 \@=wQ� |UOvy |RQt \}=QW u=}t R= jQw |RQt \QW xU 'xO=U
|a}@] |RQt\}=QW xm OQm xHwD O}=@ "OwW|t ?=NDv= �36�34\@=wQ�|} wQ}v |RQt
34 CqO=at QO 14 |r= 11 CqO=at |Q=Po|=H =@ u=wD|t =Q jQw |=yRQt QO
|Q=Po|=H =@ "CWwv jQw w w �yB '�xB |QU=QU |=yQ}eDt ?UL Q@ 36 |r=
\}=QW CqO=at u=wD|t '28 |r= 26 CqO=at R= u=O}t |=yQ}eDt |@} QkD Q}O=kt
u=ty |v=@}DWB |xvt=O QO `k=w |=yxQo pwyHt |=yQDt=Q=B ?UL Q@ |} wQ}v |RQt

"OQw; CUOx@ =Q |RQt |x]kv
|xvt=O |=ypwrU s=tD |=Q@ 10 |r= 8 pO=aD CqO=at uOQm|Ov@sy QU =@
R= |}xawtHt '41 |r= 30 |RQt \}=QW CqO=at x=Qty x@ jQw |xLiYu=}t
xvt=O |=yxQo u=QwO w |}=Hx@=H pwyHt |=yQDt=Q=B ?UL Q@ |]N CqO=at

"OwW|t pY=L

VvD COW ?} Q[ |x@U=Lt "3
QvU}=Q jQw QO QO x@ x=Q lQD l} |=Q@ lQD lwv |=yu=O}t "1"3

|=yu=O}t R= xO=iDU= x@ R=}v 'lQD l} lwv QO VvD COW ?} Q[ |x@U=Lt |=Q@
l} |xOWxO=U pOt 'jQw u=tr= xm =Hv; R= "CU= lQD lwv QO |}=Hx@=H w VvD
lwv |x}L=v QO jQw |}=Hx@=H w VvD ?v=Ht |=yu=O}t =Pr 'CU= |Oa@ xU Ot=H
G=QNDU= |Oa@ xU pOt R= xOt; CUOx@ |=yu=O}t QO |D=LqY= =@ u=wD|t =Q lQD

"OQm
|=yu=O}t\rDNt `@=D |QU\U@VwQ R= xO=iDU= =@ �1969� u=QoWywSB|NQ@
Qo}O |NQ@ [35]"OvOQm G=QNDU= |Oa@ xU lQD p�=Ut |=Q@ =Q VvD w |}=Hx@=H
p=QoDv= QO =yu; R= xO=iDU= =@ w ?=NDv= =Q QwmPt `@=wD u}mD CqtH R}v �1986�
u}vJty [10]"OvOQm x@U=Lt =Q xOQwNlQD QvU}=Q jQw VvD COW ?}=Q[ 'j
R}v w QwmPt \U@ QO u}mD CqtH s=tD '�2000� QD|�RH |xar=]t l} QO
G=QNDU= xOQwNlQD QvU}=Q jQw QO lQD lwv |}=Hx@=H w VvD ?v=Ht |=yu=O}t
|va} 'jQw |m}D=tv}U |=yQ}eDt |=Q@ QwmPt lQD lwv |=yu=O}t w [11]"OW
x�=Q= �A w ? 'hr= 38� |=yx]@=Q CQwYx@ 'u=QwO |=yxir-wt w |@v=H |}=Hx@=H

"OvOW
w = 6p2r

5t� K3 sin
�
�
2
�

+6p2r 32

Et3 K1
�1
3 (7 + �) cos

�3�
2
�
� (1� �) cos

�
�
2
��

+6p2r 32

Et3 K2
�
�1

3 (5 + 3�) sin
�3�

2
�

+ (1� �) sin
�
�
2
��

(hr=38)

�x = 6p2r
Et3 K1 cos

�
�
2
�

[4� (1 + �) (1 + cos �)]

+6p2r
Et3 K2 sin

�
�
2
�

[4 + (1 + �) (1 + cos �)]

6p2r 32

Et3 K3
�
� sin

�
�
2
�
� (1 + 3�) cos

�
�
2
�

sin �
�

(?38)
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QLDt

C=a
@Qt

|xv
}tm

?}
QkD`

@=D|
iQat

p=QoDv= xvt=O w |WvmQOv= p=QoDv= QO xOW xO=iDU= OL=w |}xrB `@=D pmW "8 pmW
"pmW `@ Qt |Q}o �

ZQi 'CU= `k=w lQD lwv QO u; RmQt xm '|a@ Qt K]U l} CQwYx@ xvt=O pmW
"�?8 pmW� CU= xOW

'OvDUy |mtm u=O}t x@ \w@ Qt \aux" T} wvq=@ =@ |=yQ}eDt '42 |xrO=at QO
lwv |}=Hx@=H w wQ}v |=yu=O}t u=}t R= jQw Q_vOQwt |oOQwNlQD Owt x@ xHwD =@ xm
Owt |Q=PoQ=@ CLD lQD Cr=L QO "OvwW|t u}}aD E39 =D hr=38 \@=wQ QO lQD
CU= CQwY u}= x@ Q=m VwQ 'VvD COW ?}=Q[ R= s=Om Qy |x@U=Lt |=Q@ |@}mQD
CqtH u} Ro}=H w ?=NDv= E39 =D hr=38 \@=wQ R= Owt Qy Q}_v |mtm u=O}t xm
CqtH 'K1 |x@U=Lt QO p=Ft |=Q@ "OvwW|t 42 |x]@=Q QO \aux" T} wvq=@ =@
E 39 =D hr=38 CqO=at R= xOW CW=OQ@ K1 ?}=Q[ =@ 42 |x]@=Q QO |mtm
'CQwY x@ O}=@ VvD COW ?}=Q[ '42 |x]@=Q QO u}vJty "OwW|t u} Ro}=H
46 |x]@=Q xH}Dv QO xm OvwW s}_vD 'Kaux3 = 0 'Kaux2 = 0 'Kaux1 = 1

%O};|t CUOx@ K1 VvD COW ?} Q[ |x@U=Lt |=Q@
K1 = Et3

24� (46)

x@=Wt |OvwQ =@ u=wD|t =Q K3 w K2 |va} jQw VvD COW ?}=Q[ Qo}O
"OQm x@U=Lt

|OOa |=yp=Ft "4
VvD COW ?} Q[ |x@U=Lt |xr�Ut OvJ |OOa pL G}=Dv '|vwvm VN@ QO
Q[=L VywSB QO xOW x�=Q= OwOLt sHL VwQ R= xO=iDU= =@ |WtN |=yjQw QO
u}vJty w |OOa |=yVwQ Qo}O R= xOt; CUOx@ G}=Dv =@ pY=L G}=Dv w |UQQ@
'xOWpL |=yp=Ft s=tD QO "CU= xOW xU}=kt |r}rLD |=yVwQ R= pY=L G}=Dv
R= |Q=a lQD K]U w 'OQ=O O=ODt= jQw Ct=N[ s=tD QO lQD xm CU= xOW ZQi

"CU= xOW ZQi AwQDwR}= w uoty R}v jQw Kr=Yt "CU= VvD xvwo Qy

=@ |R=wt |=yx@r QO |WtN |Q=PoQ=@ CLD |RmQt lQD =@ jQw "1"4
lQD

COW x@ xOQDUo |WtN Qovr CLD w |RmQt lQD =@ C}=yv|@ O=a@= =@ |WtN jQw
"�9 pmW� CU= xOW xDiQo Q_v QO 'OwW|t OQ=w lQD =@ |R=wt |=yx@r QO xm M0
'QDt|r}t b = 10 Q@=Q@ u; ZQa 'QDt|r}t l = 10 Q@=Q@ jQw |xLiYu=}t pw]
a = 1 Q@=Q@ 'lQD pw] hYv u}vJty "CU= xOW ZQi h Q@=Q@ jQw Ct=N[ w

|WvmQOv= p=QoDv= "2"3
lQD =@ |WtN jQw VvD COW ?} Q[ |x@U=Lt |=Q@ |OOaDt |OOa |=yVwQ
|wQ |Q}op=QoDv= sQi R= 'Q[=L VywSB QO [21w16'11'36�7]"CU= xDiQ Q=mx@ QO x@ x=Q
jQw |=Q@ [11]`HQt QO w CU= |WvmQOv= p=QoDv= x@ hwQat xm j p=QoDv= |xvt=O
QvU}=Q |WtN jQw VvD COW ?}=Q[ |x@U=Lt |=Q@ 'CU= xOW G=QNDU= QvU}=Q
|WvmQOv= p=QoDv= |xvt=O VwQ x@ 'Q}N= VywSB QO "OwW|t xO=iDU= xOQwNlQD
QO "CU= xOW O}m -=D jQw VvD COW ?} Q[ |x@U=Lt QO j}kO |WwQ u=wvax@
w K3 w K2 'K1 |va} '|WtN jQw VvD COW ?}=Q[ u}@ |x]@=Q 'Q}N= `HQt
%CU= xOW x�=Q= 41 |x]@=Q CQwYx@ QvU}=Q |WtN jQw |=Q@ |WvmQOv= p=QoD=
I = 24�

Et3 [K1Kaux1 +K2Kaux2 ] + 12�
10�tK3Kaux3 (41)

Kr=Yt |a=HDQ= ?} Q[ ?}DQD x@ t w � 'E w |WvmQOv= p=QoDv= Q=Okt I 'u; QO xm
p=QoDv= Q=Okt u}vJty "OvDUy jQw Ct=N[ w jQw Kr=Yt |WQ@ ?} Q[ 'jQw
%OwW|t xH}Dv 42 |x]@=Q CQwYx@ xOQwNlQD QvU}=Q |WtN jQw |=Q@ |WvmQOv=
I =

Z
A

��
Mij�auxi;x +Maux

ij �i;x +Qjwaux;x

+Qauxj w;x
�
�W int�1j

�
q;jdA+

Z
A

��
Maux
ij;j �Qauxi

�
�i;x +Qi

�
waux;i1 + �auxi;1 � "auxsi;x

��
qdA (42)

u}vJty 'OvwW|t ?=NDv= y w x |=yQ}eDt u=}t R=j w i |=yT}Ov= 'u; QO xm
|[Qa `]kt Q@ OQ=w |rN=O |WQ@ |wQ}v w |rN=O |=yQovr ?}DQD x@ Q w M
|[Qa pmWQ}}eD w u=QwO ?}DQD x@ w w � '42 |x]@=Q QO "OvyO|t u=Wv =Q jQw
x@ 'CU= OL=w |xrB `@=D q '42 |x]@=Q QO u}vJty "OvDUy jQw |xLiYu=}t
QO w CU= 1 Q@=Q@ |Q}op=QoDv= |xvt=O |RmQt |x}L=v QO u; Q=Okt xm |DQwY
|x]@=Q QO u}vJty "�hr=8 pmW� OQ}o|t OwN x@ =Q QiY Q=Okt 'xvt=O |=yRQt
CU= Qm}vwQm |=DrO �1j w OQ=O j Q}eDt x@ C@Uv q `@=D jDWt Q@ CrqO q;j '42

%OwW|t h} QaD 43 |x]@=Q CQwYx@ xm8<:�1j = 1 j = 1
�1j = 0 j 6= 1

(43)

44 |x]@=Q CQwYx@ xm CU= |WvmQOv= |WvQm |SQv= Wint '42 |x]@=Q QO
%OwW|t h} QaD

Wint = M : "auxb +Q:"auxs = Maux : "b +Qaux : "s (44)

pm |WvQm |SQv= R= |WQ@ |SQv= w |WtN |SQv= syU ?}DQD x@ "s w "b 'u; QO xm
%OvwW|t u=}@ 45 |x]@=Q CQwYx@ w OvDUy jQw

"b = 1
2
�r + (r )t

�
(hr=45)

"s = rw +  (?45)

rT = f@=@x @=@ygCQwYx@ wCU=|Q}ojDWtQwD=QB=r 'Q}N=\@=wQ QOu}vJty
|xDU@ K]U l} CQwYx@ '41 |x]@=Q |WvmQOv= p=QoDv= |xvt=O "OwW|t h} QaD
'Q[=L VywSB QO "OwW ZQi |rmW Qy x@ Ov=wD|t w CU= lQD lwv Q@ \=Lt
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QW

u=Qt
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UOv
yt

QDt}r}t ?ULQ@ jQw pmWQ}}eD w |RmQt lQD =@ jQw QO Qovr C=Q}}eD "11 pmW
"h=1mm ZQi =@

j@=]t xm &OwW|t xOy=Wt as hrDNt Q}O=kt <=R= x@ xm@W |=yxQo O=OaD p@=kt
Q=Okt u} QDtm 'as = 24� 26 |xOwOLt QO |v=@}DWB |xvt=O |xR=Ov= ZQi 'u;
|xm@W R= xO=iDU= Cr=L QO VwQ |=]N 'Qo}O hQ] R= "Ovm|t O=H}= =Q =]N
"CU= |OOa |=yQ=m QO |rw@k p@=k |=]N xm 'OUQ|t �1 OwOL x@ 39� 39
|va} swO Owt VvD COW ?} Q[ Q=Okt 'xOWQmP |xr�Ut QO xm CU= QmP u=}=W
R=}vOQwt u=tR C=Q}}eD Q=Owtv '?12 pmW QO "CU= xOt; CUOx@ QiY Q@=Q@ K2
u=tR 'u; j@=]t xm CU= xOW xO=O u=Wv xm@W |=yxQo O=OaD ?UL Q@ p}rLD
|xvt=O |xR=Ov= x@ xHwD =@ 19� 19 |xm@W R= xO=iDU= Cr=L QO p}rLD R=}vOQwt
|xm@W |=Q@ QwmPt C=Q}}eD xm 'Ovm|t Q}}eD x}v=F 77 =D x}v=F 60 R= as |v=@}DWB

"CU= x}v=F 393 =D x}v=F 306 R= 39� 39

=yx@r QO |WtN Qovr CLD |RmQt ?} Q= lQD =@ jQw "2"4
u}vJty w |Q=PoQ=@ \}=QW w |UOvy |RQt \}=QW u=ty =@ jQw '|vwvm |xr�Ut QO
|RmQt lQD umr 'CU= xOW xDiQo Q_v QO Q}N= |xr�Ut Kr=Yt C=}YwYN
CU= xOW `k=w jQw RmQt QO 2a pw] =@ w a x=wNrO |x} w=R CLD ?} Q= CQwYx@

"�13 pmW�
47�|x]@=QCQwYx@ [37]`HQt QO|vwvm|xr�UtVvDCOW?}=Q[j}kOG}=Dv

%CU= xOt; CUOx@ �? w hr=
K1 = 0 82M0

p
a cos2 � (hr=47)

K2 = 0 68M0
p
a sin� cos� (?47)

CUOx@ G}=Dv x@ xHwD =@ 'Q[=L |xr�Ut QOVvD COW?}=Q[ |x@U=Lt |=Q@
as = 26 Q@=Q@ |v=@}DWB |xvt=O Oa@ uwO@ |xR=Ov= 'pw= |xr�Ut pL R= xOt;
|xm@Wl} CQwYx@ =OD@= 'xO=iDU=OQwt |rwrU |xm@W u}vJty "CU= xOW ZQi
x@ =v@ TBU 'CU= xOW ZQi 1521 =@ Q@=Q@ pm xQo O=OaD =@ 39 � 39 s_vt
x@ lQD |xUOvy |xOwOLt QO `k=w |=ypwrU R= s=Om Qy 'lQD |x} w=R Q=Okt
xO=iDU=OQwt |rwrU |xm@W ' 14 pmW QO "CU=xOW p}O@D =RHt pwrU wO
'CU= xHQO a = 45 =@ Q@=Q@ lQD |x} w=R xm |Dr=L QO 'jQw p}rLD QO

"lQD =@ |R=wt |=yx@r QO CN=wvm} |WtN Qovr CLD |RmQt lQD =@ jQw "9 pmW

|RQt xQo 156 w pwrU RmQt xQo 1526 =@ 39 � 39 |rwrU |xm@W "10 pmW
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1. through the thickness crack
2. stress intensity factor
3. perturbation
4. mode
5. energy release rate
6. modi�ed virtual crack closure integral
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8. extended �nite element method
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10. fractal
11. boundary collocation method
12. invarian integals
13. element free galerkin method
14. reproduching kernel
15. stabilized conforming nodal integration
16. sub-domain stabilized conforming integration
17. extended isogeometric analysis
18. meshless local petrov galerkin
19. moving least squares
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