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x u=mt QO t u=tR QO Q}D |wQ RmQtDt sQH hQ] R= |r=ta= |wQ}v fy 'u; QO xm
R}v xp &OvDUy |Wv=Qo ?=DW w l =Q}O |=DrO ?}DQD x@ g w �(x � xp) &CU=
QY=va \@=wQ p=ta= =@ "CU= Q}D |wQ QO t u=tR QO lQLDt sQH u=mt x@ \w@ Qt

%OwW|t x@U=Lt 2 |x]@=Q CQwY x@ sQH w Q}D u}@ |U=tD |wQ}v 'OwOLt
ffg = [m] f�ug+ [c] f _ug+ [k] fug

+ [N ]mpg
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xm 'CU= w[a |=yxQo x@ |r=ta= |wQ}v Q=OQ@ ffg w pmW `@=D [N ] 'u; QO xm
'[m] x@ \w@ Qt |=yT} QD=t '\@=wQ uO=O \U@ =@ "CU= 1�4 u; |=yxir-wt O=OaD

[13]%OvwW|t x@U=Lt 5 |r= 3 \@=wQ CQwY x@ [k] w [c]

[m] = mp([N ] � [N ]) (3)

[c] = 2mpv0[N ] � [N 0] (4)

[k] = mpv02([N ] � [N 00]) (5)

'u=tR Qy QO w OvDUy u=tR x@ xDU@=w |=yT} QD=t [k] w [c] '[m] |=yT} QD=t
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O=OaD QO OwHwt C}OwOLt x@ xHwD =@ u; QO xm 'CU= xOQm x�=Q= |}xv=Qm |Q}oO=}
pOt x@ C@Uv p=Owt C=aq]= uOQw; CUO x@ |=Q@ xR=U QO xDiQ Q=m x@ |=yQoUL
xO=iDU= p=Owt C=aq]= uO=O \U@ |=Q@ xDi=} Ow@y@ Vy=m VwQ R= 'OwOLt <=RH=
=yxR=U QO lQD X}NWD x@ s=Ok= R}v [7]'�2017� |ryQwm w |t}Ok "CU= xOW
u}vJty "OvOQm |}xv=Qm |Q}oO=} u}W=t w xR=U p=Owt |WvQm |SQv= R= xO=iDU= =@
lQD X}NWD |=Q@ 7xDi=} <=kDQ= |}xv=Qm |Q}oO=} u}W=t VwQ R= [8]'�2017� u=W}=
|OwQw u=wva x@ =yOt=U@ w |Owt |=ypmW R= u; QO xm 'OvOQm xO=iDU= =yxR=U QO
|=Q@ |WwQ R}v [9]'�2013� 8w}r=m w |tO=m "CU= xOW xO=iDU= |WRwt; u}W=t
uDiQo Q_v QO =@ =y?=k w |rwvQ@ Qr} w= Q}D QO |a}@] |=yOt=U@ uOQw; CUO x@
VwQ =@ =y?=k w =yQ}D O=R; V=aDQ= p}rLD u}vJty "OvOQm |R=Ux]@=Q lQD |O=OaD
u=Q=mty w 9?}@+r \UwD 'Rt=}r} w � l} QD} w sD} Qwor= w lQD |Qvi pOt Q@ |vD@t
u}W}B C=ar=]t ?re= 'OW xQ=W= xm Qw] u=ty "CU= xOW s=Hv= [10]'�2014�
|OwOLt |=yVywSB w OvDUy C@=F \}=QW CLD =yQ}D QO lQD X}NWD x@ \w@ Qt
u}vJty "CU= xOW s=Hv= Q}D |wQ Q@ lQLDt sQH CLD lQD X}NWD x@ \w@ Qt
CLD Q=OlQD |=yQ}D |W=aDQ= Q=DiQ |UQQ@ x@ [11]'�2017� u=Q=mty w 10M=} wJ
|H=N w xO=R;Qmi w 'OvDN=OQB nv=wy CQ@r}y p}O@D R= xO=iDU= =@ w lQLDt sQH
=@ lQLDt sQH l} QLD CLD Q}D QO lQD |}=U=vW |=Q@ |WwQ R}v [12]'�2017�

"OvOQm x�=Q= |a}@] |=yOt=U@ C=Q}}eD R= xO=iDU=
sQH CLD |rwvQ@ Qrw= Q}D QO lQD |}=U=vW x@ s=Ok= 'Q[=L VywSB QO =Pr
Q}D |W@vH |SQv= x@ \w@ Qt C=aq]= R= hOy u}= x@ p}v |=Q@ "CU= xOW lQLDt
|SQv= uOQw; CUO x@ |=Q@ "CU= xOW xO=iDU= lQLDt sQH l} QLD CLD Q=OlQD
Ea=@ ẁ[wt u}= xm 'OwW|t xO=iDU= sr=U Q}D |DNU R= ,qwtat 'Q=OlQD Q}D |WvQm
sQH x@ |W@vH |SQv= xm CU= |r=L QO u}= "OwW|t xr�Ut pL QO ?} QkD O=H}=
Q}F-=D� OwW|tv xR=U sQH QO Q}}eD Ea=@ lQD O=H}= xm |}=Hu; R= w CU= xDU@=w Q}D
Q}D |W@vH |SQv= x@ \w@ Qt G}=Dv =Pr '�OwW|t ^=Lr xR=U |DNU QO ?re= lQD
lQLDt sQH xm 'Q=OlQD Q}D |W@vH |SQv= x@ \w@ Qt C=aq]= "Ow@ Oy=wN QDj}kO
hrDNt |=yw[a QO lQD jta w pLt w |OwQw u=wva x@ 'Ovm|t Qw@a u; |wQ R=
"CiQ Oy=wN Q=m x@ |awvYt |@Ya |xm@W VRwt; CyH |HwQN u=wva x@ Q}D
xO=iDU= |Dw=iDt |y=ox}mD \}=QW =@ Q}D wO R= |O=yvW}B VwQ OQmrta |UQQ@ |=Q@
<=RH= |R=UpOt QO =]N w |OwQw |=yxO=O QO xiwv OwHw QF= u}vJty "CU= xOW
xm CU= u; |xOvyOu=Wv xOt; CUO x@ G}=Dv "CU= xOW xDiQo Q_v QO R}v OwOLt
=Q lQD Ov=wD|t Q}D |W@vH |SQv= C=aq]= R= xO=iDU= =@ |awvYt |@Ya |xm@W

"Ovm |}=U=vW |Qw@a sQH l} QLD CLD Q}D hrDNt |=yw[a QO

Q}D |wQ R= lQLDt sQH Qw@a OwOLt QY=va VwQ "2
Q}D |wQ R= mp sQH w v CaQU =@ lQLDt sQH Qw@a ZQi =@ 'Q[=L VN@ QO
"CU= xOW CmQL |xrO=at |R=Ux]@=Q x@ s=Ok= QiY |x}rw= \}=QW u}vJty w
x@ \w@ Qt |Wv=Qo |wQ}v pt=W 'V=aDQ= p=L QO Q}D x@ sQH hQ] R= |r=ta= |wQ}v
CQwY x@ Q}D w sQH u}@=t |U=tD |wQ}v "CU= Q}D w sQH u}@ T=tD |wQ}v w sQH

%CU= 1 |x]@=Q
fy(x; t) = mp(g � d2y(xp; t)

dt2 )�(x� xp) (1)
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"CU= xDi=}v |Q}}eD lQD QF= QO xm 'CU= \@DQt w[a sQH T} QD=t
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|xOvvmCi=} QO w CU= |@Ya |=yxm@W QO x}q u}rw= xm |OwQw |x}q %Ov=xOW
|vw}UQoQ |=ypOt QO pkDUt |=yQ}eDt |x@=Ft x@ w CU= sDU}U R= GQ=N `@=vt
w OQ=O Q=Qk |HwQN w |OwQw |=yx}q u}@ xm CU= |iNt |x}q 'x}q u}twO "OvDUy
VRQ= |x@U=Lt Ov}=Qi QO |v=}t |xH}Dv l} \ki w 'Ovm|tv u=}@ =Q |twyit I}y
x@ xm '|HwQN |x}q s=Hv=QU "OvQ=Ov |HvUO=YDk= QO |}=Dty w CU= |HwQN

[16]"CU= uw}UQoQ |=ypOt QO xDU@=w |=yQ}eDt x@=Ft
80 |xyO QN=w= QO xm 'CU= x}qOvJ |@Ya |xm@W l} '14u=tr= |xm@W
|xm@W `k=w QO "CU= xOW O=yvW}B Q=Dio |U=vWR=@ p�=Ut p}rLD |=Q@ |Oq}t
|iNt |x}q QO swyit V}=tv '=yv; hOy w xDiQo s=yr= hwmQ=t |xO}= R= u=tr=
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|=y|HwQN "CU= |iNt |x}q l} =@ |}xm@W 'u=tr= |xm@W "CiQo Q_v QO
=yv; x@ xm 'OvOQo|t R=@ xm@W R= |}=yOL=w x@ |v=tR Q}N-=D =@ |iNt |x}q |=yuwQv
|=Q@ |}=y|OwQw u=wva x@ |twyit |=yOL=w `k=w QO "Ov} wo|t |twyit |=yOL=w
|HQ=N |OwQw R= |]NQ}e `@=D 'xm@W |HwQN "OvwW|t ?wULt u=tr= |xm@W
Q@ uRw ?}=Q[ "CU= |r@k s=o QO |iNt |=yOL=w |HwQN w s=o u; QO xm@W
OvQ=O |D@=F Q=Okt |twyit |=yOL=w x@ |iNt |x}q R= |DWoQ@ |=yp=YD= |wQ
Q=DWwv QO [16]"OQ}o|t CQwY |v=tR ?}DQD C}=aQ T=U= Q@ C=aq]= VR=OQB w
"CU= xOW xO=iDU= [17]'�2015 ?rDt Q=Ri=sQv R= xO=iDU= =@ |@Ya |xm@W 'Q[=L
Q@ lQD hrDNt |=yCr=L '|@Ya |xm@W VRwt; |=Q@ 'Q[=L VywSB QO
TBU "CU= xOW O}rwD lQLDt sQH l} QLD CLD Q}D hrDNt |=yw[a |wQ

"CU= xDiQo Q=Qk CtUk wO u}= u}@ =t lQD w xOW s}UkD =RHt CtUk wO x@ Q}D
`]kt K]U w CU= R=@ CQwY x@ lQD xm CU= xOW ZQi p}rLD pw] QO u}vJty
VN@ 'QwmPt VwQ QO "CU= u=Um} =H xty QO lQD pLt RH x@ Q}D w[a pm
Qvi OwHw T=U= Q@ xm 'OwW|t |R=UpOt 12|rLt h=]av= R= xO=iDU= =@ Q=OlQD
lQD |=Q@ pO=at |v=QwO Qvi |DNU R}v w [14]OwW|t pO=at lQD pLt QO uRw uwO@
CUO x@ 10 |x]@=Q R= 13CUmW l}v=mt \@=wQ R= xO=iDU= =@ R=@ |xiQ]l}
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|xOwOLt QO CUmW sR}v=mt |Qw�D T=U= Q@ xm 'CU= lQD jta d 'u; QO xm
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