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e '12 CqO=at |=yp=QoDv= QO
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QO R" QDt=Q=B "CU= XNWt ��n |x_Lr QO� xR=@ |=OD@= QO VvD Q=Okt xm
C@=F xm 'CU= �� = �n+1� �n |v=tR |xR=@ QO VvQm C=Q}}eD MQv '6 |xrO=at

"OwW|t xOy=Wt 2 pmW QO w OwW|t ZQi
%OwW|t h} QaD 8 |x]@=Q CQwY x@ ��Rij 'u; QO xm

��Rij = �
3X
k=1

3X
l=1

Qijkl (8)

%O};|t CUO x@ 9 |x]@=Q R= Qijkl u; QO xm

Qijkl =
MX
m=1

(1� e
���/�ijklm )Pijklm(�n) (9)

%O};|t CUO x@ 10 |x]@=Q R= Pijklm(�n) u; QO xm
Pijklm(�n) =

e
���/�ijklmPijklm(�n ���) + �ijklmR"(1� e

���/�ijklm )

(10)

[2]"CQJ} w pOt "1 pmW

"�� |v=tR |xR=@ QO VvQm C=Q}}eD MQv "2 pmW
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%OwW|t h} QaD 23 |x]@=Q CQwY x@ '`@=D |}xQo Q}O=kt Q=OQ@ 'u; QO xm
ue = [u1; u2; u3; � � � ; un]T (23)

%OvwW|t h} QaD 25 w 24 \@=wQ CQwY x@ R}v P0 w B0 |=yT} QD=t xwqa x@

B0 =

26666664
B1(x1; y1) B2(x1; y1) � � � Bn(x1; y1)
B1(x2; y2) B2(x2; y2) � � � Bn(x2; y2)

...
...

. . .
...

B1(xn; yn) B2(xn; yn) � � � Bn(xn; yn)

37777775 (24)

P0 =

26666664
P1(x1; y1) P2(x1; y1) � � � Pm(x1; y1)
P1(x2; y2) P2(x2; y2) � � � Pm(x2; y2)

...
...

. . .
...

P1(xn; yn) P2(xn; yn) � � � Pm(xn; yn)

37777775 (25)

u}O@ 'CU= Bk (xi; yi) = Bi (xk; yk) u}=Q@=v@ 'CU= Oa)@ uwO@ xrY=i uwJ
xm O}; |t CUO x@ |v=tR \ki =Dm} uwJ "CU= uQ=kDt B0 T} QD=t xm swyit
|x]@=Q CQwY x@ pwyHt ?}=Q[ 'u}=Q@=v@ "OW=@ xDW=O OwHw B0 T} QD=t Twmat

%Ov}; |t CUO x@ 26(
a

b

)
= G�1

(
ue

0
)

(26)

%OwW|t u=}@ 27 |x]@=Q CQwY x@ |@=}uwQO QO `@=D C}=yv QO

u(x) = [BT(x) PT(x)] G�1
(

ue

0
)

= �(x)ue (27)

u=O}t '
h

BT (x) PT (x)
i

G�1 CQ=@a '27 |x]@=Q QO xm =Hu; R=
T} QD=t �(x) h} QaD j@] 'OR=U|t \@DQt |}xQo |}=Hx@=H Q=OQ@ x@ =Q |}=Hx@=H

%OwW|t u=}@ 28 |x]@=Q CQwY x@ xm CU= pmW `@=wD
� (x) = ['1(x); '2(x); � � � ; 'i(x); � � � ; 'n(x)] (28)

%OwW|t h} QaD 29 |x]@=Q CQwY x@ s)= k |xQo =@ Q_=vDt pmW `@=D 'u; QO xm
'k (x) =

nX
i=1

Bi(x) �Gi;k +
mX
j=1

Pj(x) �Gn+j;k (29)

ẁv ?=NDv= =@ u}=Q@=v@ "CU= G�1 T} QD=t (i; k) |x}=QO ' �Gi;k QDt=Q=B 'u; QO xm
QO pmW `@=D w OwW|t xOwRi= u; x@ |}xrtHOvJ |x}=B `@=D '|a=aW |x}=B `@=D

"CW=O Oy=wN |oDU@ =yxQo C=YDNt x@ \ki C}=yv

xU |Oa)@l} u=tr= |=Q@ x} Qwi - u}Uw=o pmW `@=wD "4
|}xQo

|a=aW |x}=B `@=wD R= uDiQo s=yr= =@ |O}OH |a=aW |x}=B `@=wD 'Q[=L Q=DWwv QO
CQwY x@ xm OwW|t O=yvW}B [20]'x} Qwi \rDNt |a=aW |x}=B `@=wD w u}Uw=o

%OwW|t h} QaD 30 |x]@=Q
B(r) = � e�i ! r2

(30)

|a=aW |x}=B `@=wD R= xO=iDU= =@ Q}F-=D |xvt=O QO OwHwt |}xQo \=kv s=tD xm OR=U|t
[23]"Ovm Qw@a Pj(x) |}xrtHOvJ |x}=B `@=wD w Bi(x)

u(x) =
nX
i=1

Bi(x)ai +
mX
j=1

Pj(x)bj = BT(x)a + PT(x)b

(15)

xm CU= sRq QmPD u}= "CU= Pj(x) ?} Q[ bj w Bi(x) ?} Q[ ai 'u; QO xm
"OW=@ Q=QkQ@ m < n \QW O}=@ '?=wH |}=Qoty u}t[D Qw_vt x@ 15 |x]@=Q QO

%OvwW|t h} QaD 16 |x]@=Q CQwY x@ 15 |x]@=Q QO OwHwt |=yQ=OQ@
aT = [a1; a2; a3; � � � ; an]

bT = [b1; b2; b3; � � � ; bm]

BT(x) = [B1(x); B2(x); B3(x); � � � ; Bn(x)]

PT(x) = [p1(x); p2(x); p3(x); � � � ; pm(x)] (16)

l} "OvDUy xT = [x; y] C=YDNt R= |a@=wD ,qwtat '|Oa)@ wO p}=Ut QO x}=B `@=wD
%CU= 17 |x]@=Q |rm CQwY x@ |a=aW |x}=B `@=D

Bi(x) = Bi(ri) = Bi(x; y) (17)

xrY=i u}= "CU= (xi; yi) xQo w (x,y) |@=}uwQO |x]kv u}@ |xrY=i ri 'u; QO
%O};|t CUO x@ 18 |x]@=Q CQwY x@ |UO}rk= |Oa)@ wO |=[i QO

ri =
q

(x� xi)2 + (y � yi)2 (18)

xDN=U 19 |x]@=Q ?}DQD =@ |}=yxrtHlD |]N ?}mQD R= |}xrtHOvJ |x}=B `@=wD
%OvwW|t

PT(x) = [1; x; y; x2; xy; y2; � � � ] (19)

|x]kv n |x}rm R= |@=}uwQO `@=D Qw@a Q=@H= =@ 15 |xrO=at QO bj w ai ?}=Q[
QO |@=}uwQO `@=D Q=Okt u}=Q@=v@ "Ov};|t CUO x@ Q}F-=D |xvt=O QO OwHwt |}xQo

%O};|t CUO x@ 20 |x]@=Q CQwY x@ s)= k |x]kv

uk = u(xk; yk) =
nX
i=1

aiBi(xk; yk) +
mX
j=1

bjPj(xk;yk)

k = 1; 2; 3; � � � ; n (20)

xmu}= Qw_vt x@ 'CU= QDW}@ CqO=at R= CqwyHt O=OaD '15 |xrO=at QO xm =Hu; R=
%OwW|t p=ta= 21 |x]@=Q O}k ,qwtat 'OwW u}t[D ?=wH |}=Dm}

nX
i=1

Pj(xi; yi)ai = 0 j = 1; 2; 3; � � � ;m (21)

R= xO=iDU= =@ CqO=at sDU}U l} CQwY x@ u=wD|t =Q 21 w 20 |=yxrO=at
%CWwv 22 |x]@=Q"

B0 P0
P0T 0

#(
a

b

)
= G

(
a

b

)
=

(
ue

0
)

(22)

106



2 1
|xQ

=tW
'36

�2
|xQ

wO'
�13

99
u=DU

@=D�
h}

QW
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x} Qwi - u}Uw=o pmW `@=wD C=}YwYN "5
30Qm}vwQm |=DrO C}Y=N "1"5

%OwW u=}@ 34 |x]@=Q CQwY x@ Ov=wD|t pmW `@=wD Qm}vwQm |=DrO C}Y=N

'i (�j) = �ij (34)

%OwW|t h} QaD Q} R CQwY x@ Qm}vwQm |=DrO QwD=QB= 'O=OQ=Qk j@] Q@ xm

�ij =

( 1 i = j

0 i 6= j

pmW QDt=Q=BhrDNt Q}O=kt <=R= x@ x} Qwi - u}Uw=o pmW `@=wD '8|r= 4 |=ypmW QO
x@ pmW `@=wD |twywt CtUk w |k}kL CtUk '=yv; QO xm 'OwW|t xOy=Wt !
xmCU=XNWt,qt=m QwmPt |=ypmW T=U= Q@ "CU= xOW xO=O u=Wv =RHt CQwY
"Ovvm|t xOQw;Q@ =Q Qm}vwQm |=DrO C}Y=N '|O=yvW}B |x} Qwi - u}Uw=o pmW `@=wD

31OL=w R=Qi= C}Y=N "2"5
Qy QO x} Qwi - u}Uw=o |}xQo n |Oa)@l} u=tr= Qy xm O=O u=Wv u=wD|t |DL=Q x@

|}xQo xU |Oa)@l} u=tr= |=Q@ |O=yvW}B |x} Qwi - u}Uw=o pmW `@=wD "4 pmW
"! = 10 + i =@

sQ)v r 'OwW|t |Q=Pos=v x} Qwi - u}Uw=o |a=aW |x}=B `@=wD xm 'Q}N= |x]@=Q QO
|=yQDt=Q=B '! w � C@=wF w OyO|t V}=tv =Q |}x]kv |=yxO=O u=}t 29|UO}rk=

"OvwW|t ?=NDv= |@=}uwQO CkO V}=Ri= Qw_vt x@ xm 'OvDUy pmW
QO xOW xO=O K}[wD OvwQ 'x} Qwi - u}Uw=o pmW `@=wD uOQw; CUO x@ Qw_vt x@
p=ta= |O=yvW}B x} Qwi - u}Uw=o |a=aW |x}=B `@=wD Q@ 'Q[=L Q=DWwv swU VN@
|}xQoxU u=tr= l} 'OwW|t xOy=Wt 3 pmW QO xm Qw] u=ty Qw_vt u}O@ "OwW|t

"OwW|t xDiQo Q_v QO � |a}@] C=YDNt x=oDUO QO |Oa)@l}
x@ 31 |x]@=Q CQwY x@ B(�) Q=OQ@ '|}xQo xU |Oa)@l} u=tr= l} |=Q@

%O};|t CUO

B (�) =

8>><>>:
B1 (�)

B2 (�)

B3 (�)

9>>=>>; = �

8>><>>:
e�i!(1+�)2

e�i!(�)2

e�i!(1��)2

9>>=>>; (31)

u=O}t R= 'x} Qwi - u}Uw=o |a=aW |x}=B `@=wD |R=U|ve Qw_vt x@ QwmPt u=tr= QO
|Q}oQ=m x@ R= TB "OwW|t xO=iDU= P (�) =

( 1
�

)
|]N |}xrtHOvJ `@=wD

l} |=Q@ x} Qwi - u}Uw=o pmW `@=wD [18]'OW u=}@ 3 VN@ QO xm RPIM OQm} wQ
pY=L 32 |x]@=Q CQwY x@ � |a}@] C=YDNt QO |}xQo xU |Oa)@l} u=tr=

%OwW|t
'1 (�) = 1

2 (h (�)� � + d)

'2 (�) = �h (�) + (1� d)

'3 (�) = 1
2 (h (�) + � + d)

(32)

33 |x]@=Q R= c w ? � 33 |x]@=Q R= h(�) 'hr= � 33 |x]@=Q R= d 'u; QO xm
%Ov}; |t CUO x@ A �

h (�) = c
h
e�i!(1��)2 � 2 e�i!(�)2

+ e�i!(1+�)2i �hr= 33�
c = e4i!

1� 4 e3i! + 3 e4i! �? 33�

d = �2 e3i!

�3 e3i! + e2i! + ei! + 1 �A 33�
(33)

u=O}t =@ x} Qwi - u}Uw=o |a=aW |x}=B `@=wD |R=U|ve R= TB xm CU= QmP x@ sRq
OWv Q=O}OB x} Qwi - u}Uw=o pmW `@=wD QO � pmW QDt=Q=B '|]N |}xrtHOvJ `@=wD
\rDNt Q}O=kt CU= QO=k xm 'Ov=t |k=@ QwmPt pmW `@=wD QO ! pmW QDt=Q=B \ki w

"OyO X=YDN= OwN x@ R}v =Q

[20]"� |a}@] C=YDNt x=oDUO QO |Oa)@l} |}xQo xU u=tr= "3 pmW
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=@ |}xQoxU |Oa)@l} u=tr= |=Q@ |O=yvW}B x} Qwi- u}Uw=o pmW `@=wD "7 pmW
"! = i

=@ |}xQo xU |Oa)@l} u=tr= |=Q@ |O=yvW}B x} Qwi - u}Uw=o pmW `@=wD "8 pmW
"! = 5

=@ |}xQo xU |Oa)@l} u=tr= |=Q@ |O=yvW}B x} Qwi - u}Uw=o pmW `@=wD "5 pmW
"! = 0=001 + 0=001i

=@ |}xQo xU |Oa@ l} u=tr= |=Q@ |O=yvW}B x} Qwi - u}Uw=o pmW `@=wD "6 pmW
"! = 1 + i
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C=YDNt x=oDUO QO Q9 |x} Qwi - u}Uw=o |Sv=Qo q |}xLiY u=tr= "9 pmW
"��; �� |a}@]

|a}@] C=YDNt x=oDUO QO Q8 |x} Qwi - u}Uw=o |D}B}OvQU u=tr= "10 pmW
"(�; �)

C=YDNt x=oDUO |=DU=Q wO Qy QO =Q pmW `@=wD u=wD|t 'Q_v OQwt u=tr= QO xQo Qy
wO QO =Q xQo Qy =@ Q_=vDt pmW `@=wD TBU w OQw; CUO x@ � w � |va} |a}@]

"OQm ?Q[ sy QO Ot=aDt |=DU=Q
wO QO pmW `@=wD 'Ot; CUO x@ |}xQo xU |Oa)@l} u=tr= |=Q@ xm Qw] u=ty

%OvwW|t pY=L 37 \@=wQ CQwY x@ � w � |=DU=Q

'1 (�) = 1
2 (h (�)� � + d)

'1 (�) = 1
2 (h (�)� � + d)

'2 (�) = �h (�) + (1� d)

'2 (�) = �h (�) + (1� d)

'3 (�) = 1
2 (h (�) + � + d)

'3 (�) = 1
2 (h (�) + � + d) (37)

%Ov}; |t CUO x@ 38 \@=wQ R= d w h(�) w h(�) 'u; QO xm
h (�) = c

n
e�i!(1��)2 � 2 e�i!(�)2

+ e�i!(1+�)2o
h (�) = c

n
e�i!(1��)2 � 2 e�i!(�)2

+ e�i!(1+�)2o
d = �2 e3i!

�3 e3i!+e2i!+ei!+1

(38)

"O}; |t CUO x@ c = e4i!
1�4e3i!+3e4i! |x]@=Q R= c QDt=Q=B 'u; QO xm

39 \@=wQ CQwY x@ Q9 u=tr= QO xQo Qy =@ Q_=vDt pmW `@=wD 'C}=yv QO

%Ovm|t xOQw;Q@ =Q 35 |x]@=Q '� x=wNrO |x]kv
nX
k=1

'k (�) = 1 (35)

TBU w x@U=Lt x=wNrO |x]kv l} QO pmW `@=wD |xty Q}O=kt Qo = 'Qo}O CQ=@a x@
CtUk |=Q=O xm 'OwW|t \rDNt |OOa xOt; CUO x@ ?=wH 'OvwW `tH sy =@
8 |r= 4 |=ypmW j} Q] R= xm 'CU= QiY Q@=Q@ |twywt CtUk w 1 Q@=Q@ |k}kL

"CU= C=@F= p@=k |DL=Q x@ R}v

32C}=yv |@ |x@DQt R= |}xmD |oDUw}B "3"5
|}xQo xU |Oa)@l} u=tr= l} QO x} Qwi - u}Uw=o pmW `@=wD R= |Q}ojDWt =@

%OwW|t pY=L 36 \@=wQ
'01 (�) = 1

2 (h0 (�)� 1) ; '(n)
1 (�) = 1

2 h
(n) (�) ; n = 2; 3; : : :

'(n)
2 (�) = �h(n) (�) ; n = 1; 2; : : :

'03 (�) = 1
2 (h0 (�) + 1) ; '(n)

3 (�) = 1
2h

(n) (�) ; n = 2; 3; : : :
(36)

`@=D s)=n |x@DQt jDWt w pw= |x@DQt jDWt ?}DQD x@ h(n) (�) w h0 (�) 'u; QO xm
"O}; |t CUO x@ hr= 33 |x]@=Q R= h(�) `@=D xm CU= QmP u=}=W "OvDUy h(�)

x} Qwi - u}Uw=o |yHwQ=yJ |Oa)@wO |=yu=tr= "6
|=yu=tr= QO x} Qwi - u}Uw=o pmW `@=wD uOQw; CUO x@ R= V}B 'Q[=L VN@ QO
VywSB R= hOy "OUQ|t Q_v x@ |QwQ[ |xDmv l} u=}@ '|yHwQ=yJ |Oa)@ wO
pmW `@=wD =@ x} Qwi - u}Uw=o |O=yvW}B pmW `@=wD |Ovtv=wD |xU}=kt 'Q[=L
p}rLD QO 'Ov};|t CUO x@ |}xrtHOvJ `@=wD u=O}t |x}=B Q@ xm 'pw=ODt =} l}Uqm
hOy x@ uO}UQ |=Q@ "CU= |Oa)@ wO |]N |v=UWmwmU} w p}=Ut OwOLt <=RH=
|Oa)@ wO 33|D}B}OvQU |=yu=tr= =} w |Oa)@ wO |Sv=Qo q |=yu=tr= R= u=wD|t QwmPt
`@=wD R= xO=iDU= =@ Q4 |Oa)@ wO |}xQo 4 |Sv=Qo q u=tr= xm |}=Hu; R= "OQm xO=iDU=
pmW `@=wD |xU}=kt |=Q@ 'Q[=L Q=DWwv QO 'CU}v x�=Q= p@=k x} Qwi - u}Uw=o pmW
O=OaD u} QDtm xm 'Q9 |Oa)@ wO |}xQo 9 |Sv=Qo q u=tr= R= x} Qwi - u}Uw=o w l}Uqm
|D}B}OvQU u=tr= w OQ=O |yHwQ=yJ |=yu=tr= u}@ QO Q4 R= TB =Q umtt |xQo
|Oa)@ wO |}xQo 4 |Sv=Qo q u=tr= "CU= xOW xO=iDU= Q8 |va} xQo O=OaD u} QDtm =@
`@=wD xm =QJ 'CU}v |@=}CUO p@=k x} Qwi - u}Uw=o pmW `@=wD R= xO=iDU= =@ Q4
=@ |}xrtHOvJ `@=wD u=O}t =@ |a=aW |x}=B `@=wD |R=U|ve j} Q] R= QwmPt pmW
C=YDNt x=oDUO |=DU=Q Qy QO u=tr= |=yxQo O=OaD R= QDtm xHQO wO |xv}W}@
QO Q4 u=tr= QO =yxQo O=OaD xm |}=Hu; R= "(m < n) Ov};|t CUO x@ |a}@]
QiY Q@=Q@ m = n� 2 |xv}W}@ Q=Okt TB 'n = 2 |va} CU= xQo wO '=DU=Q Qy
=} QiY |xHQO |}xrtHOvJ `@=wD u=O}t uOQm xi=[= Qou=}@ m = 0 "Ow@ Oy=wN

"CU= |a=aW |x}=B `@=wD x@ C@=F OOa l} 'Qo}O CQ=@a x@
|Sv=Qo q |yHwQ=yJ |}xLiY u=tr= pmW `@=wD uOQw; CUO x@ Qw_vt x@
QO (�; �) |}xLiY |a}@] C=YDNt x=oDUO QO xQo 9 'Q9 |x} Qwi - u}Uw=o
wO Qy QO VQw=Ht |=yxQo =@ xQo Qy |xrY=i xm |Qw] x@ 'CU= xOW xDiQo Q_v
=@ Q_=vDt pmW `@=wD uOQw; CUO x@ |=Q@ "�9 pmW� OW=@ OL=w Q@=Q@ � w � |=DU=Q

109



"""|
]N

u=U
Wmw

mU}
wp

}=Ut
OwOL

t<
=RH=

p}rL
D

h1 (�; �) = 1
�

(�B1 +B2 +B4 �B5 �B7 +B8)

h2 (�; �) = 1
�

(B1 � 2B2 +B3 �B6 + 2B7 �B8)

h3 (�; �) = 1
�

(B2 �B3 �B4 +B5 +B6 �B7)

h4 (�; �) = 1
�

(B1 �B3 � 2B4 + 2B5 +B6 �B8) �? 41�
x@ xm 'CU= x} Qwi - u}Uw=o |a=aW |x}=B `@=wD Q=OQ@ B '? 41 |x]@=Q QO xm

%OwW|t h} QaD 42 |x]@=Q CQwY

B (�; �) =

266666666666666664

B1
B2
B3
B4
B5
B6
B7
B8

377777777777777775
= �

266666666666666664

e� i ! [(�+1)2+(�+1)2]

e� i ! [(�+1)2+(�)2]

e� i ! [(�+1)2+(��1)2]

e� i ! [(�)2+(�+1)2]

e� i ! [(�)2+(��1)2]
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ẁv T=U= Q@ pmW QDt=Q=B Q=Okt u} QD?U=vt 'CU= xOW xO=iDU= xr�Ut l} pL
`@=wD u=Q@ Q=m xm CU=vat u}O@ u}= "OQm Oy=wN Q}}eD 'xQ}e w xOQ=w |=yQ=@ 'p}rLD
u} QDy@ xm 'OvDUy |YNWt pmW QDt=Q=B Q=Okt p=@vO x@ xQ=wty |a=aW |x}=B
?U=vt pmW QDt=Q=B u}=Q@=v@ "OQw=}@ u=etQ= x@ u=WQ_v OQwt |xr�Ut |=Q@ =Q MU=B
l} "OwW|t ?=NDv= =]N w uwtR; VwQ =@ ,qwtat XNWt |xr�Ut l} |=Q@
'|a=aW |x}=B `@=wD QO pmW QDt=Q=B ?U=vt Q=Okt uOQm =O}B |=Q@ u} Ro}=H VwQ
CQwY QO Q_v OQwt |xr�Ut j}kO MU=B xm 'CU= |R=Uxv}y@ |xr�Ut l} h} QaD
xm |}=Hu; R= "OwW|t xDiQo Q_v QO |R=Uxv}y@ |xr�Ut hOy u=wva x@ OwHw
xO=iDU= 'CU}v OwHwt xr�Ut j}kO MU=B '|UOvyt |OQ@ Q=m p}=Ut |Q=}U@ |=Q@
OwOLt |tm Q=}U@ p}=Ut x@ ?U=vt pmW QDt=Q=B uDi=} |=Q@ QwmPt VwQ R=

[20]"OwW|t
uw}UqwtQi R= 40|Uw=o|OOa|Q}op=QoDv= R= xO=iDU= Qw_vt x@ 'Q[=LQ=DWwv QO
xO=iDU= Q[=L Q=DWwv u=oOvU} wv\UwD xOW O=H}= O)m QO OwOLt <=RH=l} QDt=Q=B wR}=
h} QaD Qw_vt x@ 41l} QDt=Q=B wR}= uw}UqwtQi QO 'h} QaD T=U= Q@ "CU= xOW
u=Um} pmW `@=wD R= u=tr= uwQO |}=Hx@=H u}tND Qw] u}ty w u=tr= |xUOvy

[21]"OwW|t xO=iDU=
QO OwHwt pmW QDt=Q=B ?U=vt Q=Okt u}tND Qw_vt x@ 'Q[=L Q=DWwv QO
T=U= Q@ 'XNWt |xr�Ut Qy |=Q@ |O=yvW}B |x} Qwi - u}Uw=o pmW `@=wD
OwW h} QaD |R=Uxv}y@ |xr�Ut l} xm OwW|t O=yvW}B u=oOvU} wv |x@ QHD
|x} Qwi - u}Uw=o u=tr= ltm =@ xr�Ut |xUOvy u}tND u} QDy@ u; hOy xm
|R=Uxv}y@ O)ml} Q[=L Q=DWwv u=oOvU} wv\UwD 'Qw_vt u}= |=Q@ "CU= |O=yvW}B
u}}aD =Q ?U=vt pmW |=yQDt=Q=B =D 'OW xDWwv 42 PSO VwQ R= xO=iDU= =@
x@ 'xr�Ut OwOLt <=RH= pL R= V}B '|O=yvW}B VwQ QO ?}DQD u}= x@ "Ovm
l} O}=@ '|O=yvW}B pmW `@=wD QO pmW QDt=Q=B ?U=vt Q=Okt u}tND Qw_vt
|wQ Q@ x]kv |QU l} O}rwD =@ |R=Uxv}y@ Ov}=Qi "OwW pL |R=Uxv}y@ |xr�Ut
=@ xr�Ut |xUOvy u}tND |=]N 'hOy `@=D "OwW|t s=Hv= xr�Ut |xUOvy RQt
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[13]"pw= p=Ft |xQ] Q}D |xUOvy "13 pmW

"pw= p=Ft pL QO xOW xO=iDU= Q9 OwOLt <=RH= |=yVt "14 pmW

l}Uqm |=yu=tr= R= xO=iDU= =@ OwOLt <=RH= G}=Dv w |r}rLD G}=Dv "15 pmW
"�Q}D lwv |}=Hx@=H� pw= p=Ft |=Q@ Q9 |x} Qwi - u}Uw=o w |Sv=Qo q

|Sv=Qo q u=tr= R= xO=iDU= =@ pw= p=Ft |xUOvy ?} QkD w j}kO |xUOvy "16 pmW
"! = 1=8i pmW QDt=Q=B =@ x} Qwi - u}Uw=o

u=}=W "OW ZQi x}v=F 0 1 Q@=Q@ �t |v=tR s=o 'xOW QmP p=Ft QO OwOLt u=tr=
|YNW |xv=}=Q l} |Q}oQ=m x@ =@ OwOLt <=RH= O)m pL u=tR C@Uv xm CU= QmP
|Sv=Qo q l}Uqm u=tr= R= xO=iDU= =@ pw@k p@=k ?=wH uOQw; CUO x@ |=Q@ OL=w
xm CU= u; |xOvyOu=Wv xm 'Ot; CUO x@ 5 4406 |x} Qwi - u}Uw=o u=tr= x@
Q_v R= |Sv=Qo q l}Uqm |=yu=tr= x@ C@Uv x} Qwi - u}Uw=o |=yu=tr= R= xO=iDU=

u; lwv QO RmQtDt Q=@ CLD xQ] Q}D "1 p=Ft "1"9
Q_v QO pw= p=Ft u=wva x@ QDt 1 Q@=Q@ D `=iDQ= w QDt 20 Q@=Q@ L pw] =@ xQ] Q}D l}
u}=Q@=v@ 'CU= xOW ZQi OL=w Q@=Q@ Q}D Ct=N[ [13]"�13 pmW� CU= xOW xDiQo
"CiQo Q_v QO 45|}xLiY VvD |xr�Ut l} CQwY x@ =Q QwmPt |xr�Ut u=wD|t
44 |x]@=Q j} Q] R= xm 'OQ=O Q=Qk u; lwv QO RmQtDt Q=@ l} CLD xOW xQ=W= Q}D

%OwW|t h} QaD
P = P0 [H (t)�H (t� t1)] ; 0 � t � 40 s (43)

t1 = 10s w P0 = 1N 'Q}N= |x]@=Q QO "CU= 46O}=U} wy `@=D H(t) 'u; QO xm
|Q=PoQ=@ \}=QW "CU= Q}D lwv QO wL |}=Hx@=H uOQw; CUO x@ hOy "CU=
C@Uv VvQm w VvD xm Cw=iD u}= =@ 'CU= 47|Qw=m} Q w VRN uwtR; x@=Wt QwmPt
lwv R}N |=Q@ [24]'u=UWm MU=B Q@ 48j@=]D pY= p=ta= =@ "Ovvm|t Q}}eD u=mt x@
|xr�Ut |=Q@ |r}rLD MU=B 'CU= xOt; CUO x@ Kr=Yt Ctw=kt QO |DL=Q x@ xm Q}D
|}=Hx@=H |=Q@ 45 |x]@=Q 'xOW QmP pY= R= xO=iDU= =@ [6�2]"O};|t CUO x@ |vwvm

%CU= xOt; CUO x@ Q}D lwv
wL = P0L3

3 I [D (t)�D (t� t1) H (t� t1)] (44)

=Q VRN pwOt "CU= 49VRN pwOt D(t) w Q}D `]kt |UQv}= u=tt I 'u; QO xm
%46 |x]@=Q OQw; CUO x@ CL=QDU= pwOt |vwQB |QU u=}@ R= u=wD|t |DL=Q x@
D (t) = D0 +D1

�
1� e�t�1

�
(45)

D1 =
�

1
E1 � 1

E0

�
; �1 = wD0 = 1

E0 ; E0 = E1+E1; 'u; QO xm
"OvDUy E0 �1

E1pL |=Q@ xOW xO=iDU= Kr=Yt Ctw=kt MU=B xmu}= seQ|ra CU= QmP u=}=W
x@ 1%20 O=a@= C@Uv =@ Q}D l} |=Q@ =Q u; u=wD|t =t= 'CU}v j}kO xr�Ut u=UWm

"CiQ}PB j}kO MU=B R= ?wN Q=}U@ ?} QkD l} u=wva
|xr�Ut OwOLt u=tr= pL QO xOW xO=iDU= Q9 |=yu=tr= R= pmWDt |=yVt
<=RH= G}=Dv =@ |r}rLD G}=Dv R}v '15 pmW QO "OwW|t xOy=Wt 14 pmW QO Q[=L
CQwY QO OwOLt <=RH= G}=Dv '15 pmW QO Qw] u}ty "CU= xOW xU}=kt OwOLt
Q9 |Sv=Qo q l}Uqm u=tr= 20 w 2 w Q9 |x} Qwi - u}Uw=o u=tr= 2 R= xO=iDU=
R=}v OQwt Q9 |Sv=Qo q l}Uqm |=yu=tr= O=OaD |xv}tm "CU= xOW xO=O u=Wv
15 pmW x@ xHwD =@ "CU= u=tr= 20 'pw= p=Ft QO |r}rLD ?=wH x@ |}=Qosy |=Q@
|r}rLD ?=wH x@ |}=Qosy |=Q@ R=}v OQwt |=yu=tr= O=OaD xm CU= XNWt ,qt=m
l}Uqm pmW `@=wD 0 1 '|O=yvW}B |x} Qwi - u}Uw=o pmW `@=wD R= xO=iDU= =@
C@Uv x} Qwi - u}Uw=o pmW `@=wD |Ovtv=wD x@ u=wD|t =Q ?r]t u}= "CU= |Sv=Qo q
Vt wO R= xO=iDU= =@ t = 10s |x_Lr QO Q}D lwv |}=Hx@=H '2 pwOH QO "O=O
u=tr= 2 R= pmWDt Vt w Q9 |Sv=Qo q l}Uqm u=tr= 20 w 2 R= pmWDt hrDNt
"CU= xOW xU}=kt |:tm CQwY x@ |r}rLD ?=wH Q=Okt =@ Q9 |x} Qwi - u}Uw=o
pY=L OwOLt <=RH= MU=B Q=Okt 'OwW|t x_Lqt 2 pwOH QO xm Qw] u=ty
Q=Okt =@ |@ wN Q=}U@ j@=]D 'x} Qwi - u}Uw=o u=tr= 2 \ki R= pmWDt CWQO Vt R=
- u}Uw=o |Sv=Qo q u=tr= |=Q@ pmW QDt=Q=B Q=Okt 'pw= p=Ft QO "OQ=O |r}rLD MU=B
K}[wD 8 VN@ QO xm Qw] u=ty 'xr�Ut |xUOvy ?} QkD R= xO=iDU= =@ Q9 |x} Qwi
C=@U=Lt QO "�16 pmW� CU= xOt; CUO x@ ! = 1=8i Q@=Q@ 'CU= xOW xO=O
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"""|
]N

u=U
Wmw

mU}
wp

}=Ut
OwOL

t<
=RH=

p}rL
D"pw= p=Ft QO xOW xO=iDU= t=10s |x_Lr QO Q}D lwv |Owta |}=Hx@=H |xU}=kt "2 pwOH

��=]N� Q}D lwv R}N u=tr= ẁv u=tr= O=OaD xQo O=OaD Cr=L
QDt|r}t267 8 �6 15� |Sv=Qo q l}Uqm 2 15 1
QDt|r}t 285 9 �0 193� |Sv=Qo q l}Uqm 20 123 2
QDt|r}t 285 3 �0 017� x} Rwi � u}Uw=o 2 15 3

QDt|r}t 285 35 |r}rLD pL

[13]"swO p=Ft Q=Wi CLD uRNt |Q=PoQ=@ w xUOvy "19 pmW

QwDwt |xOvyOV}=tv '19 pmW [13]"CU= xDiQo Q=QkC}=yv|@|DNU =@ |xDUwBl}
|xOvyOu=Wv u=UWmwmU} w QOvr}U u; QO xm 'CU= 51lWwt l} Ot=H |xv=QW}B
|xUOvy "CU= 52lWwt QwDwt ?=k |xOvyOu=Wv 'CNU |xDUwB w CNwU
"OQm ZQi |}xLiY VvQm |xr�Ut l} =Q u; u=wD|t xm CU= |}xvwo x@ xr�Ut
u=}@ xm OwW|t h} QaD |}xrB Q=@ l} =@ VRN uwtR; Ovv=t x@ P |rN=O Q=Wi

"OwW|t h} QaD P = P0 H (t) ; 0 � t � 40 s CQwY x@ u; |[=} Q
xOt; CUO x@ u=UWmwmU} w j@=]D pY= ltm =@ 'swO p=Ft |r}rLD MU=B
CQwY x@ QwmPt pY= R= xO=iDU= =@ ur |a=aW |}=Hx@=H |=Q@ |r}rLD MU=B "CU=

[6�2]%O};|t CUO x@ 47 |x]@=Q

ur (r; t) = P0 a2b (1 + �) (1� 2�)
a2 + (1� 2�) b2

�
b
r
� r
b

�
D (t) (46)

ZQi CQwY u}= x@ |Q=PoQ=@ w xUOvy =@ \@DQt |:tm Q}O=kt Q_v OQwt |xr�Ut |=Q@
%OwW|t

a = 2 m; b = 4 m

P0 = 100 Pa

|wQ Q@ x=wNrO |x]kv l} |a=aW |}=Hx@=H |=Q@ OwOLt <=RH= w |r}rLD G}=Dv
'QwmPt pmW QO u}vJty "OwW|t xOy=Wt 20 pmW QO QOvr}U |v=}t Ct=N[
=@ Q9 |Sv=Qo q l}Uqm |=yu=tr= R= Vt ẁv wO R= xO=iDU= =@ OwOLt <=RH= G}=Dv
xO=iDU= |=yVt "CU= xOW xU}=kt |O=yvW}B Q9 |x} Qwi - u}Uw=o |=yu=tr=
'xr�Ut uQ=kD R= |Q}oxQy@ =@ "OwW|t xOy=Wt 21 pmW QO 'swO p=Ft QO xOW
|Sv=Qo q l}Uqm |=yu=tr= |xv}tm O=OaD "OQm pOt =Q xr�Ut `@ )Q \ki u=wD|t
x@ u=tr= 49 |r}rLD MU=B x@ OwOLt <=RH= MU=B |}=Qosy |=Q@ R=}v OQwt Q9
'Q9 |x} Qwi - u}Uw=o u=tr= wO \ki R= xO=iDU= =@ xm |r=L QO 'CU= xOt; CUO
Q=Okt |xv}W}@ 'VRN uwtR; QO "OW =Qosy |r}rLD MU=B x@ OwOLt <=RH= MU=B

pt=W |}xm@W R= xO=iDU= =@ OwOLt <=RH= G}=Dv w |r}rLD G}=Dv |xU}=kt "17 pmW
u=tr= w Q8 |x} Qwi - u}Uw=o |D}B}OvQU w l}Uqm |D}B}OvQU ẁv R= u=tr= wO

"�Q}D lwv |}=Hx@=H� pw= p=Ft |=Q@ Q4 l}Uqm |Sv=Qo q

u=Wv G}=Dv x@ QHvt xm Q4 w Q8 ẁv R= u=tr= wO R= pmWDt |=yVt "18 pmW
"�pw= p=Ft |=Q@� CU= xOW 17 pmW |=yQ=Owtv QO xOW xO=O

xmu}= OwHw =@ |DL 'CU= xiQY x@ uwQkt |yHwDp@=k Qw] x@ |D=@U=Lt |xv} Ry
"OwW xOR u}tND ?U=vt pmW QDt=Q=B O}=@ 'OwOLt <=RH= pL R= V}B

=@ Q8 |x} Qwi - u}Uw=o |D}B}OvQU |=yu=tr= OQmrta |xU}=kt Qw_vt x@
=@ pw= p=Ft OwOLt <=RH= p}rLD 'Q8 pw=ODt =} l}Uqm |D}B}OvQU |=yu=tr=
QO |r}rLD pL =@ |OOa G}=Dv w xDiQo CQwY R}v QwmPt |=yu=tr= R= xO=iDU=

"CU= xOW xU}=kt 17 pmW
|=yQ=Owtv xm Q4 w Q8 ẁv R= u=tr= wO R= pmWDt |}=yxm@W '18 pmW QO

"OwW|t xOy=Wt 'Ov=xOW pY=L =yv; R= xO=iDU= =@ 17 pmW
|x} Qwi - u}Uw=o |D}B}OvQU u=tr= QO pmW QDt=Q=B Q=Okt 'CU= QmP u=}=W
x@ ! = 2=7i + 1=1 Q@=Q@ pw= p=Ft QO '8 VN@ QO |O=yvW}B VwQ =@ Q8

"CU= xOt; CUO

50?rY ?=k l} =@ \=Lt Q=Wi CLD uRNt "2 p=Ft "2"9
l} R= CQ=@a 'OwW|t xOy=Wt 19 pmW QO u; |xUOvy xm '?NDvt swO p=Ft
QO xm 'CU= P CN=wvm} |rN=O Q=Wi CLD u=UWmwmU} w p} w] |}xv=wDU= uRNt
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a|
UOv

yt "t = 40s |x_Lr QO QOvr}U |v=}t Ct=N[ |wQ Q@ x=wNrO |x]kv Qy |a=aW |}=Hx@=H |xU}=kt "3 pwOH
�� =]N� |a=aW |}=Hx@=H ẁv O=OaD O=OaD Cr=L

ur(@r = 3) u=tr= u=tr= xQo
QDt|r}t 0 4463 �4 33� |Sv=Qo q l}Uqm 2 15 1
QDt|r}t 0 4675 �0 21� |Sv=Qo q l}Uqm 49 225 2
QDt|r}t 0 4692 �0 578� x} Rwi � u}Uw=o 2 15 3

QDt|r}t 0 4665 |r}rLD pL

pmW `@=wD R= xO=iDU= =@ swO p=Ft |xUOvy ?} QkD w j}kO |xUOvy "22 pmW
"! = 0=1(1 + i) pmW QDt=Q=B =@ x} Qwi - u}Uw=o

Q=}U@ j@=]D |O=yvW}B |x} Qwi - u}Uw=o |=yu=tr= R= pY=L OwOLt <=RH= G}=Dv
|DWQO Vt R= xOW s=Hv= p}rLD QO xmu; OwHw =@ 'OQ=O |r}rLD MU=B =@ |@ wN
- u}Uw=o u=tr= |Q}oQ=m x@ =@ xm |}=Hu; R= "CU= xOW xO=iDU= u=tr= 2 R= pmWDt
x@ |=yu=tr= O=OaD x@ pw@k p@=k MU=B x@ uO}UQ |=Q@ OwOLt <=RH= p}rLD QO x} Qwi
CU= |y}O@ 'CU= R=}v Q9 |Sv=Qo q l}Uqm |=y u=tr= x@ C@Uv |QDtm ?D=Qt
|xv} Ry QO |yHwDp@=k Qw] x@ w Ow@ Oy=wN QDtm Q=}U@ R}v xt=vQ@ |=QH= u=tR xm
u=tR C@Uv 'xr�Ut pw@kp@=k MU=B x@ uO}UQ |=Q@ "OwW|t |} wHxiQY |D=@U=Lt
l}Uqm u=tr= |=Q@ OL=w |YNW |xv=}=Q l} QO xOW x}yD OwOLt <=RH= O)m |=QH=
CUO x@ 10 0409 |O=yvW}B Q_=vDt |x} Qwi - u}Uw=o u=tr= x@ Q9 |Sv=Qo q

"Ot;

|Q}oxH}Dv "10
`@=wD 'x} Qwi \rDNt w u}Uw=o |a=aW |x}=B `@=wD R= s=yr= =@ 'Q[=L Q=DWwv QO
xOW O=yvW}B x} Qwi - u}Uw=o u=wva =@ �e�i!r2 sQi =@ |O}OH |a=aW |x}=B
'|}xrtHOvJ `@=wD u=O}t =@ |a=aW |x}=B |xOW QmP `@=wD |R=U|ve =@ "CU=
R= xO=iDU= Qw_vt x@ "CU= xOt; CUO x@ u=wva u}ty =@ |O}OH pmW `@=wD
'|Oa)@ wO u=UWmwmU} w p}=Ut OwOLt <=RH= p}rLD QO O}OH pmW QwmPt `@=wD
xOW O=yvW}B |}xQo 9 w 8 |x} Qwi - u}Uw=o |yHwQ=yJ |}xLiY |=yu=tr=
p}rLD QO |O=yvW}B |=yu=tr= |Ovtv=wD w CkO uO=O u=Wv Qw_vt x@ "CU=
R= |Q}oxQy@ =@ |OOa p=Ft wO '|]N |v=UWmwmU} w p}=Ut OwOLt <=RH=

|=yu=tr= R= xO=iDU= =@ OwOLt <=RH= G}=Dv w |r}rLD G}=Dv |xU}=kt "20 pmW
|x]kvl}|a=aW|}=Hx@=H� swO p=Ft |=Q@ x} Qwi - u}Uw=o w |Sv=Qo ql}Uqm

"�QOvr}U |v=}t Ct=N[ |wQ Q@ x=wNrO

"swO p=Ft pL QO xOW xO=iDU= Q9 OwOLt <=RH= |=yVt "21 pmW

Q=Okt |xv}W}@ '3 pwOH QO "ODi=|t j=iD= |Q=PoQ=@ u=tR |=yDv= QO |}=Hx@=H
|x_Lr QO QOvr}U |v=}t Ct=N[ |wQ Q@ x=wNrO |x]kv l} |a=aW |}=Hx@=H
|Sv=Qo q l}Uqm u=tr= 49 R= xO=iDU= =@ OwOLt <=RH= p}rLD R= pY=L 't = 40s
"CU= xOW xU}=kt |Sv=Qo q l}Uqm w x} Qwi - u}Uw=o u=tr= 2 R= pY=L G}=Dv =@
Q_v QO x}v=F 0 1 Q@=Q@ p@k p=Ft Ovv=t �t |v=tR s=o 'OwOLt <=RH= C=@U=Lt QO
xr�Ut |xUOvy u}tND R= xO=iDU= =@ swO p=Ft QO pmW QDt=Q=B "CU= xOW xDiQo
QO "CU= xOW xDiQo Q_v QO ! = 0=1(1 + i) Q@=Q@ x} Qwi - u}Uw=o u=tr= =@
u}Uw=o u=tr= ltm =@ xr�Ut |xUOvy u}tND =@ xr�Ut |ak=w |xUOvy '22 pmW
'20 pmW j@=]t "CU= xOW xU}=kt ! = 0=1(1 + i) pmW QDt=Q=B =@ x} Qwi -
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t<
=RH=

p}rL
D

QDOvtv=wD Q=}U@ OwN |=Dty |D}B}OvQU w |Sv=Qo q l}Uqm |=yu=tr= x@ C@Uv
=Qosy |r}rLD |=yMU=B x@ |QDtm ?D=Qt x@ |=yu=tr= O=OaD =@ xm =QJ 'OvDUy

"OvwW|t

|r}rLD pL R= pY=L G}=Dv =@ u; G}=Dv w CU= xOW pL QwmPt |=yu=tr=
|D}B}OvQU w |Sv=Qo q l}Uqm |=yu=tr= R= xO=iDU= =@ OwOLt <=RH= p}rLD w
|O=yvW}B |=yu=tr= xm Ci=} QO u=wD|t G}=Dv |xU}=kt =@ "CU= xOW xU}=kt

=yCWwv=B
1. Flugge
2. Christensen
3. Sorvari, J. and Hamalainen, J.
4. creep
5. orthotropic
6. relaxation modulus
7. prony series
8. radial basis functions
9. curve �tting
10. Navier-Stocks
11. multiquadric
12. Gaussian
13. thin plate spline
14. inverse multiquadric
15. �rst kind bessel
16. fourier
17. complex fourier
18. compactly supported RBFs
19. meshless
20. element-based
21. singularity
22. polynomial
23. in
uence domain
24. lagrange
25. Maxwell
26. Wiechert
27. assembly
28. radial point interpolation meshless method (RPIM)
29. euclidean norm
30. Kronecker delta
31. partition unity
32. in�nite piecewise continuity
33. Serendipity
34. patch test
35. patch nodes
36. X translational rigid body motion
37. Y translational rigid body motion
38. XY diagonal rigid body motion
39. linear elastic isotropic homogeneous material
40. Gaussian quadrature numerical integration
41. isoparametric formulation
42. particle swarm optimization
43. relaxation time
44. Poisson's ratio
45. plane stress
46. Heaviside function
47. creep and recovery
48. correspondence principle
49. creep compliance
50. encased cylinder
51. solid propellant rocket motor

52. rocket motor casing
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