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QO 'w}UQoQwD= VwQ QO jwi |=yC}OwOLt Q@ uOt; j�=i Qw_vt x@ [28]"Ovvm `iDQt

"OwW|t x�=Q= CQ@r}y C=W=aDQ= |x} RHD |x}=B Q@ O}OH VwQ l} xar=]t u}=
R= |a}Uw h}] |x} RHD Qw_vt x@ 23CQ@r}y C=W=aDQ= |x} RHD VwQ
QO '|}xir-wtOvJ w =DU}==v |W=aDQ= |=yp=vo}U xrtH R= |W=aDQ= |=yp=vo}U
x@ |W=aDQ= p=vo}U l} VwQ u}= QO [29]"OW x�=Q= 24utOri \UwD 2006 p=U
=@ "OwW|t x} RHD 'OvwW|t xO}t=v 25|D=P |=yxir-wt xm |W=aDQ= p=vo}U u}OvJ
'|}xir-wtOvJ w =DU}==v |W=aDQ= |=yp=vo}U |x} RHD QO VwQ u}= |}=v=wD x@ xHwD

"s}DUy |UOvyt hrDNt |=yxRwL QO VwQ u}= uwRi= RwQ OQ@ Q=m Oy=W
w xvwoTr=B G=wt= |}=U=vW Qw_vt x@ =Q VwQ u}= �2012� 26u=Q=mty w nv=wy
|x} RHD VwQ =@ =Q VwQ u}= G}=DvTBU [30]&OvOQ@ Q=m x@ 27u=wJvw xrRrR |q=@ Ot=U@
|}xar=]t QO "OvOQm xU}=kt 'CU= xOW x�=Q= u=Q=mty w nv=wy \UwD xm |D=P Owt
VwQ w CQ@r}y C=W=aDQ= |x} RHD VwQ OQmrta �2011� 28utOri w uw=Q@ 'x@=Wt

[31]"OvOQm |UQQ@ |OOa p=Ft u}OvJ |xr}Uw x@ =Q |D=P Owt |x} RHD
|=yQDt=Q=B G=QNDU= Qw_vt x@ O}OH VwQ l} |x�=Q= 'xar=]t u}= R= hOy
QO "CU= QoUL l} \UwD xOW C@F |=DU}==v =} =DU}= |=yMU=B R= xR=U p=Owt
|x} RHD VwQ R= xO=iDU= =@ xR=U R= xOW C@F |=yMU=B =OD@= QO 'xOW x�=Q= VwQ
xO=iDU= =@ TBU &OwW|t x} RHD |D=P |=yxir-wt R= |}xawtHt x@ 'CQ@r}y C=W=aDQ=
VwQ CkO w OQmrta "O};|t CUO x@ xR=U p=Owt |=yQDt=Q=B w}UQoQwD= VwQ R=
p=Ft l} w |OOa p=Ft wO j} Q] R= xR=U p=Owt |=yQDt=Q=B |}=U=vW QO xOW x�=Q=
|=yQDt=Q=B xOW x�=Q= VwQ R= xO=iDU= =@ u=}=B QO "OwW|t |@=} RQ= |HvUCLY

"O};|t CUO x@ |DvtoU pB l} |xOvQ=Oyov |x}=B p=Owt

VwQ R= xO=iDU= =@ xR=U p=Owt |=yQDt=Q=B |}=U=vW "2
w}UQoQwD=

swra QO u; uwRi= RwQ OQ@ Q=m Oy=W Q}N= |=yxyO QO xm xDUUo |v=tR |=y|QU
xm CU= |OOa |=yxO=O R= |}xr=@vO 's}DUy |UOvyt w O=YDk= xrtH R= hrDNt
R= |m} "OyO|t u=Wv XNWt |v=tR |xR=@ l} QO =Q Q}eDt OvJ =} l} Q}O=kt
xOQm ?rH OwN x@ =Q u=kkLt R= |Q=}U@ Q_v xm xRwL u}= QO ?=PH C=aw[wt
"CU= OwHwt |=yxO=O p}rLD R= xO=iDU= =@ =y|QU u}= |D; Q}O=kt |v}@V}B 'CU=
x@ u=wD|t =yv; u} QDOQ@ Q=mQB R= xm CU= xOW x�=Q= |OOaDt |=yVwQ Qw_vt u}O@

"OQm xQ=W= |]NQ}e w |]N uw}UQoQ |=yVwQ
sDU}U l} MU=B u}@ |x]@=Q u; QO xm CU= |Q=t; VwQ l} |]N uw}UQoQ
|UQQ@ 'OwW|t xO}t=v u}@V}B Q}eDt xm pkDUt Q}eDt OvJ =} l} =@ �xDU@=w Q}eDt�
|v=tR |QU Q}O=kt� |v=tR |QU pN=O R= pkDUt |=yQ}eDt xm |DQwY QO "OwW|t
QO "Ow@ Oy=wN w}UQoQwD= ẁv R= xr�Ut pOt 'OvwW ?=NDv= �xDWPo |=yu=tR QO

%OwW|t xO=O u=Wv Q} R CQwY x@ p |x@DQt w}UQoQwD= pOt xH}Dv
Xt = �1Xt�1 + �2Xt�2 + � � �+ �pXt�p + Zt (1)

w}UQoQwD= pOt ?}=Q[ a1; :::; ap &t u=tR QO |v=tR |QU Q=Okt Xt 'u; QO xm
u}tND Qw_vt x@ "CU= �2 C@=F Tv=} Q=w w QiY u}ov=}t =@ O}iU |xiwv Zt w
- pw} '|]N C=a@ Qt u} QDtm xrtH R= |OOaDt |=yVwQ w}UQoQwD= pOt ?}=Q[
VwQ j} Q] R= w}UQoQwD= pOt ?}=Q[ xr=kt u}= QO "CU= xOW x�=Q= nQw@ w 29Qm =w

"O};|t CUO x@ |]N C=a@ Qt u} QDtm

9uwUQOv= w uU@ wm =H 'x@=Wt |}xar=]t QO [10]"OvO=O x�=Q= =Q 8xDi=}=kDQ= |Ot=U@
x@ =Q 10|vLvt =@ ?U=vDt |xDi=}=kDQ= |Ot=U@ |xRwL |x} RHD VwQ �2008�
OwHwt u; QO |@ w=vD xir-wt u}OvJ xm |}=yMU=B R= p=Owt |=yQDt=Q=B G=QNDU= Qw_vt
11s}y=Q@= u=tR |xRwL VwQ �1977� s}y=Q@= 'Qo}O |WqD QO [11]"OvO=O x�=Q= 'OW=@
Vy=m VwQ R= xO=iDU= =@ sDU}U O=R; V=aDQ= |=yMU=B VwQ u}= QO [12]"O=O x�=Q= =Q
G=QNDU= 'OQ=O Q=Qk|iO=YD V=aDQ=CLD xm|}xR=U|m}t=v}O |=yMU=B R=|iO=YD
p=Owt C=YNWt 'xOt;CUO x@ O=R; V=aDQ= |=yMU=B R= xO=iDU= =@TBU "OwW|t
|=yVwQ R= |m} xm 12|iO=YD |=y=[iQ} R |}=U=vW VwQ "O};|t CUO x@ xR=U
�1996� 13Qwt}O w xJwQw= u=w \UwD 'OwQ|t Q=tW x@ u=tR |xRwL QO G}=Q Q=}U@
T} QD=t |x@U=Lt VwQ u}= |=v@t [14 w 13]"OW x�=Q= �2000� 14lwQ}} w RQD}B w
|x} RHD 'C=a@ Qt pk=OL Ovv=t |OOa OvtDQOk |=yVwQ |xr}Uw x@ Cr=L |=[i
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CUO x@ Q_v OQwt |=yQDt=Q=B 'xR=U p=Owt C=YNWt w Cr=L |=[i T} QD=t
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"Ot; CUO x@ 'CW=O Q=Qk xOWv pQDvm l}i=QD w |]}Lt C=W=aDQ= CLD xm pB
u=Wv =yv; "OW |}=U=vW pB p=Owt |=yQDt=Q=B 'xOW x�=Q= VwQ R= xO=iDU= =@ TBU
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|=yQDt=Q=B xar=]t u}= QO [22]"OvOQw; CUO x@ w}UQoQwD= |x}=B Q@ VwQ l} j} Q]
VwQ j} Q] R= u}vJty =yv; "Ot;CUO x@ 18nQw@ sD} Qwor= j} Q] R= w}UQoQwD= VwQ
"OvOQw; CUO x@ =Q nQR@ w lJwm |xv=yO =@ pB wO p=Owt C=YNWt 'xOW x�=Q=

'xRwL u}= QO Qo}O |=yVwQ x@ C@Uv w}UQoQwD= VwQ O=} R |=}=Rt OwHw =@
%CU= xOW OwOLt Q} R p}qO x@ Q}N= u=}r=U QO VwQ u}= OQ@ Q=m

"=DU}==v |=yMU=B =@ xyH=wt QO |}=v=wD sOa �hr=
CU= xRwL u}= QO OwHwt |=yVwQ QO lQDWt |=yC}OwOLt R= |m} ẁ[wt u}=
'=yVqD u}= R= |m} QO [25�23]"CU= xDiQo s=Hv= |O=} R |=yVqD R}v u; `iQ |=Q@ xm
|=y=[i Q} R |}=U=vW w 20|@ QHD Owt |x} RHD VwQ ?}mQD =@ �2005� 19uQ w w}
[26]"Ovvm G=QNDU= =DU}==v |=yMU=B R= =Q xR=U p=Owt |=yQDt=Q=B OvDUv=wD |iO=YD
w |iO=YD Vy=m VwQ ?}mQD =@ �2011� u=Q=mty w 21|y 'x@=Wt |}xar=]t QO
[27]"OvO=O x�=Q= =DU}==v |=yMU=B =@ xyH=wt |=Q@ O}OH |WwQ |@ QHD Owt |x} RHD

"xR=U |xDi=}V=aDQ= |=yOwt O=OaD x@ 'QoUL pk=OL x@ R=}v �?
VwQ |x}=B Q@ xm |}=yVwQ w w}UQoQwD= Ovv=t =yVwQ |NQ@ QO C}OwOLt u}=
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x(ti) = (2� 2�!�t� !2�t2)x(ti�1) + (2�!�t� 1)x(ti�2)
(10)

xOW xO=O u=Wv |O=R; xHQO N =@ sDU}U |=Q@ '|O=R; xHQO l} =@ sDU}U x@=Wt
%O};|t CUO x@ Q} R CQwY x@ O=R; V=aDQ= CqO=at '? 1 pmW QO

M�x(t) + C_x(t) + Kx(t) = 0 (11)

|xrO=at "Ov=xR=U |DNU w |}=Q}t 'sQH |=yT} QD=t ?}DQD x@ K w C 'M u; QO xm
%OwW|t xO=O u=Wv Q} R CQwY x@ Cr=L |=[i QO 11

f _u(t)g2N�1 = [A]2N�2Nfu(t)g2N�1 (12)

%u; QO xm
fu(t)g =

n
x1(t) � � � xN (t) _x1(t) � � � _xN (t)

oT
(13)

[A] =

"
[0]N�N [I]N�N
�[M ]�1 [K] �[M ]�1 [C]

#
(14)

%O};|t CUO x@ Q} R CQwY x@ 12 |xrO=at MU=B
fu(t)g = exp(A:t) fu0g (15)

MU=B w 15 |xrO=at |xDUUo sQi "CU= xR=U |x}rw= Q}O=kt Q=OQ@ [u0] 'u; QO xm
%O};|t CUO x@ Q} R CQwY x@ |O=R; xHQO N =@ sDU}U u}= |}=Hx@=H

fu(ti)g = exp(A:i:�t) fu0g = Di fu0g (16)

fx(ti)gN�1 =
h

[I]N�N [0]
N�N

i
N�2N

fu(ti)g2N�1 (17)

%CW=O s}y=wN 17 |xrO=at QO 16 |xrO=at |Q=Po}=H =@
fx(ti)gN�1 =

h
[I]N�N [0]

N�N
i
N�2N

Di fu0g = PDiu0

(18)

O=R; V=aDQ= Q=DiQ Q@ 'swO x@DQt w}UQoQwD= pOt 'OW C=@F= q=@ QO xm Qw] u=ty
N =@ |}xR=U sDU}U |=Q@ 'u}=Q@=v@ "CU= sm =L |}xR=U w |m}t=v}O |=ysDU}U

%OwW|t pY=L Q} R \@=wQ '|O=R; xHQO(
x(ti�1)
x(ti)

)
=

"
PDi�1u0
PDiu0

#
=

"
PN�2N

PN�2ND2N�2N

#
2N�2N| {z }

L

Di�1u0 (19)

"
P

PD

#�1(
x(ti�1)
x(ti)

)
= Di�1u0 (20)(

x(ti)

x(ti+1)

)
=

"
PDiu0

PDi+1u0

#
=

"
P

PD

#
Diu0 ="

P

PD

#
DDi�1u0 (21)

"QBtO w Qvi 'sQH sDU}U "1 pmW
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%OwW|t xO=O u=Wv Q} R pmW x@ sDU}U u}= Q@ sm =L
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|}=Hx@=H x(t) w |}=Q}t ?} Q[ C 'Qvi |DNU K 'sDU}U sQH M 'u; QO xm
sm =L |xrO=at |R=UxDUUo Qw_vt x@ "CU= VrO=aD |x]kv x@ C@Uv sDU}U sQH
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%OwW|t
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CqO=at�CmQL |xrO=at |xDUUo sQi '2 |xrO=at QO 4 w 3 |xrO=at |Q=Po}=H =@
"O};|t CUO x@ sDU}U Q@ sm =L �|r[=iD

M( _x(ti+1)� _x(ti)
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) +Kx(ti) = 0 (5)

M(
x(ti+1)�x(ti)

�t � x(ti)�x(ti�1)
�t

�t
)

+C(x(ti)� x(ti�1)
�t

) +Kx(ti) = 0 (6)

x(ti+1) = (2� C�t
M
� K�t2

M
)x(ti) + (C�t

M
� 1)x(ti�1) (7)

%OQm |U} wvR=@ Q} R pmW x@ u=wD|t =Q 7 |xrO=at
x(ti) = (2� C�t

M
� K�t2

M
)x(ti�1) + (C�t

M
� 1)x(ti�2) (8)
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"O};|t CUO x@ x(t) p=vo}U �!(t)�
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Z
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�
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x(ti+1)

)
=
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|=yp=vo}U R= |a}Uw h}] |x} RHD Qw_vt x@ CQ@r}y C=W=aDQ= |x} RHD VwQ
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j} Q] R= xR=U |=yOt=U@ xar=]t u}= QO [33]"OW x�=Q= 32QJvw w l}O \UwD =yuwtR;
�? 3 pmW� xR=U |wQ Q@ xOW ?Yv QoUL u}tQ=yJ \UwD xOW C@F |=yxO=O
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