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xDiQo Q_v QO u=mtQ}}eD |m}D=DU=x@W wtv CLD xDi=} pmWQ}}eD CQwYx@ uoty
Oa@ |}=Hx@=H u=O}t xm =Hv; R= "CU= Ot=H sUH QO |}=Hx@=H u=O}t u "OwW|t
QO VQB l} '|}=Hx@=H u=}O=Qo 'Ov=t|t |k=@ xDUw}B VvQm uOW |rLt ẁQW R=

%�1 |x]@=Q� OQ=O |oDUw}B=v `]kt
[[ui;j ]] � u+

i;j � u�i;j 6= 0 (1)

u=Wv =Q |oDUw}B=v |ivt w C@Ft CyH ?}DQD x@ � w + |=yT} wvq=@ 'u; QO xm
|oDUw}B=v CtUk QO QwmPt |x]@=Q OwHw |xOvyOu=Wv [[:::]] Ctqa w OvyO|t
|=yQ=OQ@ R= |O=OaD |=Q@ xm CU= |QwQ[ pwUm =t |Q=oR=U \QW T=U=Q@ "CU=

%OW=@ 2 |x]@=Q CQwYx@ �1 |x]@=Q� VQB u=R}t g
[[ui;j ]] = ginj (2)

"CU= |oDUw}B=v Q@ Owta |xm} Q=OQ@ n w |Q=OQ@ ?U=vD ?} Q[ g 'u; QO xm
%OwW|t h} QaD 3 |x]@=Q CQwYx@ g O=ODt= QO xm} Q=OQ@ m u}vJty

mi � gi=g; g � jgij (3)

\w@ Qt VvQm "Ovvm|t XNWt ,qt=m =Q |oDUw}B=v C}y=t 'n wm |=yQ=OQ@ CiH
%CU= 4 |x]@=Q CQwYx@ Q_v OQwt VQB x@

[["ij ]] = 1
2 (ginj + gjni) (4)

%CU= xHwD p@=k |RQt Cr=L wO =Hv}= QO
w CU= xO=U VQ@ CQwYx@ Ov=@ QO pmWQ}}eD %OvDUy Owta sy Q@ n w m �hr=

"OwW|t p}mWD |WQ@ Ov=@
OwHw |oDUw}B=v |xLiY Q@ Owta VWm 'Ov=@ QO %OvDUy |R=wt n w m �?

"OwW|t p}mWD xOvwWR=@ |oDN}Uo Cr=L w OQ=O
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%�7 |x]@=Q� OW=@ QiY Q@=Q@ O}=@ u; VQB

[[ _tj ]] = [[ni _�ij ]] = ni[[ _�ij ]] = 0 (7)
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R= Qo}O|NQ@ QO u}vJty "OW QHvtVvQm uOW|rLt p�=Ut |OOa pL QO OwOLt
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|xv}tm Ctqa u}}aD |va} xO=U |UQQ@ l} =@ VvQm uOW |rLt ẁQW u}=Q@=v@
f 0(x) xU xHQO|}xrtHOvJ |=yxW} Q QO j=iD= u}= &OwW|tXNWt f(x) Q=Okt
xm |v=tR =D "OwW|t `k=w 'CU= x@U=Lt p@=k 9uOQ=m |Ov@pwtQi xDU@ sQi QO xm
=@ w OwW|tv R=e; VvQm uOW |rLt 'Ov=t@ |k=@ C@Ft f(x) `@=D Q=Okt |xv}tm
R= xO=iDU= =@ w n Q=OQ@ uDW=O =@ "OwW|t R=e; x QwLt R= f(x) |xv}tm l} QPo

%O};|t CUOx@ 15 |x]@=Q '9 |x]@=Q"
A11 A12
A21 A22

#"
m1
m2

#
=

"0
0
#

(15)

%O};|t CUO x@ 16 |x]@=Q u; R= xm8<:A11m1 +A12m2 = 0
A21m1 +A22m2 = 0

(16)

%O};|t CUOx@ 17 |x]@=Q CQwYx@ m Q=OQ@ C}=yvQO
m1 = � A12p

A211 +A212

m2 = � A11p
A211 +A212

(17)

VvQm uOW |rLt ẁQW u; uOW |ivt xm f(x) `@=D Ctqa R= xO=iDU= =@ u}=Q@=v@
CyH ?}DQDx@ |WQ@ Ov=@ OwHw Cr=L QO xm n w m Q=OQ@ wO w OyO|t u=Wv =Q
|oDUw}B=v CyH w u=mt 'OvyO|t u=Wv =Q |oDUw}B=v CyH w |oDUw}B=v Q@ Owta

"OwW|t XNWt ,qt=m

|R=UpOt |=Q@ QiY Ct=N[ =@ u=tr= \@=wQ "3
|oDUw}B=v

|oOv@UJ |wQ}v � |oOW=OH |xrO=at R= xO=iDU= =@ [37]'�2006� u=QoWywSB |NQ@
|R=UpOt =Q xOv@UJ |x}L=v 'OW u=}@ [38]'2003 p=U QO Q=@ u}rw= |=Q@ xm |]N
u}rw= |=Q@ xm 'QF-wt |Ov@pwtQi =@ |@}mQD Cr=L uDiQo Q_vQO =@ |R=UpOt u}= "OvOQm
w QF-wt uWmQD 'QwmPt VwQ QO "OW s=Hv= [39]'CU= xOW x�=Q= 1999 p=U QO Q=@
%OwW|t x} RHD |U=tt w |Owta <RH wO x@ lQD u=tr= xHw wO u}@ QF-wt |}=Hx@=H

�18 |x]@=Q�
te =

p
t2n + t2s

�e =
p
�2
n + �2

s (18)

'QF-wt |}=Hx@=H �e '|WQ@ uWmQD ts '|Owta uWmQD tn 'QFwt uWmQD te 'u; QO xm
uwO@ QF-wt |}=Hx@=H "OvyO|t u=Wv =Q |WQ@ |}=Hx@=H �s w |Owta |oOWR=@ �n
|v=QL@ |}=Hx@=H Q=Okt �c u; QO xm OwW|t h} QaD 19 |x]@=Q CQwYx@ �e Oa@

%CU= |oOv@UJ |=ywQ}v uOW QiY w pt=m |oOWR=@ =@ Q_=vDt
�e =

p
(�n=�c)2 + (�s=�c)2 (19)

%OyO|t xH}Dv =Q 8 |x]@=Q '7 w 6 |x]@=Q wO ?}mQD
niDijkl[ _"kl]] = 0 (8)

%OwW|t 9 |x]@=Q p}mWD x@ QHvt '8 w 4 |x]@=Q wO ?}mQD C}=yvQO
Ajk(n)mk = (niDijklnl)mk = 0 (9)

uOW |rLtCr=L O=H}= |=Q@ "CU=VvQm uOW |rLtT} QD=tAjk(n) 'u; QO xm
VvQm uOW |rLt u}=Q@=v@ "OwW <=[Q= n w m \UwD \QW u}= CU= sRq 'VvQm
smCUO Ajk(n) VvQm uOW |rLt T} QD=t xm CU= u; OvtR=}v n |=DU=Q QO

%�10 |x]@=Q� OW=@ xDW=O QiY |xS} w Q=Okt l}
f(n) � det(Ajk(n)) = 0 (10)

'9 |x]@=Q R= xO=iDU= =@ 'OwW x@U=Lt 'Ovm|t jOY 10 \QW QO xm n Q=OQ@ Qo =
CUOx@ 'Ovm|t jOY VvQm uOW |rLt Cr=L \QW QO xm u; =@ \@DQt m Q=OQ@
%�11 |x]@=Q� CU= 2�2 CQwYx@ Ajk(n) T} QD=t '|Oa@ wO Cr=L QO "O};|t
det(Ajk(n)) = a0n41 + a1n31n2 + a2n21n22

+a3n1n32 + a4n42

= A11A22 �A12A21 (11)

%CU= 12 \@=wQ CQwYx@ VvQm uOW |rLt T} QD=t |=yx}=QO 'u; QO xm
A11 = n1D1111n1 + n1D1112n2

+n2D2111n1 + n2D2112n2

A12 = n1D1121n1 + n1D1122n2

+n2D2121n1 + n2D2122n2

A21 = n1D1211n1 + n1D1212n2

+n2D2211n1 + n2D2212n2

A22 = n1D1221n1 + n1D1222n2

+n2D2221n1 + n2D2222n2 (12)

%OwW|t h} QaD 13 \@=wQ CQwYx@ a4 =D a0 ?}=Q[ w
a0 = D1111D1212 �D1112D1211

a1 = D1111D1222 +D1111D2212

�D1112D2211 �D1122D1211

a2 = D1111D2222 +D1112D1222 +D1211D2212

�D1122D1212 �D1122D2211 �D1212D2211

a3 = D1112D2222 +D1211D2222

�D1122D2212 �D1222D2211

a4 = D1212D2222 �D2212D1222 (13)

uOW |rLt \QW '11 |x]@=Q QO n2 = sin� w n1 = cos� uO=O Q=Qk =@
%O};|t QO 14 |x]@=Q CQwYx@ VvQm

f(x) = a4x4 + a3x3 + a2x2 + a1x+ a0 = 0 (14)
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(
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�utop

)
= Nf �u (24)
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u}}aD 23 |r= 21 \@=wQ R= xO=iDU= =@ Cf w CU= Df = wCf 'u; QO xm
"OwW|t

"|]NwO |oOv@UJ uwv=k "1 pmW
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R= xO=iDU= =@ |oOv@UJ R= |W=v |WQ@ uWmQD (tnh0; �n = 0) OW=@ |Q=Wi
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�s
�c

�
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1. bifurcation analysis
2. Strain Localization
3. nonlocal
4. adaptivity
5. cosserat
6. bifurcation analysis
7. traction
8. strain-softening
9. Cardan's formulae
10. implementation
11. process zone
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