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k�1 = mk�1 �pn+ �

hp
Pk�1

i
i+n

i = 1; :::; n (14)

|v=tR s=o QO |}=QkDU= u}ov=}tmk�1 '=to}U |x]kv u}t)=i '�(i) '=yu; QO xm
|v=tR s=o QO u}tND |=]N |}=QkDU= Tv=} Q=wwm T} QD=t Pk�1 's=(k � 1)

� u}vJty "CU= |v=tR T}Ov= k w sDU}U |=yCr=L O=OaD n 's=(k � 1)

%OwW|t h} QaD 15 |x]@=Q CQwYx@
� = �2

ukf (n+ �)� n (15)

Ovm|tXNWt =Q u}ov=}t pwL =to}U \=kv VQDUo |xwLv �ukf C@=F QDt=Q=B
QDt=Q=B "Ovm|t Q=}DN= =Q 10�4 � �ukf � 1 C@Ft lJwm Q}O=kt ,qwtat w
Q@=Q@ u; Q=Okt |Uw=o |=y`} RwD |=Q@ xm CU= x} wv=F Qos}_vD l} R}v � C@=F
u}@=t hqDN= '� QDt=Q=B |=Q@ QwmPt ?=NDv= Cra "OwW|t xDiQo Q_v QO 3�n
Q=WDv= R= pY=L `} RwD w OQ=Ov=DU= |Uw=o `} RwD 'sQ=yJ |x@DQt =D |=yu=tt
QO xOW s=Hv= |=y|R=Ux}@W QO [19]"Ov=UQ|t xv}tm u=R}t x@ =Q =to}U \=kv
xDiQo Q_v QO 3� n w 0 5 Q@=Q@ ?}DQD x@ � w �ukf |=yQDt=Q=B 'Q[=L Q=DWwv

"Ov=xOW

yk 'swrat |OwQw uk '|v=tR s=o u}t)=k QO sDU}U Cr=L Q=OQ@ xk '=yu; QO xm
R} wv rk '|Q}oxR=Ov= R} wv nk 'Ov}=Qi R} wv �k '=yQoUL\UwD xOW |Q}oxR=Ov=|HwQN
|m}t=v}O pOt "OvDUy sDU}U pOt pwyHt |=yQDt=Q=B wk w |awvYt |iO=YD
|Q}oxR=Ov= |xOW |R=UxDUUo pOt w �F � sDU}U |xOW |R=UxDUUo |]NQ}e

[15]"OvwW|t xDiQo Q_v QO swrat R}v �H�

|]NQ}e l}DQDU}y |Q=DiQ pOt "2"2
'|DNU p=wR %|=yxO}OB CU= umtt 'xrRrR ẁkw Ovv=t |OH O=ONQ l} R= TB
|]NQ}e l}DQDU}y Q=DiQ QO =yu; R= |@}mQD =} w |oOvwWl} Q=@ QF= 'Ctw=kt p=wR
QO |Q=DiQ pOt u}=Q@=v@ "Ovm RwQ@ |Oqwi w |@ wJ '|vD@ |=yu=tDN=U R= |Q=}U@
|=yxO}OB X}NWD |=Q@ xwkr=@ u=wD O}=@ xR=U |}=U=vW Ov}=Qi |=Q@ xOWxDiQo Q_v
|]NQ}e Q=DiQ |}=U=vW Qw_vt x@ 'Q[=L VywSB QO "OW=@ xDW=O =Q xOW QmP
CQwY u}= x@ "CU= xOW xO=iDU= xOv@=} p=wR uw � lw@ pOt R= |v=tDN=U |=yxR=U
uw � lw@ pOt l} 'xR=U C=k@] R= l} Qy T} RQDU}y |vLvt |@=}OQ |=Q@ xm
"CU= xOW xDiQo Q_v QO |oOvwWl} Q=@ QF= w p=wR |=yxO}OB |}=U=vW C}r@=k =@
u}tND u=mt= 'xOW QmP OQ=wt Q@ xwqa xR=U C=k@] T} RQDU}y |vLvt |@=}OQ
CUO x@ =Q xR=U QO xOW hrD |SQv= u=R}t u}vJty w Q=oOv=t |Q}tN pmWQ}}eD

"OyO|t
C=k@] O=OaD =@ u=tDN=U l} 'uw � lw@ l}DQDU}y pOt h}YwD Qw_vt x@
R= =Q CmQL |xDU@ty CqO=at u=wD|t xm CU= xOW ZQi w xDiQo Q_v QO OwOLt
sDU}U |]NQ}e l}DQDU}y Q=DiQ Q@ sm =L p}Uv=Qi}O |xrO=at "OQm l}miD Qo}Om}
[16]%OwW|t u=}@ 4 w 3 \@=wQ CQwY x@ x |rY= O=ODt= |=DU=Q QO xOW l}miD
m�x+ c _x+RT (x; z) = �m�xg (3)

RT (x; z) = �kx+ (1� �)kz (4)

|xk@] wO u}@ |@Uv ?=DW w CaQU '|}=Hx@=H ?}DQD x@ �x ' _x 'x '=yu; QO xm
?}DQD x@ c 'm w pm |xOvv=OQoR=@ |wQ}v RT (x; z) 'l}DQDU}y |xir-wt z '|r=wDt
|DNU C@Uv � w x}rw= u=UWm |DNU k u}vJty "OvDUy |}=Q}t ?} Q[ w sQH
E(t) xOW hrD l}DQDU}y |SQv= "CU= x}rw= u=UWm |DNU x@ s}rUD R= TB
|krD xR=U MU=B COW w sw=OD u=t-=wD QF= |Q}oxR=Ov= |=Q@ ?U=vt |Q=R@= u=wva x@

%Ov};|t CUO x@ 6 w 5 |=yx]@=Q j@=]t w OwW|t

E(t) =
tZ

0
(1� �)kz _xdt (5)

"(t) =
tZ

0
z _xdt (6)

u=wD|t =Pr &CU= ?U=vDt xR=U QO xOW hrD l}DQDU}y |SQv= =@ "(t) 'u; QO xm
|xrO=at u}vJty "CiQo Q_v QO MU=B COW w sw=OD R= |Q=}at u=wva x@ =Q u;
xDiQo Q_v QO 11 |r= 7 \@=wQ CQwYx@ l} QDU}y |xir-wt Q@ sm =L p}Uv=Qi}O

%OwW|t

_z = h(z)�
�

_x� (1 + ��")(�j _xjjzjn�1z � 
 _xjzjn)
1 + ��"

�
(7)

h(z) = 1� �1e�[z sgn( _x)�qzu]2=�22 (8)
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"""Q
=DiQ

|=Q
=O|

=yxR
=UC

tqU
\N

Q@V
}=B|}=QkDU= (Pk)Tv=} Q=wwm w (mk)|}=QkDU=u}ov=}t '(Kk)utr=mQDr}i |xQy@ ��

%OvwW|t x@U=Lt 28 |r= 26 \@=wQ j@=]t
Kk = CkS�1

k (26)

mk = m�k +Kk[yk � �k] (27)

Pk = P�k +KkSkKT
k (28)

"1 %R= Ov=CQ=@a xm OQ=O OwHw R} wv ẁv wO 'utr=m QDr}i EL@t QO |rm Qw]x@
R} wv "2 w 'OyO|t Q=Qk Q_vOt =Q |R=UpOt x@ \w@ Qt C}a]k sOa xm Ov}=Qi R} wv
u=}@ =Q =yQoUL \UwD xOW C@F |=yp=vo}U x@ xOQ=w R} wv u=R}t xm |Q}oxR=Ov=
'|}=U=vW sD} Qwor= |R=UxO=}B pL=Qt QO |Q}oxR=Ov= w Ov}=Qi |=yR} wv "Ovm|t
swratTv=} Q=wwmT} QD=t w QiY u}ov=}t =@ |Uw=o |iO=YD |=yOv}=Qi CQwYx@

"OvwW|t xDiQo Q_v QO �Rn w R� ?}DQD x@�

11wQvwt Rv}@=Q |iO=YD ?} QkD VwQ "4"2
xDWe; MU=B p=vo}U u}@=t hqDN= CQwYx@|v=tR s=o u}t)=k QO 12|Qw;wv p=vo}U
"OwW|th} QaD (ŷk) xOW xOR u}tND MU=B p=vo}U w (yk)xOW |Q}oxR=Ov= R} wv x@
~yk = yk � ŷk (29)

T} QD=t u; QO xm CU= |DWoR=@ VwQ l} wQvwt � Rv}@=Q |iO=YD ?} QkD VwQ
p@k |v=tR s=o QO u; Q=Okt x@ xHwD =@ |v=tR s=o Qy QO =yQDt=Q=B R} wv Tv=} Q=wwm
|Qw;wv p=vo}U QO utr=m QDr}i |xQy@ T} QD=t ?Q[ R= pY=L Q=Okt u}vJty w

%OwW|t u}}aD 30 |x]@=Q j@=]t
Rrk = (1� �RM )Rrk�1 + �RM Kk (yk � ŷk) (yk � ŷk)TKT

k

(30)

R= l} Qy CmQ=Wt u=R}t |xOvvmu}}aD 0 � �RM � 1 C@=F QDt=Q=B 'u; QO xm
Qov=}@ pw= CQ=@a xm |Qw]x@ 'CUq=@ |xrO=at CU=Q CtU QO OwHwt CQ=@a wO
s=o QO =yQDt=Q=B R} wv Tv=} Q=wwm T} QD=t |=Q@ xOt; CUOx@ Q=Okt CmQ=Wt u=R}t
|DtUk R}v Kk "Ovm|t u}}aD =Q |Qw;wv p=vo}U CmQ=Wt u=R}t swO CQ=@a w p@k
"CU= sDU}U pwyHt |=yQDt=Q=B =@ Q_=vDt xm CU= utr=m QDr}i |xQy@ T} QD=t R=
?} QkD VwQ w OQ|@ utr=m QDr}i ?}mQD Q@ |vD@t |m =QDW= u}tND sD} Qwor= QO
|x@U=Lt w xR=U MU=B u}tND R=TB |v=tR s=o Qy |=yDv= QO 'wQvwt � Rv}@=Q |iO=YD
30 |xrO=at R= xO=iDU= =@ |Qw;wv Tv=} Q=wwm T} QD=t 'utr=m QDr}i |xQy@ T} QD=t
' (Rx)=yCr=L R} wv Tv=} Q=wwm C@=F T} QD=t =@ x=Qty TBU w OwW|t x@U=Lt
j@=]t |Oa@ |v=tR s=o QO |Q}oQ=mx@ |=Q@ =Q (Rvk ) Ov}=Qi R} wv Tv=} Q=wwm T} QD=t

%OvyO|t p}mWD 31 |x]@=Q
Rvk = blkdiag[Rx; Rrk ] (31)

sDU}U |}=U=vW sD} Qwor= |R=UxO=}B pL=Qt ?}DQD QwQt w |Ov@`tH Qw_vtx@
"CU= xOW x�=Q= 1 pmW QO u; u=} QH Q=Owtv '|O=yvW}B

|OOa |=yp=Ft "3
xm |O=yvW}B VwQ |OQmrta |@=} RQ= Qw_vtx@ |OOa p=Ft xU 'Q[=L VN@ QO
x�=Q= 'CU= wQvwt � Rv}@=Q |iO=YD ?} QkD VwQ w OQ|@ utr=m QDr}i ?}mQD Q@ |vD@t

%sDU}U |]NQ}e pOt \UwD =to}U \=kv Q=WDv= ��

�̂(i)
k = f

�
�(i)
k�1; uk�1

�
i = 0; :::; 2n (16)

"CU= sDU}U |m}t=v}O pOt Cr=L |=[i sQi f(0) 'u; QO xm
18 w 17 \@=wQ j@=]t (P�k ) u}W}B Tv=} Q=wwm w m�k u}W}B u}ov=}t ��

%OvwW|t x@U=Lt

m�k =
2nX
i=0

W (m)
i �̂(i)

k (17)

P�k =
2nX
i=0

W (c)
i (�̂(i)

k �m�k )(�̂(i)
k �m�k )T +R�k�1 (18)

W (m)
i C@=F |=yuRw w CU= Ov}=Qi R} wv Tv=} Q=wwm T} QD=t R�k�1 =yv; QO xm

�CU= Tv=} Q=wwm x@ \w@ Qt cT}Ov= w u}ov=}t x@ \w@ Qt mT}Ov=� W (c)
i w

%OvwW|t x@U=Lt 21 |r= 19 \@=wQ CQwY x@
W (m)

0 = �
n+ �

(19)

W (c)
0 = �

n+ �
+
�
1� �2 + �

�
(20)

W (m)
i = W c

i = 1
2 (n+ �)

i = 1; :::; 2n (21)

`} RwD R= u}W}B C=aq]= uDiQo Q_v QO hOy =@ � C@=F QDt=Q=B '=yu; QO xm
|Uw=o `} RwD |=Q@ u; |xv}y@ Q=Okt "CU= xOW h} QaD |iO=YD Q}eDt |Dq=tDL=

[17]"CU= 2
10|Q}oxR=Ov= |v=UQRwQx@ |xrLQt "2"3"2

12 \@=wQ j@=]t R}v |Q}oxR=Ov= |v=UQRwQx@ |xrLQt QO =to}U \=kv p}mWD ��
u} Ro}=H P�k w mk�1 u} Ro}=H m�k xm Cw=iD u}= =@ 'OwW|t s=Hv= 14 |r=

"OvwW|t Pk�1

22 |x]@=Q j@=]t |Q}oxR=Ov= |]NQ}e pOt j} Q] R= =to}U \=kv Q=WDv= ��
%Ov@=}|t Q=WDv=

Ŷ (i)
k = h

�
��(i)
k

�
i = 0; :::; 2n (22)

"CU= |Q}oxR=Ov= pOt Cr=L |=[i sQi h(0) 'u; QO xm
w Cr=L p@=kDt Tv=} Q=wm w (Sk) |Q}oxR=Ov= Tv=} Q=wm '(�k) u}ov=}t ��

%OvwW|t x@U=Lt 25 |r= 23 \@=wQ j@=]t (Ck) |Q}oxR=Ov=

�k =
2nX
i=0

W (m)
i Ŷ (i)

k (23)

Sk =
2nX
i=0

W (c)
i (Ŷ (i)

k � �k)(Ŷ (i)
k � �k)T +Rnk (24)

Ck =
2nX
i=0

W (c)
i (�̂�(i)

k �m�k )(Ŷ (i)
k � �k)T (25)

"CU= |Q}oxR=Ov= R} wv Tv=} Q=wwm T} QD=t Rnk 'u; QO xm

100



3/
2|

xQ=t
W'

36
�2

|xQ
wO'

�13
99

R}}=B
�h

}QW
u=Qt

a|
UOv

yt

"|O=yvW}B sDU}U |}=U=vW sD} Qwor= |R=UxO=}B pL=Qt u=} QH Q=Owtv "1 pmW

%Ov=xOW KqY= 35 |r= 32 \@=wQ CQwYx@ '|oOvwWl} Q=@
m�x+ c _x+ �kx+mz = �m�xg (32)

_z = Â� � sgn( _x)jzjn�1z � 
jzjn
1 +

q
2
�
s
� e�z

2=2�2
h
Â� � sgn( _x)jzjn�1z � 
jzjni _x (33)

s = �s"(t) (34)

Â = (1� �)!20 (35)

C@=F QDt=Q=B 'T} RQDU}y |=yxkrL |R}D u=R}t |xOvyOu=Wv � QDt=Q=B '=yu; QO xm
l}DQDU}y |SQv= R= |a@=D CQwY x@ R}v S w |oOvwWl} Q=@ COW |xOvvmu}}aD �s
=yCr=L w =yQDt=Q=B Q}=U x@ \w@ Qt C=L}[wD "OwW|t xDiQo Q_v QO xOW hqD=
xO=iDU= |R=Ux}@W Ov}=Qi QO xm |}xR=U |=yQDt=Q=B "CU= xOW x�=Q= 2"2 VN@ QO
k = 9KN=m xk@] |DNU 'm = 1000kg xk@] sQH %R= Ov=CQ=@a 'Ov=xOW
"CU= �5 (�) |}=Q}t C@Uv =@ pO=at xm c = 0 3KN:S=m xk@] |}=Q}t w
"C�U= xOW x�=Q= xt=O= QO uw � lw@ pOt |=yQDt=Q=B x@ \w@ Qt C=}[Qi u}vJty
&n = 2 w 
 = 2=m2 '� = 3=m2 'Â = 8 1 %x}=B uw � lw@ pOt |=yQDt=Q=B
x@ "OvDUy � = 0 05 w �s = 0 1 %|oOvwWl} Q=@ QF= x@ \w@ Qt |=yQDt=Q=B
=@ wQDvUp= |xrRrR OQwmQ |ki= |xir-wt 'xR=U |]NQ}e Q=DiQ |R=Ux}@W Qw�_vt
'xrLQt u}= QO "CU= xOW O}OWD 4 T=}kt?} Q[ =@ 0 28 g u}tR ?=DW |xv}W}@
|}=U=vW |O=yvW}B sD} Qwor= R= xO=iDU= =@ CU= Q=Qk xm |rwyHt QDt=Q=B 8 O=OaD
37 w 36 CqO=at xDi=}s}taD Q=OQ@ =D 'OvwW|t j=Lr= xR=U |=yCr=L Q=OQ@ x@ 'OvwW

%OwW p}mWD

Xaug
12�1 = [

=yCr=Lz }| {
x1; x2; :::; x4;

=yQDt=Q=Bz }| {
x5; x6; :::; x12]T (36)

Xaug
12�1 = [x; _x; z; "; a; b; Â; �; 
; n; �s; �]T (37)

CQwY x@ ?}DQD x@ 37 |xrO=at QO b w a |=yQDt=Q=B xm CU= QmP x@ sRq
w |}x} w=R |a}@] Ot=U@ =yu; QO !0 xm Ov=xOW h} QaD b = �!20 w a = 2�!0
xOW x�=Q= 35 |xrO=at QO Â QDt=Q=B h} QaD 'u}vJty "OvDUy xR=U |}=Q}t C@Uv �

"|]NQ}e Q=DiQ =@ |WQ@ |xk@] 3 u=tDN=U l}D=tW "2 pmW
xk@] 1 |WQ@ |=yu=tDN=U |]NQ}e Q=DiQ 'swO w pw= |=yp=Ft QO "CU= xOW
QF= w Ctw=k�t w |DNU p=wR |xO}OB wO Qy w |oOvwWl} Q=@ \ki QF= ?}DQD x@ xm
u=tDN=U R}v 'swU p=Ft QO "Ov=xOW V}=B \NQ@ CQwYx@ 'OvDW=O |oOvwWl} Q=@
Cr=L 54 ,=awtHt xm |oOvwWl} Q=@ QF= w p=wR |xO}OB wO Qy =@ |WQ@ |xk@] 3
xDWe; ?=DW MU=B p=vo}U 3 uDW=O Q=}DN= QO =@ \ki 'OvDW=O pwyHt QDt=Q=B w
u}L QO xR=U C=k@] l}DQDU}y Q=DiQ |vLvt w |}=U=vW \NQ@ CQwYx@ R} wv x@
s=Hv= |=Q@ 'xOW x�=Q= |=yp=Ft QO xmv}= x@ xHwD =@ "CU= xOW |@=}OQ xrRrR ẁkw
=@ =Pr 'CU= xOW xO=iDU= xOW T=}kt sQH =@ xvwtv |=yxR=U R= |R=Ux}@W Ov}=Qi
xrRrR |=yOQwmQ 'xR=U QO |]NQ}e Q=DiQ RwQ@ =@ Q_=vDt |}xRQr |wQ}v p=ta= hOy
=@ |WQ@ |xk@] 3 u=tDN=U l}D=tW "Ov=xOW O}OWD ?U=vt T=}kt ?}=Q[ =@

"OwW|t xOy=Wt 2 pmW QO '|]NQ}e Q=DiQ

QF= |=Q=O l}DQDU}yQ=DiQ =@ xk@] 1 |WQ@ u=tDN=U "1"3
|oOvwWl} Q=@

|WQ@ u=tDN=U pwyHt |=yQDt=Q=B w =yCr=L u=tR sy |}=U=vW x@ 'pw= p=Ft QO
p=tW� |ki= |xir-wt CLD |oOvwWl} Q=@ QF= |=Q=O l}DQDU}y Q=DiQ =@ xk@] 1
sm =L p}Uv=Qi}O CqO=at "CU= xOW xDN=OQB wQDvUp= 1940 |xrRrR �?wvH �
\ki QF= uDiQo Q_vQO x@ xHwD =@ QwmPt u=tDN=U |]NQ}e l}DQDU}y Q=DiQ Q@
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"""Q
=DiQ

|=Q
=O|

=yxR
=UC

tqU
\N

Q@V
}=B

|xir-wt '|@Uv |}=Hx@=H� xOW |}=U=vW w |ak=w |=yCr=L Q}O=kt "3 pmW
�"xOW hrD l}DQDU}y |SQv= Q=}at w |@Uv CaQU 'l}DQDU}y

OQwt sDU}U |}=U=vW w |R=Ux}@W Ov}=Qi Q=QmD =@ wrQ=mCvwt |iO=YD ?} QkD VwQ
xR=U CqwyHt |}=yv Q}O=kt =@ x]@=Q QO =Q |O=tDa= p@=k w O}it C=aq]= 'Q_v
x@ pw= p=Ft QO "OyO|t x�=Q= xOt; CUOx@ |=yu}tND QO OwHwt C}a]k sOa w
u}tND |=]N '|]NQ}e |}=U=vW Ov}=Qi QO |O=yvW}B VwQ OQmrta |UQQ@ Qw_vt
|=]N Q}O=kt u}ov=}t "CU= xOW x@U=Lt |r=wDt |R=Ux}@W 60 <=R= x@ =yQDt=Q=B

"CU= xOW x�=Q= 1 pwOH QO =yQDt=Q=B |x}rm |=Q@ xOt; CUO x@ u}tND
=yQDt=Q=B u}tND |=]N |=Q@ |r}rLD w |@ QHD Q=}at h=QLv= Q=Owtv '5 pmW QO
|v=tR |xJN} Q=D '=yu; j@=]t xm OwW|t xOy=Wt l} QLD u=tR COt pw] QO

|=[i |]NQ}e |xrO=at sQi x@ u=wD|t =Q Q}N= p}Uv=Qi}O CqO=at p=L "CU=
MU=B w |OwQw l} QLD p=vo}U C@F =@ u}vJty "OQm |U} wvR=@ 41 |x]@=Q Cr=L

%OQm u=}@ 38 |x]@=Q CQwYx@ u=wD|t =Q |Q}oxR=Ov= |xrO=at 'xk@] ?=DW
�y = �x2x5 � x6x1 � x3 + v (38)

|Uw=o |iO=YD Ov}=Qi l} CQwY x@ xm CU= |Q}oxR=Ov= R} wv hQat v 'q=@ x]@=Q QO
|=Q@ x}rw= TOL "OwW|t xDiQo Q_v QO Rn swrat Tv=} Q=w w QiY u}ov=}t =@
Q=Okt OYQO 50 OwOL QO pwyHt QDt=Q=B 8 |=Q@ w QiY Q=Okt 'Cr=L |=yQ}eDt
Ov}=Qi R} wv |x}rw= Tv=} Q=wwm T} QD=t u}vJty "CU= xOW xDiQo Q_v QO =yu; |ak=w
C@=F T} QD=t Rx u; QO xm Ow@ Oy=wN Rv0 = blkdiag[Rx; Rr0 ] CQwY x@
w OvDUy =yQDt=Q=B R} wv |x}rw= Tv=} Q=wwm T} QD=t Rr0 w =yCr=L R} wv Tv=} Q=wwm

"Ov=xOW h} QaD 40 w 39 \@=wQ CQwYx@
Rx = diag [0; 1e�6; 1e�4; 1e6] (39)

Rr0 = diag [1; 0 5; 30; 30; 25; 16; 0 1; 0 5] (40)

Tv=} Q=wwmT} QD=t wRn = 0 0006 CQwY x@ R}v |Q}oxR=Ov= R} wvTv=} Q=wwm
Qw_vt P xaug0j0 = 10�6I12 CQwY x@ =yQDt=Q=B w =yCr=L u}tND |=]N |x}rw=
CU= xOW ZQi 0 5 Q@=Q@ R}v 30 |x]@=Q QO �RM C@=F QDt=Q=B Q=Okt "Ov=xOW
Q=Okt w p@k s=oQO =yQDt=Q=B R} wv Tv=} Q=wwm C}tm wO x@ |w=Ut |yOuRw Qov=}@ xm
xR=U |a}@] Ot=U@ '�|]N Q=DiQ� xvt=Osm |=yV=aDQ= |=Q@ "CU= |Qw;wv p=vo}U

"CU= ! = 3rad=sec =@ Q@=Q@
_Xaug =26666666664

_x = x2
�x = �u� x5x2 � x6x1 � x3

_z = x7�x8sgn(x2)jx3jx10�1x3�x9jx3jx10
1+
p 2
�
x4x11
x12 e�x23=2x212 [x7�x8sgn(x2)jx3jx10�1x3�x9jx3jx10 ]

_" = x3x2
08�1

37777777775
(41)

'xOW |Q}oxR=Ov= |=yMU=B |t=tD w l} QLD p=vo}U |=Q@ |Q=OQ@xvwtv MQv
jr]t ?=DW MU=B p=vo}U u}vJty w |OwQw l} QLD p=vo}U x@ "CU= RDQy 100
4 19 C=a@ Qt u}ov=}t QPH \UwDt =@ ?}DQD x@ |Uw=o O}iU R} wv 'xOW |Q}oxR=Ov=
|xR=U Q@ sm =L p}Uv=Qi}O CqO=at pL Qw_vtx@ "CU= xOW xi=[= OYQO 4 04 w
"CU= xOW xO=iDU= sQ=yJ |x@DQt |=Dwm � nv=Q sD} Qwor= R= QwmPt |]NQ}e
�50 OwOL QO =yQDt=Q=B u}tND |=Q@ x}rw= Q}O=kt 'OW u=wva R}v QDW}B xm Qw]u=ty
OwHw x@ C@Uv |O=yvW}B VwQ s=mLDU= =D Ov=xOW xDiQo Q_v QO u; |}=yv Q}O=kt
|}=U=vW w |ak=w |=yCr=L Q}O=kt "OwW Q=mW; x}rw= u}tND QO xHwD p@=k |=]N
u=tR COt pw] QO xR=U |=yQDt=Q=B u}tND |v=tR |xJN} Q=D w 3 pmW QO xOW

"OvwW|t xOy=Wt 4 pmW QO xrRrR l} QLD
xOW |Q}oxR=Ov= MU=B w |OwQw l} QLD |=yp=vo}U '|rta |=yOQ@ Q=m QO
|=yR} wv |iO=YD C}y=t x@ xHwD =@ "OvDUy R} wv x@ xDWe; xQ=wty =yQoUL \UwD
QO |}=U=vW |=ysD} Qwor= CkO w |}=Qoty '|Q=O}=B |UQQ@ '=yp=vo}U x@ xOQ=w
sRq w CU}v umtt |R=Ux}@W Ov}=Qi s=Hv= Q=@ l} =@ \ki 'xR=U CqwyHt u}tND
"OvW=@ O=tDa= p@=k xOt;CUOx@ |@=} RQ= G}=Dv =D OwW Q=QmD C=aiO x@ Ov}=Qi u}=CU=
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UOv

yt

pw] QO =yQDt=Q=B u}tND |=]N |=Q@ |r}rLD w |@ QHD Q=}at h=QLv= Q=Owtv "5 pmW
"xR=U l} QLD u=tR COt

"xR=U |=yQDt=Q=B u}tND |v=tR |xJN} Q=D "4 pmW
"pwyHt |=yQDt=Q=B |x}rm |=Q@ u}tND |=]N Q}O=kt "1 pwOH

��� u}tND |=]N Q=Okt QDt=Q=BxOW |}=U=vW j}kO
0 71 0 298 0 3 a

3 53 0 868 0 9 b

1 16 8 194 8 1 Â

2 47 2 926 3 �

1 09 1 978 2 


2 13 2 043 2 n

0 038 0 100 0 1 �s
9 15 0 0566 0 05 �
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"""Q
=DiQ

|=Q
=O|

=yxR
=UC

tqU
\N

Q@V
}=B"pwyHt |=yQDt=Q=B |x}rm |=Q@ u}tND |=]N Q}O=kt "2 pwOH

��� u}tND |=]N Q=Okt QDt=Q=BxOW |}=U=vW j}kO
1 31 0 296 0 3 a

9 02 0 82 0 9 b

0 65 8 15 8 1 c

15 87 2 52 3 �

16 97 1 66 2 


5 34 2 84 3 n

3 86 0 208 0 2 �v
5 07 0 21 0 2 ��
2 66 0 49 0 5 &s
5 50 0 09 0 1 q

9 29 2 72 3 p

3 67 0 052 0 05  

2 52 0 21 0 2 � 
6 50 0 47 0 5 �

QO "CU= xOW O}OWD 9 T=}kt ?} Q[ =@ 0 28g u}tR ?=DW |xv}W}@ =@ wQDvUp=
|O=yvW}B sD} Qwor= R= xO=iDU= =@ CU= Q=Qk xm |rwyHt QDt=Q=B 14 O=OaD 'xrLQt u}=
j@=]t xDi=}s}taD Q=OQ@ =D 'OvwW|t j=Lr= xR=U |=yCr=L Q=OQ@ x@ 'OvwW |}=U=vW

%OwW p}mWD 44 w 43 \@=wQ

Xaug
18�1 = [

=yCr=Lz }| {
x1; x2; :::; x4;

=yQDt=Q=Bz }| {
x5; x6; :::; x18]T (43)

Xaug
18�1 = [x; _x; z; "; a; b; c; �; 
; n;

�� ; ��; �s; q; p;  ; � ; �]T (44)

2 pwOH QO =yu; x@ xOW xO=O C@Uv j}kO Q}O=kt w xOW QmP pwyHt QDt=Q=B 14
w a = 2�!0 CQwY x@ ?}DQD x@ 2 pwOH QO c w b 'a |=yQDt=Q=B "CU= xOW x�=Q=
l} QLD p=vo}U C@F =@ u}vJty "Ov=xOW h} QaD c = (1� �)!20 w b = �!20
u=}@ 45 |x]@=Q sQi x@ u=wD|t =Q |Q}oxR=Ov= |xrO=at 'xk@] ?=DW MU=B w |OwQw

%OQm
�y = �x5x2 � x6x1 � x7x3 + v (45)

QO pwyHt QDt=Q=B 14 |=Q@ w QiY Q=Okt 'Cr=L |=yQ}eDt |=Q@ x}rw= TOL
Tv=} Q=wwm C@=F T} QD=t "CU= xOW xDiQo Q_v QO =yu; |ak=w Q=Okt �50 OwOL
46 |=yx]@=Q CQwYx@ R}v =yQDt=Q=B R} wv |x}rw= Tv=} Q=wwm T} QD=t w =yCr=L R} wv

%Ov=xOW h} QaD 47 w
Rx = diag[0 1e�6; 1e�6; 1e�6] (46)

Rr0 = diag[1; 5; 70; 14; 16; 10; 0 03;
0 04; 0 5; 0 1; 10; 0 01; 0 05; 0 3] (47)

T} QD=t 'Rn = 0 0067 CQwY x@ |Q}oxR=Ov= R} wv Tv=} Q=wwm u}vJty
'P xaug0j0 = 10�6I18 Q@=Q@ =yQDt=Q=B w =yCr=L u}tND |=]N |x}rw= Tv=} Q=wwm
C=W=aDQ= |=Q@ "CU= xOW xDiQo Q_v QO 0 5 Q@=Q@ R}v �RM C@=F QDt=Q=B Q=Okt w

"=yQDt=Q=B |}=yv w x}rw= u}tND Q}O=kt <=R= x@ xR=U T} RQDU}y |vLvt "6 pmW

T} QD=t |rY= Q]k |wQ |=yx}=QO QPH |wQ R= xm |r}rLD |=yQ=}at h=QLv= u}ov=}t
u}vJty w Ov};|t CUO x@ �P � =yQDt=Q=B w =yCr=L u}tND |=]N Tv=} Q=wwm
|iO=YD |=y|R=Ux}@W <=R= x@ |@ QHD Q=}at h=QLv= Q}O=kt |v=tR |xJN} Q=D
u=tR CWPo =@ 'CU= XNWt =yQ=Owtv R= xm Qw]u=ty "CU= xOW x�=Q= wrQ=mCvwt
xDi=} Vy=m u}tND |=]N |@ QHD Q=}at h=QLv= '=yQDt=Q=B u}tND CkO V}=Ri= w
|x@U=Lt |xwLv '42 |x]@=Q QO "CU= xOW l}ORv Q_=vDt |r}rLD Q=Okt x@ w

%CU= xOW x�=Q= =yQDt=Q=B u}tND |=]N |@ QHD Q=}at h=QLv=

EXP STD =

r
(wi(k)� wTrue

i )T(wi(k)� wTrue
i )NMC�1

NMC
(42)

w k x_Lr QO QDt=Q=B u}t)=i |=Q@ xOW xOR u}tND Q=Okt Qov=}@ wi(k) 'u; QO xm
|=y|R=Ux}@W O=OaD Qov=}@ R}v NMC "CU= QDt=Q=B u}t)=i |ak=w Q=Okt wTruei

R= pY=L G}=Dv '=y|R=Ux}@W O=OaD V}=Ri= =@ xm CU= uWwQ "CU= wrQ=mCvwt
"OW Oy=wN j@]vt |r}rLD G}=Dv Q@ |@ QHD VwQ

|}=yv w x}rw= u}tND Q}O=kt <=R= x@ xR=U T} RQDU}y |vLvt '6 pmW QO
xOW s}UQD T} RQDU}y |vLvt 'u; j@=]t xm OwW|t xOy=Wt pwyHt |=yQDt=Q=B
'OvQ=O xR=U |Q=DiQ C}ak=w =@ |yHwD p@=k hqDN= xm x}rw= u}tND Q}O=kt <=R= x@
|ak=w Q=DiQ |=y|vLvt x@ |}q=@ Q=}U@ CkO =@ |O=yvW}B VwQ |Q}oQ=mx@ QF= QO

"Ov=xOQm =O}B j=@]v= u; |wQ Q@ =} xOW l}ORv xR=U

|=yxO}OB |=Q=O l}DQDU}y Q=DiQ =@ xk@] 1 |WQ@ u=tDN=U "2"3
|oOvwWl} Q=@ QF= w p=wR

u=tDN=U pwyHt |=yQDt=Q=B w =yCr=L u=tRsy |}=U=vW '|vwvm p=Ft R= hOy
CLD |oOvwWl} Q=@ QF= w p=wR |=yxO}OB |=Q=O l}DQDU}y Q=DiQ =@ xk@] 1 |WQ@
p}Uv=Qi}O CqO=at "CU= wQDvUp= 1940 |xrRrR �?wvH � p=tW� |ki= |xir-wt
"CU= xOW x�=Q= 2"2 VN@ QO QwmPt u=tDN=U |]NQ}e l}DQDU}y Q=DiQ Q@ sm =L
Q_v QO p@k p=Ft x@=Wt R}v |R=Ux}@W Ov}=Qi QO xOW xO=iDU= |}xR=U |=yQDt=Q=B
xt=O= QO uw � lw@ pOt |=yQDt=Q=B x@ \w@ Qt C=}[Qi u}vJty "CU= xOW xDiQo
w 
 = 2=m2 '� = 3=m2 %x}=B uw � lw@ pOt |=yQDt=Q=B "CU= xOW x�=Q=
|=yQDt=Q=B &�� = 0 2 '�� = 0 2 %Ctw=kt w |DNU p=wR |=yQDt=Q=B &n = 3
'� = 0 2 ' = 0 05 'p = 3 'q = 0 1 '�s = 0=5 %|oOvwWl} Q=@ QF=
|xrRrR OQwmQ |ki= |xir-wt 'xR=U |]NQ}e Q=DiQ |R=Ux}@W Qw_vt x@ "� = 0 5
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"xR=U |=yQDt=Q=B R= |O=OaD u}tND |v=tR |xJN} Q=D "8 pmW

"=yQDt=Q=B |}=yv w x}rw= u}tND Q}O=kt <=R= x@ xR=U T} RQDU}y |vLvt "9 pmW

u}tND |=]N w xO=iDU= wrQ=mCvwt |iO=YD |R=Ux}@W VwQ '|]NQ}e |}=U=vW
|=]N Q}O=kt u}ov=}t "CU= xOW x@U=Lt |r=wDt |R=Ux}@W 60 <=R= x@ =yQDt=Q=B

"CU= xOW x�=Q= 2 pwOH QO =yQDt=Q=B |x}rm |=Q@ xOt; CUOx@ u}tND
COt pw] QO xR=U |=yQDt=Q=B R= |O=OaD u}tND |v=tR |xJN} Q=D u}vJty
T} RQDU}y |vLvt R}v '9 pmW QO "OwW|t xOy=Wt 8 pmW QO l} QLD u=tR
Qw]v=ty "CU= xOW x�=Q= pwyHt |=yQDt=Q=B |}=yv w x}rw= u}tND Q}O=kt <=R= x@ xR=U

|xir-wt '|@Uv |}=Hx@=H� xOW |}=U=vW w |ak=w |=yCr=L Q}O=kt "7 pmW
"�xOW hrD l}DQDU}y |SQv= Q=}at w |@Uv CaQU 'l}DQDU}y

MQv "CU= ! = 3 rad=sec =@ Q@=Q@ xR=U |a}@] Ot=U@ '�|]N Q=DiQ� xvt=Osm
x@ "CU= RDQy 100 xOW |Q}oxR=Ov= MU=B w l} QLD p=vo}U |=Q@ |Q=OQ@xvwtv
R} wv 'xOW|Q}oxR=Ov= jr]t ?=DW MU=B p=vo}U u}vJty w |OwQw l} QLD p=vo}U
xi=[= OYQO 4 w 4 05 C=a@ Qt u}ov=}t QPH \UwDt =@ ?}DQD x@ |Uw=o O}iU
"OwW|t xOy=Wt 7 pmW QO xOW |}=U=vW w |ak=w |=yCr=L Q}O=kt "CU= xOW
Ov}=Qi QO |O=yvW}B VwQ OQmrta |UQQ@ Qw_vt x@ |vwvm p=Ft QO u}vJty
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"""Q
=DiQ

|=Q
=O|

=yxR
=UC

tqU
\N

Q@V
}=B

Rx = diag[0; :::; 0| {z }
1�3

; 5� 10�6; :::; 5� 10�6| {z }
1�3

;

5� 10�4; :::; 5� 10�4| {z }
1�3

; 5� 10�6; :::; 5� 10�6| {z }
1�3

] (51)

Rn = CQwY x@ |Q}oxR=Ov= R} wv Tv=} Q=wwm T} QD=t u}vJty
=yCr=L u}tND |=]N |x}rw= Tv=} Q=wwm T} QD=t w diag[0 17; 0 07; 0 12]

�RM C@=F QDt=Q=B Q=Okt "Ov=xOWQw_vtP xaug0j0 = 10�10I54 CQwY x@ =yQDt=Q=B w
Owt xU |a}@] |=yOt=U@ '|]N Q=DiQ |xrLQt QO "CU= xOW ZQi 0 7 Q@=Q@ R}v
x@ !1 = 14 44 rad=sec w !1 = 10 03 '!1 = 3 75 =@ Q@=Q@ ?}DQD x@ pw=
|Q}oxR=Ov= |=yMU=B |t=tD wl} QLD p=vo}U |=Q@ |Q=OQ@xvwtv MQ�v "Ov=xOt;CUO
MU=B |=yp=vo}U u}vJty w |OwQw l} QLD p=vo}U x@ w xOw@ RDQy 100 xOW
x@ |Uw=o O}iU R} wv 'xR=U swU =D pw= C=k@] QO xOW |Q}oxR=Ov= jr]t ?=DW

w x}rw= u}tND Q}O=kt <=R= x@ swU =D pw= C=k@] T} RQDU}y |=y|vLvt "10 pmW
"=yQDt=Q=B |}=yv

QO 'x}rw= u}tND Q}O=kt <=R= x@ xOW s}UQD T} RQDU}y |vLvt 'OwW|t xOy=Wt xm
xR=U |ak=w Q=DiQ |=y|vLvt x@ |}q=@ Q=}U@ CkO =@ |O=yvW}B VwQ |Q}oQ=mx@ QF=

"Ov=xOQm =O}B j=@]v= u; |wQ Q@ =} xOW l}ORv

|=yxO}OB |=Q=O l}DQDU}yQ=DiQ =@ |WQ@ |xk@] 3 u=tDN=U "3"3
|oOvwWl} Q=@ QF= w p=wR

12� pwyHt QDt=Q=B w Cr=L 54 ,=awtHt \NQ@ |}=U=vW 'Q[=L p=Ft R= hOy
"CU= R} wv x@ xDWe; ?=DW MU=B p=vo}U xU R= xO=iDU= =@ \ki �QDt=Q=B 42 w Cr=L
p=wR |=yxO}OB |=Q=O l}DQDU}y Q=DiQ =@ |WQ@ |xk@] 3 u=tDN=U 'Qw_vt u}ty x@
"CU= xOW xO=O Q=Qk x@ wm 1995 |xrRrR |ki= |xir-wt CLD |oOvwWl} Q=@ QF= w
|WQ@ |xk@] 3 u=tDN=U |]NQ}e l}DQDU}y Q=DiQ Q@ sm =L p}Uv=Qi}O CqO=at

%OwW|t u=}@ 48 |x]@=Q CQwYx@ QwmPt

mi(
iX

p=1
�xp) + ci _xi � ci+1 _xi+1 + �ikixi � �i+1ki+1xi+1

+(1� �i)kizi � (1� �i+1)ki+1zi+1 = �mi�xg i = 1; :::; 3
(48)

xOW x�=Q= 2"2VN@ QO Q}N= |x]@=Q |=yQDt=Q=B w =yCr=L x@ \w@ Qt C=L}[wD
C=k@] u=Um} sQH %R= Ov=CQ=@a |R=Ux}@W Ov}=Qi QO xOW xO=iDU= |=yQDt=Q=B "CU=
'k3 = 17KN=m wk2 = 19 4 'k1 = 24 2C=k@]|DNU'mi = 300kg
c3 = 0 229KN:Sec=m w c2 = 0 261 'c1 = 0 326 C=k@] |}=Q}t
?}DQD x@ w Ov=xOW xDiQo Q_v QO |DNU =@ ?U=vDt l}Uqm |}=Q}t CQwYx@ xm
"OvDUy OYQO ?UL Q@ 9 72 '6 75 '2 53� |}=Q}t |=yC@Uv =@ pO=at
'�3 = 1=m2 '�2 = 2 5 '�1 = 2 5 %x}=B uw � lw@ pOt |=yQDt=Q=B
p=wR |=yQDt=Q=B 'n3 = 2; n1 = n2 = 3 '
3 = 1=m2; 
1 = 
2 = 1 5
w ��1 = ��2 = 0 3 '�v3 = 0 1 '�v1 = �v2 = 0 2 %Ctw=kt w |DNU
'�s3 = 0 5 '�s1 = �s2 = 0 95 %|oOvwWl} Q=@ QF= |=yQDt=Q=B "��3 = 0 1
' 1 =  2 = 0 2 'p3 = 1 'p1 = p2 = 2 'q3 = 0 1 'q1 = q2 = 0 2
'�1 = �2 = 0 2 '� 3 = 0 01 '� 1 = � 2 = 0 05 ' 3 = 0 1
xrRrR OQwmQ |ki= |xir-wt 'xR=U |]NQ}e Q=DiQ |R=Ux}@W hOy =@ "�3 = 0 1
u}= QO "CU= xOW O}OWD 10 T=}kt?} Q[ =@ 0 83g u}tR ?=DW |xv}W}@ =@ x@ wm
|=yCr=L Q=OQ@ x@ 'OvwW |}=U=vW CU= Q=Qk xm |rwyHt QDt=Q=B 42 O=OaD 'xrLQt

%OwW p}mWD 49 |x]@=Q j@=]t xDi=}s}taD Q=OQ@ =D 'OvwW|t j=Lr= xR=U

Xaug
54�1 = [

=yCr=Lz }| {
x1; x2; x3; :::; x12;

=yQDt=Q=Bz }| {
x13; x14; :::; x54]T (49)

x�=Q= 3pwOHQO =yu; x@ xOWxO=OC@Uvj}kO Q}O=kt w xOW QmPpwyHt QDt=Q=B 42
"CU= s)=i|xk@] QO xR=Ul}Uqm|}=Q}t?} Q['QwmPt pwOH QO ci QDt=Q=B "Ov=xOW
ai = (1��i)ki w bi = �iki CQwY x@ ?}DQD x@ ai w bi |=yQDt=Q=B u}vJty

%OQm u=}@ 50 |x]@=Q sQi x@ u=wD|t R}v =Q |Q}oxR=Ov= |xrO=at "Ov=xOW h} QaD
�yi = �cci=mi + vi i = 1; :::; 3 (50)

OwOL QO pwyHt QDt=Q=B 42 |=Q@ w QiY Q=Okt 'Cr=L |=yQ}eDt |=Q@ x}rw= TOL
R} wv Tv=} Q=wwm C@=F T} QD=t "CU= xOW xDiQo Q_v QO =yu; |ak=w Q=Okt �60

%CU= xOW h} QaD 51 |x]@=Q CQwYx@ R}v =yCr=L
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u=Qt
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UOv

yt "pwyHt |=yQDt=Q=B |x}rm |=Q@ xOt; CUOx@ u}tND |=]N Q}O=kt "3 pwOH
��� u}tND |=]N j}kO Q=Okt QDt=Q=B ��� u}tND |=]N j}kO Q=Okt QDt=Q=B

22 22 0 3 ��1

��

0 53 0 326 c1
c13 57 0 3 ��2 0 98 0 261 c2

29 56 0 1 ��3 5 96 0 229 c3

0 35 0 95 �s1

�s

18 28 2 42 b1
b1 03 0 95 �s2 9 60 1 94 b2

5 14 0 5 �s3 31 46 1 70 b3

3 57 0 2 q1
q

0 19 21 78 a1
a3 88 0 2 q2 1 45 17 46 a2

22 30 0 1 q3 1 55 15 3 a3

2 24 2 p1
p

21 67 2 5 �1
�3 44 2 p2 19 05 2 5 �2
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1. adaptive tracking technique
2. extended kalman �lte (EKF)
3. unscented kalman �lter (UKF)
4. ensemble kalman �lter (EnKf)
5. particle �lter (PF)
6. adaptive sequential nonlinear least-square estimation

(ASNLSE)
7. adaptive quadratic sum-squares error (AQSSE)
8. unscented transform (UT)
9. time updating
10. measurement updating
11. robbins-monro stochastic approximation method
12. innovation signal
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