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xQwO =@ sDU}U |}=U=vW hrDNt |=yVwQ |xU}=kt
V}=tR; R= pY=L |=yCW=ov |Q}oQ=mx@

u=tDN=U l} 1
2 pOt |]}Lt V=aDQ=

|v}HQwN Cq=YD= =@ xk@] 4 |Oqwi
�Q=}O=DU=� |Ow=O OtLt

�Q=}O=DU=� |O=@;OwtLt OwaUt
�OWQ= T=vWQ� � u=UL OwaUt

xrRrR |UOvyt w |U=vWxrRrR |rrtr= u}@ x=oWywSB

V=aDQ= V}=tR; 'sDU}U |}=U=vW hrDNt |=yVwQ CkO |@=} RQ= |=Q@ Q=DWwv u}= QO
R= xO=iDU= =@ |v}HQwN Cq=YD= =@ xk@] 4 |Oqwi u=tDN=U l} 1

2 pOt |wQ Q@ |]}Lt
pt=W pOt |m}t=v}O C=YNWt "OW s=Hv= |}xir-wt xU Q=ovxRQr x=oDUO OOa 10

'|Qwlt '|i}] Q=yJ |=yVwQ R= xO=iDU= =@ |Ot |=y|}=Q}t w |Ot p=mW= '=yOt=U@
QO "OW xU}=kt |OOa pOt G}=Dv =@ w Ot; CUOx@ |iO=YD |=[iQ} R w xrk Q=DUH
Q}O=kt QO xHwDp@=k hqDN= sOa OwHw =@ xm OyO|t u=Wv Q[=L VywSB ' ẁtHt

|=[iQ} R |=yVwQ =@ |Ot |}=Q}t Q}O=kt 'VwQ Q=yJ R= xOt;CUOx@ |Owt |=yOt=U@
'|Qwlt w |i}] Q=yJ VwQ R= xO=iDU= =@ w OvwW|t OQw;Q@ QDj}kO |i}]Q=yJ w |iO=YD
G}=Dv s}taD CU= |y}O@ "O};|t CUOx@ |QDq=@ CkO=@ |W=aDQ= pw= Ot Q=yJ |Ot p=mW=

"CU= QDW}@ C=ar=]t OvtR=}v =yxR=U Qo}O x@ jwi
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'|i}] Q=yJ VwQ 'sDU}U |}=U=vW '|]}Lt V=aDQ= V}=tR; %|O}rm u=oS=w
"|v}HQwN p=YD= '|iO=YD |=[iQ} R VwQ 'xrk Q=DUH VwQ '|Qwlt VwQ

xtOkt
OQ=wt QO VwQ u}= xm OW xO=O u=Wv w Ot; CUOx@ wQ}Wwm QyW QO u}tR K]U
VwQ u}ty R= xO=iDU= =@ u}vJty "OQ=O OQ@ Q=m Qo}O |=yxR=U `=wv= |=Q@ w jwi
Ot; CUOx@ =m} Qt= QO uwDUQB s=}r} w w CQB w}v jrat pB wO |m}t=v}O C=}YwYN
CUOx@ pB wO u}= |=Q@ |Ot p=mW= 1`]=kDt |i}] |r=oJ `@=D |x@U=Lt =@ w

[2]"Ot;
=yu=tDN=U |Ot |=yQDt=Q=B |}=U=vW |=Q@ |WwQ 1980 p=U QO u}vJty
xR=U QO xOWC@F OQwmQ w pOt MU=B u}@ hqDN= |R=Uxv}tm |x}=B Q@ xm OW x�=Q=
|xRwL QO x@=Wt |WwQ R= p=U u=ty QO TBU [3]"Ow@ Q=wDU= u=tR |xRwL QO
R}v 2 PP xrk Q=DUH VwQ [4]"OW xO=iDU= |Ot |=yQDt=Q=B |}=U=vW |=Q@ Ot=U@
l} p=Owt |=yQDt=Q=B uOQw; CUOx@ QO VwQ u} QDxO=U |xrRvtx@ 1993 p=U QO

[5]"OW x�=Q= |]}Lt V=aDQ= |=yxO=O R= xO=iDU= =@ xR=U
|Ot p=mW= w =yOt=U@ '|i}] Q=yJ VwQ R= xO=iDU= =@ 1382 p=U QO
|]}Lt '|Q=@H= V=aDQ= |=yV}=tR; R= xO=iDU= =@ u=t}rU OHUt w uwQ=t |=yOU
x@ |i}] Q=yJ VwQ xm OW xO=O u=Wv w Ot; CUOx@ |D}=U hrDNt |=yQ=Hiv= w
Ov=wD|t 'p=vo}U VR=OQB sra QO xOWO=H}= O}OH |=yl}vmD R= |Q=OQwNQ@ p}rO

|m}t=v}OC=}YwYNj}kOu}}aD |=Q@|rta w?U=vt|WwQ =HQO|W=aDQ=V}=tR;
s=Hv= ?@U |ak=w T=}kt =@ |=yxR=U V}=tR; QO OwHwt CqmWt "CU=yxR=U
C=}YwYN u}}aD |=Q@ |O=YDk= w xO=U |WwQ x@ |UQDUO |=Q@ O=} R |=yVqD
|WwQ |xrRvtx@ |]}Lt |=yV}=tR; VwQ C}=yvQO xm Ov=xOW =yxR=U |m}t=v}O
|W=v C=W=aDQ= 'VwQ u}= QO "CU= xOW xDN=vW xv}tR u}= QO Ot;Q=m w ?U=vt
V=aDQ= ?@U l}i=QD w O=@ 'u}tR h}iNQ=}U@ |=yxRQr uwJty |a}@] pt=wa R=
=yV=aDQ= u}= Q@=Q@ QO xR=U MU=B |Q}oxR=Ov= =@ "OwW|t u; hrDNt |=yOt QO xR=U
w xRQru}tR ẁkw x@ R=}v uwO@ =Q xR=U |m}t=v}O C=}YwYN u=wD|t =yu; p}rLD w

"OQw; CUOx@ xR=U |wQ |wk w nQR@ |=yxOvv=RQr ?Yv =}
|HwQN |oDU@tyOwN `@=D |x} Qwi p}O@D =@ |WywSB QO 1965 p=U QO
u; |OwQw |i}] |r=oJ x@ w sDU}U p=kDv= `@=D x@ xm |i}] |r=oJ `@=D 'sDU}U
|r=oJ |vLvt |xv}W}@ \=kv R= xO=iDU= =@ x=ou; [1]"Ot; CUOx@ OQ=O |oDU@
hrDNt \=kv w w}mwD QyW QO |DavY u=tDN=U OvJ |a}@] |=yOt=U@ '|i}]
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�AP (!; T ) =

"
1 +

NX
r=1

!2 �br � !2�� i!3ar
(br � !2)2 + !2a2

r
cpr

#
X (!; T )

+
NX
r=1

br
�
br � !2�+ !2a2

r � i!3ar
(br � !2)2 + !2a2

r
vpr

+
NX
r=1

arbr!2 + i!br
�
br � !2�

(br � !2)2 + !2a2
r

dpr (2)

cpr = �pr
�TrMr
�TrM�r

(3)

ar = 2�r!r
br = !2

r (4)

"CU= xR=U |x}=B QO xOW|Q}oxR=Ov= ?=DW |x} Qwi p}O@D X (!; T ) 'u; QO xm
"CU= �pr |xR=U R= p |x]kv QO u; Q=Okt xm CU= xR=U s)=r Owt pmW �r
R}v dpr = xpr (T ) � xpr (0) w vpr = _xpr(T ) � _xpr(0) |=yQDt=Q=B
^=Lr xR=U ?=DW MU=B QO =Q u=mtQ}}eD w CaQU QiYQ}e |}=yDv= w x}rw= \}=QW
OwW|t s=Hv= |wLvx@ dpr w vpr ; cpr ; br; ar |Ot |=yQDt=Q=B|}=U=vW "Ovm|t
Q=Okt |xv}tm '1 |x]@=Q \UwD xOWh} QaD `@=D 'xOWx}=Bty j=@]v=sOa Q=}at xm
j=@]v=sOa Q=}at Q=Okt x=oQy xm CU= |QwQ[ xDmv u}= QmP "OW=@ xDW=O =Q OwN
Q=Okt u}= x=oQy 'OwW|t |krD |r=a |}=U=vW G}=Dv OW=@ 0 1 R= QDtm xOWx}=Bty
j=@]v=sOa Q=}at x=oQy w CU= pw@k p@=k |}=U=vW G}=Dv OW=@ 0 5 =D 0 1 u}@
sD} Qwor= [9]"OwW|t |krD OwOQt |}=U=vW G}=Dv OW=@ 0 5 R= QDnQR@ xOWx}=Bty

[4]"CU= xOt; `@=vt QO Q=m C=}�RH w |}=U=vW

|i}] Q=yJ |}=U=vW VwQ
�1 %CU= h}] Q=yJ C}Y=N R= u=tRsy |xO=iDU= QO |i}] Q=yJ VwQ CQOk
x@ x]kv Qy `]=kDt u=wD |r=oJ �2 &xR=U hrDNt \=kv QO xOWC@F CW=ovu=wD
TQDUO QO |OwQw lQLtxm|Dr=L QO =yu; `]=kDt R=i �4 &\=@DQ= �3 &`HQt |x]kv
|=yOt=U@ 'p}P ?r=]t QO xOWx�=Q= sD} Qwor= w VwQ u}= R= xO=iDU= =@ [6]"CU}v
Ov=wD|t xm u=wD |r=oJ h}] QO OwHwt |=yxrk Q}=U R= |DL=Qx@ sDU}U |a}@]

"OvwW|t R}=tDt 'OW=@ xDW=O \=@DQ= sDU}U |OwQw |=ylQLt x@
|a}@] |=yOt=U@ |x@U=Lt

|=ylwr@ x@ xOWK}LYD |v=tR CW=ov '|i}] |Q}ou}ov=}t VwQ R= xO=iDU= |=Q@
u} QDy@ 'h=QLv= w =W}B |=y=]N u=tRsy Vy=m |=Q@ Qw_vt u}O@ "OW x} RHD lJwm
|xQHvB Ovv=ty xOWxO=iDU= |xQHvB |=Q@ |v=WwBsy \=kv O=OaD w |Q}o\UwDt O=OaD
Ot; CUOx@ =ylwr@ |x}rm �5 |x]@=Q�PSD h}] |xvt=O "Ot; CUOx@ 5nv}vy
|Q}o\UwDt VwQ =@ "OW x@U=Lt xOWQ=wty h}] '6Irw VwQ R= xO=iDU= =@ w
O=OaD w |Q}o\UwDt \=kv O=OaD |=Q@ xOt; CUOx@ Q}O=kt u} QDy@ T=U=Q@ w Irw
7`]=kDt |i}] |r=oJ R=i w xvt=O '�|@=NDv= |xQHvB T=U=Q@� |v=WwBsy \=kv
x@ C@Uv \=kv |x}rm �9 |x]@=Q� 8\=@DQ= h}] |xvt=O u}vJty w �6 |x]@=Q�
|=yOt=U@ O}Ov=m |xrRvt x@ PSD h}] R= |}=yxrk "Ot; CUOx@ `HQt |x]kv
xrk |=Q=O R}v CPS |xvt=O h}] ,qw= QwmPt |=yOt=U@ QO xm OvOW ?=NDv= |Ot
h}] ,=Fr=F w OvDW=O �OL=w l}ORv� nQR@ |Q}O=kt '\=@DQ= h}] |xvt=O ,=}v=F 'Ow@
u}@ R= "Ow@ xHQO 180 =} QiY l}ORv Q}O=kt |=Q=O �8 |x]@=Q� =yu; `]=kDt R=i

xO=iDU= |m =N |=yOU |m}t=v}O C=YNWt G=QNDU= QO ?U=vt |WwQ sm )L QO
C=W=aDQ= '|i}] Q=yJ VwQ |xv}tR QO xOWs=Hv= |=yxar=]t |xt=O= QO [6]"OwW
VwQ u}= |q=@ |}=v=wD w OW xar=]t QwmPt VwQ =@ xk@] 5 u=tDN=U l} |]}Lt
|=yVwQ R= pY=L G}=Dv |xU}=kt =@ =yxR=U |m}t=v}O C=YNWt |}=U=vW QO

[7]"CU= xOW xO=O u=Wv p=vo}U VR=OQB |xDiQW}B
C=YNWt 'u=tR |xRwL QO xm 3 SSI |iO=YD |=[iQ} R VwQ u}vJty
|]}Lt V=aDQ= V}=tR; QO 'Ovm|t G=QNDU= |@U=vt CkO =@ =Q =yxR=U |m}t=v}O

[8]"CU= xOW xO=iDU= T}} wr |xk@] 15 u=tDN=U
xDiQQ=mx@ sDU}U|}=U=vWhrDNt|=yVwQCkO|xU}=kt|=Q@VywSBu}= QO
Cq=YD= =@ xk@] 4 |Oqwi u=tDN=Ul} 1

2 pOt '=yxR=U|]}Lt V=aDQ=V}=tR; QO
CLD 'u;hrDNt C=k@] QO Q=ovxRQr |=yx=oDUO|@U=vt O=OaD?Yv =@ '|v}HQwN
VwQ Q=yJ R= xO=iDU= =@ xOWC@F |=yOQwmQ w CiQo Q=Qk |]}Lt V=aDQ= V}=tR;
"OW p}rLD 'OW xQ=W= =yu; x@ |vi C=}@O= QwQt QO xm p=vo}U VR=OQB hrDNt
|m}t=v}O |=yQDt=Q=B |xU}=kt ut[ =D OW x}yD QwmPt |xR=U |OOa pOt u}vJty
hrDNt |=yVwQ CkO 'j}kLD QO xO=iDU= OQwt |=yVwQ |t=tD R= xOt; CUOx@
"OwW XNWt =yu; Cwk w ha[ \=kv w =yC}r@=k w OwW |@=} RQ= p=vo}U VR=OQB

|UQQ@ OQwt |}=U=vW |=yVwQ |Q_v |v=@t
Q[=L Q=DWwv QO xOWxO=iDU= sDU}U |}=U=vW VwQ Q=yJ x@ |rm x=ov l} QO
X=wN R= xO=iDU= T=U=Q@ xrk Q=DUH w |i}] Q=yJ VwQ wO xm Cio u=wD|t
G=QNDU= =Q sDU}U |m}t=v}O C=YNWt 'xOWC@F |=yp=vo}U hrDNt |=yh}]
|Q=Pox}=B|[=} Q sD} Qwor=l} |=v@t Q@ SSI w |Qwlt VwQ wO xm|r=LQO 'Ovm|t

"OwW|t xO=O KQW p=tH= x@ QwmPt VwQ Q=yJ |Q_v |v=@t 'xt=O= QO "Ov=xOW

|Qwlt |}=U=vW VwQ
xmCU=XNWt |OwQw ZQi =@ 'Ot=U@ |xRwL QO |}=U=vW VwQ '|Qwlt VwQ
xOWC@F |=yOQwmQ ltm x@ =yu=tDN=U |m}t=v}O |=yQDt=Q=B |}=U=vW |=Q@ u; R=
VwQ u}= R= xO=iDU= |x}rw= ZQi [4]"CU= xOW xO=iDU= |a}@] |=yxRQr u}tR R=
C=W=aDQ= |=yOQwmQ R= xO=iDU= =@ =yu=tDN=U |m}t=v}O |=yQDt=Q=B |}=U=vW QO
"CU= �pOt |=B QO xOWC@F C=m} QLD� sDU}U |OwQw uOw@XNWt '|]}Lt
=@ w OQ@ s=v u; R= 4xOWx}=Bsy j=@]v= sOa Q=}at u=wva =@ w1 `@=D h} QaD =@ |Qwlt
|xrRrR u=tR QO =yu; ?=DW xm u=tDN=U OvJ |Ot |=yQDt=Q=B '`@=D u}= |R=Uxv}tm

"OQm |}=U=vW =Q Ow@ xOW |Q}oxR=Ov= wOv=vQi u=U 1971

E =

`maxP
`min

���A (`�!; T )�AP (`�!; T )2���
`maxP
`min

jA (`�!; T )j2
(1)

|x]kv QO xOW|Q}oxR=Ov= ?=DW |xDUUo OwOLt |x} Qwi p}O@D A '1 |x]@=Q QO
w |]N Q=DiQ ZQi =@ 'x]kv u=ty QO pOt ?=DW |x} Qwi p}O@D Ap &xR=U R= p
w CU= �! = 2�

T w &CU= xOW xO=O u=Wv 2 |x]@=Q =@ xm CU= ?U=vDt |}=Q}t
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OtL
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xrk Q=DUH |}=U=vW VwQ
p=Owt |=yQDt=Q=B uOQw;CUOx@ QO OwHwt VwQ u} QDxO=U �PP� xrk Q=DUH VwQ
|=yOt=U@ VwQ u}= QO [5]"CU= |]}Lt V=aDQ= |=yxO=O R= xO=iDU= =@ xR=U l}
|v=wD |i}] |=y|r=oJ |xOWp=tQv u}ov=}t Q=Owtv |=yxrk R= sDU}U |a}@]
sDU}U |a}@] |=yOt=U@ u}}aD |=Q@ VwQ u}= QO "O};|t CUOx@ �ANPSD�
xm |}=yQoTL |t=tD QF= uDiQoQ_vQO |=Q@ w "OwW|t xO=iDU= PSD Q=Owtv R=
xO=iDU= ANPSD Q=Owtv R= Ovvm|t C@F =Q xR=U C=W=aDQ= w OvQ=O Q=Qk xR=U |wQ

"O};|t CUOx@ 10 |x]@=Q R= xO=iDU= =@ Q=Owtv u}= "OwW|t
NPSDi = PSDi

nP
k=1

PSDi (fk)

ANPSD (fk) = 1
l

lX
i=1

NPSDi (fk) (10)

PSDi &xDUUo |=yOt=U@ pm O=OaD n &xDUUo Ot=U@ u}t)=k 'fk '10 |x]@=Q QO
&QoTL u}t)=i |xOWp=tQv |v=wD |r=oJ NPSDi &QoTL u}t)=i |v=wD |r=oJ

"CU= =yQoTL pm O=OaD l
|Q}ou}ov=}t w uOQmp=tQv =@ xm O};|tCUOx@ |Q=Owtv jwi |x]@=Q R= xO=iDU= =@
"OwW|t xO=O u=Wv Q=Owtv l} QO =yQoTL s=tD QF= xOt;CUOx@ |=y PSD s=tD

(SSI) |iO=YD |=[i Q} R VwQ
|]N p}Uv=Qi}O CqO=at R= |}xawtHt =@ u=wD|t =Q xR=U l} |m}t=v}O pOt

"OQm u=}@ C@=F ?}=Q[ =@ swO |xHQO
M �U(t) + C _U(t) +KU(t) = F (t) (11)

xR=U |DNU w |}=Q}t 'sQH |=yT} QD=t ?}DQD x@ K w C 'M '11 |xrO=at QO
F (t) w CU= sDU}U |O=R; C=HQO |x}rm QO u=mtQ}}eD Q=OQ@ U(t) Q=OQ@ "OvDUy
u=wD|t hrDNt |=yVwQ x@ =Q 11 |xrO=at "CU= xR=U Q@ OQ=w |=ywQ}v Q=OQ@
R= |m} xm 'OQm |U} wvR=@ pw= |xHQO p}Uv=Qi}O CqO=at sDU}U l} CQwYx@

"CU= Cr=L |=[i R= xO=iDU= 'pwtat |=yVwQ
_x(t) = Acx(t) +Bcu(t) (12)

T} QD=t w x(t) =
h
U(t) _U(t)

i =@CU= Q@=Q@Cr=L Q=OQ@ '12 |xrO=at QO
h} QaD 13 |x]@=Q CQwYx@ Bc sDU}U pQDvm Q}F-=D ?}=Q[ T} QD=t w Ac Cr=L

%OvwW|t
F (t) = B2u (t) ;

Ac =

" 0 1
�M�1K �M�1C

#
; Bc =

" 0
M�1B2

#
(13)

R= |]N ?}mQD CQwYx@ u=wD|t =Q y(t) 'Q_vOQwt |HwQN Q=OQ@ ?}DQD u}tyx@
%OQm u=}@ sDU}U |=yCr=L

y (t) = Cx (t) +Du (t) (14)

Q}F-=D ?}=Q[ T} QD=tD w |ak=w |HwQN Q}F-=D ?}=Q[ T} QD=t C '14 |xrO=at QO
|xDUw}B Cr=L |=[i pOt 14 w 12 |=yxrO=at ?}mQD R= "CU= |HwQN pQDvm

|}=yOt=U@ '�jwi Ov@ j@]� |Q}oxR=Ov= \=kv |x}rm |=Q@ xOt;CUOx@ |=yOt=U@
|Q}PB Q=QmD |=Q=O ,qw= xm OvOW ?=NDv= |Ot |=yOt=U@ O}Ov=m u} QDy@ |xrRvtx@
R= QDW}@ \=@DQ= h}] Q}O=kt '\=kv u}@ QO |v=w=Qi x@ xHwD =@ ,=}v=F 'OvOw@ |QDW}@
sUQ |Ot p=mW= QN; |xrLQt QO |@=NDv= |=yOt=U@ |x}rm |=Q@ "OvDW=O 0 5
=Q u=tDN=U |W=aDQ= CmQL R= |Y=N Ot xrY=L pmW xm |Ot=U@ Qy QO w OW

"OW u}}aD |Ot Ot=U@ |xrRvtx@ Q_vOQwt Ot=U@ 'OQm|t |}=U=vW
PSD : Sxx (f) =

Z 1
�1

Rxx (�) e�J2�f�d� (5)

CPS : Sxy (f) =
Z 1
�1

Rxy (�) e�J2�f�d� (6)

Sxy (f) = Cxy (f)� jQxy (f) ; j =
p�1 (7)

�xy (f) = tan�1
�
Qxy (f)
Cxy (f)

�
(8)

CS : 
2
xy (f) = jSxy (f)j2

Sxx (f)Syy (f)
(9)

|}x]kv |oDU@tyOwN `@=D w u=wD |i}] |r=oJ Rxx w Sxx '9 =D 5 |=yx]@=Q QO
CW=ov u}@ `]=kDt |oDU@ty `@=D w `]=kDt u=wD h}] Rxy w Sxy &xR=U R=
OvDUy |]rDNt Q}O=kt Sxy "CU= y `HQt |x]kv CW=ov w x |HwQN |x]kv
X}NWD |=Q@ 'OwW xO=O u=Wv Qxy =@ |twywt w Cxy =@ |k}kL Q}O=kt Qo = xm
Q_vOQwt |=yOt=U@ QO y w x |x]kv wO C=W=aDQ= uOw@hr=Nt R=i QO =} R=isy
x@U=Lt 8 |x]@=Q =@ =Q y w x CW=ov wO �xy `]=kDt |oDU@ty R=i h}] u=wD|t

"OQm
wO MU=B 'y�t� w x�t� CW=ov wO u}@ \=@DQ= h}] CS `@=D '9 |x]@=Q QO
'C=W=aDQ= C@F s=ovyx@ xJv=vJ Qo = "CU= lQDWt lQLt l} x@ u=tDN=U R= x]kv
|=y=]N '|i}] C=@U=Lt QO u}vJty w OW=@ xDW=Ov OwHw |HQ=N |=yR} wv
xDU@=w ,qt=m CW=ov wO CW=O Q=_Dv= u=wD|t CQwYu}= QO OwWv OQ=w |D=@U=Lt
h}] Ck}kL QO "OwW OL=w Q@=Q@ =yOt=U@ |x}rm |=Q@ \=@DQ= h}] Q}O=kt w OvW=@
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