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RmQt R= GwQN R= |W=v |=]N 'OwHwt |=yR} wv pt=W V=aDQ= |=yOwt Q}=U w OQ=O
w |ki= V=aDQ= |va} 'V=aDQ= swU w swO |=yOwt O=H}= ?@U xm � x=oDUO uOw@
Q}=U w V=aDQ= `@vt w QDU@ MU=B pN=OD 'QwDwtwQDmr= V=aDQ= '�OwW|t nv}m =Q
|xvt=O '|Q=PoQ}F-=D u=R}t x@ xDU@ """ w |vwt=Q}B \}Lt R= xOW Ci=} QO |=yV=aDQ=
Q=Umv= w T=mav= pt=W xDU=wN=v |=yV=aDQ= QF= xJ Qy "CW=O Ovy=wN |QDlJwm
Ot=U@ |=Q@ FFT Q=Owtv |xvt=O 'OW=@ QDW}@ """ w R} wv '=yMU=B pN=OD 'G=wt=
|=yxO=O FFT Q=Owtv u=tRsy V}=tv "Ow@ Oy=wN QDnQR@ 'xOW QmP |xDU=wN=v
CkO =@ =Q V=aDQ= ?r=e Ot=U@ =D OR=U|t QU}t =Q u=mt= u}= '=yQoUL |HwQN
V}=tR; sDU}U QO "OQm |@=} RQ= QDtwm =D Ovv=t 'x} wv=F |=yQ=R@= R= xO=iDU= uwO@ w
xDiQo FFT OwHwt |=yQoUL |HwQN R= V}=tR; s=Hv= =@ u=tRsy 'FMRT

R} wv w 'V=aDQ= |xDU=wN=v |=yOwt 'QoV=aDQ= Ot=U@ u=wD|t wQu}= R= "OwW|t
|m}t=v}O MU=B 'u=tRsy CQwYx@ xm =Hu; R= u}vJty "O=O X}NWD =Q sDU}U
CQwYx@ MU=B FFT |=yQ=Owtv |UQQ@ =@ 'OwW|t CW=OQ@ u; QDU@ w VaDQt |B
u=R}t w |UQQ@ =Q u; QDU@ w V=aDQ= `@vt |B MU=B Cw=iD w pN=OD u=wD|t 'u=tRsy
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"VaDQt |B pOt "11 pmW

G}=Dv p}rLD "5
j@=]t u=wD|t =Q F (t)|m}t=v}O |wQ}vCLD u=UWm QDU@ Q@|mDtVaDQt|Bl}
K pO=at |DNU =@ Qvi 'M sQH� Qo =Q}t � Qvi � sQH pOt R= xO=iDU= =@ 11 pmW
uQ=kDtO=B VNQJ =@ Q=O}=B V=aDQ= QO "OQm pOt �c pO=at |}=Q}t ?} Q[ =@ Qo =Q}t w
CQwYx@ Xr=N s�=k |Uwv}U |m}t=v}O |wQ}v 'x@=Wt QwLt R= GQ=N |=yxvRw
! w e 'Pme 'Q}N= |x]@=Q QO "OwW|t O=H}= F (t) =

P
mee!2 sin(!t)

w =yxvRw C} RmQt R= GwQN 'QwLt R= GQ=N |=yxvRw sQH ẁtHt Qou=}@ ?}DQD x@
"OvDUy V=aDQ=|}x} w=R Ot=U@

|xrO=at 'OvW=@ z w _z '�z ?}DQD x@ VaDQt |B |}=Hx@=H w CaQU '?=DW Qo =
|xrO=at pL =@ "OwW|t u=}@ 1 |x]@=Q j@=]t Q=O}=B V=aDQ= CLD |B CmQL
O}OWD |xvt=O 's�=k |}=Hx@=H Q}O=kt 'pOt |RQt \}=QW x@ xHwD =@ |B CmQL
|=[is}v |x} Q_v x@ xHwD =@ |WQ@ pwOt w |a}@] Ot=U@ '�pm |}=Q}t C@Uv w�
'Q}N= \@=wQ QO "OvwW|t x@U=Lt 5 |r= 2 \@=wQ j@=]t [1]'xOW KqY= u=UWm
|}=Hx@=H |xvt=O Z 'O}OWD |xvt=O Zres '(D = c

2pkm ) pm |}=Q}t C@UvD
C@Uv � '|a}@] |}x} w=R Ot=U@ !n '|a}@] Ot=U@ fn 'O}OWD Ot=U@ fres 's�=k
pO=at |}xQ}=O |B `=aW r0 w �|}xv=O l =N ZQi =@ 0 3 Q=Okt ZQi� uwU=wB

"OvDUy
m�z + c _z + kz = F (t) (1)

Z =
P
mee( !

!n
)2q

(1� ( !
!n

)2)2
+ (2D !

!n
)2

(2)

Zres =

P
mee
m

2Dp1�D2 (3)

fn = fres
p1� 2D2 (4)

G = (1� �)(2�fres)2m
4r0

(5)

k = m(2�fres)2 (6)

|m}t=v}O |wQ}v '�O=R; V=aDQ=� u; RmQt QO x@ Q[l} QF=CLD|Bl} QLD CQwY QO
QO |}=Q}t OwHw p}rOx@ "CU= QiY Q@=Q@ �1 |x]@=Q� CmQL |xrO=at QO F (t)

QO "�10 pmW� OwW|t lryDUt |SQv= w Vy=m QwQt x@ u=Uwv |xvt=O 'sDU}U
x@ xHwD =@ |}=Q}t C@Uv w 7 |x]@=Q R= V=aDQ= |a}@] Ot=U@ 'O=R; V=aDQ= Cr=L

"Q=O}=B V=aDQ= V}=tR; G}=Dv |xvwtv "10 pmW
QDU@ w |B |m}t=v}O MU=B 'QDU@ x@ C@=F Ot=U@ =@ |m}vwtQ=y |m}t=v}O |wQ}v
Q}O=kt uOW Q=O}=B� pO=aD x@ uO}UQ R= Oa@ �|}=Hx@=H =} 'CaQU '?=DW pt=W�
MU=B u=wD|t V=aDQ= hrDNt |=yOt=U@ QO V}=tR; s=Hv= =@ "OwW|t C�=Qk �MU=B
CyH "OQm |@=} RQ= V=aDQ= |=yOt=U@ R= |YNWt |xvt=O QO =Q |B |m}t=v}O
l =N |wQ V=aDQ= sDU}U |B 'QDU@ |R=UxO=t; R= Oa@ 'Q=O}=B V=aDQ= V}=tR; s=Hv=
w �|m}D=DU= Q=@ u=ty =} xOQt |=yQ=@� |vRw |=ylwr@ TBU "OW R=QD ,qt=m w QkDUt
V}=tR; "OW RmQtsy w xJQ=Bl} =yQ=yt ltmx@ sDU}U w ?Yv |B |wQ QoW=aDQ=
'QDU@MU=B uOW Q=O}=B =@ w ẁQW �xk}kO Q@ QwO 600� RDQy 10 V=aDQ= Ot=U@ =@
jQ@ pO@t ltm x@ |Q=PoQ=@ Ot=U@ V}=Ri= =@ TBU "OW C�=Qk =yQoUL |HwQN
u}= "CiQo s=Hv= C�=Qk 'QDU@ MU=B uOW Q=O}=B R= TB ,=OOHt 'V=aDQ= |xt=O= w
RDQy 70 Ot=U@ x@ uO}UQ =D RDQy 2 |r= 1 u=R}t x@ V=aDQ= Ot=U@ V}=Ri= =@ Ov}=Qi
?=DW MU=B R= |}xvwtv 'hr= � 10 pmW QO "Ci=} xt=O= �xk}kO Q@ QwO 4200�
'V}=tR; Qy u=}=B QO "OwW|t xOy=Wt �xk}kO Q@ QwO 2580� RDQy 43 Ot=U@ QO
CaQU w �GvU?=DW QoUL |=Q@� ?=DW |xvt=O |=yQ=Owtv CQwYx@ sDU}UMU=B
p}O@D Qw_vtx@ "CU= xOW s}UQD V=aDQ= Ot=U@ ?UL Q@ �uwiw�S |=yQoUL |=Q@�
Ot=U@ ?UL Q@ |}=Hx@=H pmW|ovR OQ=Ov=DU= |=yQ=Owtv x@ pY=L |=yQ=Owtv
|=yxO=O '|DQ=@ax@ "OwW|t xDiQo p=QoDv= Q=@ 1 'CaQU R= w Q=@ 2 '?=DW R= |Q=PoQ=@
|}x} w=R Ot=U@ Q@ Q=@ 1 'CaQU |=yxO=O w u; |}x} w=R Ot=U@ Q@ Q=@ 2 '?=DW
C=Q}}eD pmW|ovR Q=Owtv R= |}xvwtv R}v '? � 10 pmW QO "OvwW|t s}UkD u;

"OwW|t xOy=Wt Q=O}=B V=aDQ= QO Ot=U@ ?UL Q@ s�=k |}=Hx@=H
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"xOW V}=tR; |}xU=t l =N |Ov@xv=O |vLvt "13 pmW

"CU= xOW |Q}oxR=Ov= 2 66 Q@=Q@ [46]'ASTM D854 ptar=QwDUO j@=]t R}v xOW
[47]'ASTM D698 ptar=QwDUO j@=]t OQ=Ov=DU= sm =QD V}=tR; s=Hv= =@ u}vJty
20 42 OwOL ?}DQD x@ u; |xv}y@ C@ w]Q w lWN XwYNt uRw |xv}W}@ Q=Okt
s=Hv= =@ R}v u; l =m]Y= |x} w=R "OvOt; CUO x@ �5 1 w ?amtQDt Q@ uDw}vwr}m
uRw =@ |}=yxvwtv |wQ (UU) xOWv |WmyR � xOWv s}mLD |QwLtxU V}=tR;
Q@=Q@ '�2 C@ w]Q w xv}W}@ lWN XwYNt uRw �94 pO=at lWN XwYNt

"CU= xOt; CUOx@ xHQO 40 5
|wQ}v xU CLD sQowr}m 144 �xOQt Q=@� |m}D=DU= uRw =@ Q_vOQwt |=yV}=tR;
QDtuDw}v 0 09744 w 0 06372 '0 03808 l}vwtQ=y Xr=N s�=k |m}t=v}O
CaQU� |B l} QLD =@ QDlJwm |m}t=v}O |=ywQ}v CLD w Q=O}=B V=aDQ= Cr=L QO
|B pOt |wQ O=R; V=aDQ= Cr=L QO �|B RmQt x@ VmJ |x@ Q[ R= |W=v |x}rw=
O=a@= x@ |}xr=J QO Q}N= |=yV}=tR; "OvOW s=Hv= QDt|r}t 400 Oa)@ =@ `@ Qt |vD@
|m =N QDU@ "OvOW s=Hv= QDt|r}t 840 jta w uqB QO QDt|r}t 2500� 2500
OwOL Ct=N[ x@ |=yx}q QO V}=tR; |xr=J uwQO QDt|r}t 840 Ct=N[ x@
p@k l =N |x}q Qy K]U 'QDU@ |=yx}q sm =QD Qw_vtx@ "OW sm =QDt QDt|r}t 210
TBU w |Ov@xm@W '|QDt|r}t 300 |xtWJ O=a@= =@ |@} QkD CQwYx@ sm =QD R=
400 Oa)@ x@ |vD@ |a@ Qt |B =@� FMRT V}=tR; sDU}U ltm x@ xtWJ Qy
QDtuDw}v 0 192 |m}t=v}O |wQ}v C@=F w sQowr}m 101 |m}D=DU= uRw =@ w �QDt|r}t
x@ ��xk}kO Q@ QwO 2400� RDQy 40 OwOL� O}OWD Ot=U@ x@ l}ORv |Ot=U@ QO
OQ=w |SQv= uDW=Oxov C@=F =@ sm =QD 'FMRT VwQ QO "OW sm =QDt x}v=F 30 COt
QU}t =yx}q s=tD QO CN=wvm} w u=Um} sm =QD O=H}= u=mt= 'x}q Qy QO QDU@ Q@
xO=iDU= FMRT VwQ x@=Wt sm =QD VwQ R= R}v [19]'u=QoVywSB |NQ@ "Ow@ Oy=wN
5 QO l =N |x}q Qy |r=oJ 'QDU@ CN=wvm} sm =QD R= u=v}t]= pwYL CyH "OvOQm
20 ,=awtHt� OW |Q}oxR=Ov= [48]'xU=t \wQNt V}=tR; R= xO=iDU= =@ QDU@ R= x]kv
?}W 'jta =@ =yxr=J QiL 'xU=t \wQNt V}=tR; |xr=J |Q=O}=B CyH "�V}=tR;
"OvQ}o Q=Qk Q=O}=B |x} w=R QO =yu; |=yxQ=w}O xm OvOW s=Hv= |}xvwox@ ?U=vt CkO w
w u; |=yxv=O u}@ CU@ w pik w l =N O=} R sm =QD p}rO x@ xr=J |=yxQ=w}O |Q=O}=B
CyH u}vJty "OW QU}t �xOQDUo |Ov@xv=O =@ xU=t |xOwOLt� u; Q)B wD |Ov@xv=O
�FMRT� VaDQt |B pOt |Q}oQ=Qk pLt QO l =N sm =QD |r=tDL= Q}}eD R= ?=vDH=
|=yV}=tR; s=Hv= Crax@� V}=tR; G}=Dv QO u; Q}F-=D R= |Q}owrH w u; |m}ORv w
xU=t \wQNt |=yV}=tR; '�=yxr=J pLt QO l =N OOHt sm =QD w xU=t \wQNt

"O}OWD Ot=U@ pQDvm =@ =yV}=tR; G}=Dv |Q}PB Q=QmD "12 pmW

CaQU w |}=Hx@=H?UL Q@?}DQD x@ 9 =} 8 |=yx]@=Q R= |oOvy=m sD} Q=or |x]@=Q
|WQ@VvQm |xvt=O u}tND Qw_vtx@ "OwW|t x@U=Lt |r=wDt u=Uwv n |=Q@ |B s�=k

"OwW|t xO=iDU= 10 |x]@=Q R= [14]'u}W}B C=ar=]t T=U= Q@ |m}t=v}O
f = n

tn+1 � tn (7)

ln(Zn+1
Zn

) = 2�nDp1�D2 (8)

ln(Vn+1
Vn

) = 2�nDp1�D2 (9)


res = Zres
B

(10)

V}=tR; sDU}U OQmrta |UQQ@ w |Q}PB Q=QmD "6
5 'FMRT V}=tR; sDU}U R= pY=L G}=Dv |Q}PB Q=QmD w CLY |UQQ@ Qw_vtx@
xOy=Wt 12 pmW j@=]t "OW s=Hv= xDUw}B CQwYx@ Q=O}=B V=aDQ= V}=tR; |QU
O}OWD Ot=U@ QO |UwULt Q}}eD 'V}=tR; |QU Qy Q=QmD Q=@ 10 |r= 5 xm OwW|t
,=awtHt� =yV}=tR; pw= |QU Q=QmD Q=@ 5 =@ u}vJty "CU= xOQmv O=H}= sDU}U
R= "OW xOy=Wt =yV}=tR; pw= |QU =@ |}x@=Wt O}OWD Ot=U@ '�Q=QmD Q=@ 50 OwOL
u}= 'OwW O}OWD Ot=U@ Q}}eD ?Hwt Ov=wD|t QDU@ |DNU QO Q}}eD xvwoQy xm =Hu;
l} R= QDU@ |DNU Q}}eD w |Q}tN pmWQ}}eD ẁkw sOa Qov=}@ 'wU l} R= xOy=Wt
sDU}U ?wN Q=}U@ |Q}PB Q=QmD Qou=}@ 'Qo}O |wU R= w Qo}O V}=tR; x@ V}=tR;

"CU= FMRT V}=tR;

|B pOt |m}t=v}O MU=B |=yV}=tR; R= xvwtv G}=Dv "7
VaDQt

|=yV}=tR;G}=Dv R=|}xvwtv '|m}t=v}OMU=Bu}}aD x=oDUOOQmrta QDy@lQO Qw_vtx@
V}=tR;� QwmPt|=yV}=tR; "CU= xOW x�=Q= =yu;G}=Dv|oDU@tywQ=O}=B w O=R;V=aDQ=
xOW s=Hv= 13 pmW j@=]t C=QP |xR=Ov= `} RwD =@ l =N |w=L QDU@ |wQ �FMRT
[45]'ASTM D2487� 11 |Ov@xk@] sDU}U j@=]t xOW QmP l =N "CU=
V}=tR; l =N |xS} w |xOwD "CU= xOW |Ov@xk@] (SW) ?wN |Ov@xv=O =@ xU=t
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"Q=O}=B w V=aDQ= |=yV}=tR; G}=Dv R= |}xvwtv "14 pmW

|WQ@ pwOt C=Q}}eD pt=W Q=O}=B w O=R; V=aDQ= |=yV}=tR; G}=Dv |oDU@ty
pO=at |WQ@ VvQm |xvt=O =@ |m}t=v}O pO=at |}=Q}t C@Uv w |m}t=v}O pO=at
|m}t=v}O |WQ@ VvQm R=QD V}=Ri= =@ xm OvyO|t u=Wv �15 pmW� |m}t=v}O
"CU= xDi=} V}=Ri= pm |}=Q}t C@Uv w Vy=m |m}t=v}O |WQ@ pwOt '|@} QkD
s=Hv= =@ R}v [50w49'44]'u=QoVywSB |NQ@ \UwD 'XwYN u}= QO x@=Wt |xH}Dv

xmu}= x@ xHwD =@ 'u}= Q@xwqa "OvOW s=Hv= |B pOt Q=QkDU= pLt R= QwO pY=wi QO
|DN=wvm} R= u=v}t]= |=Q@ 'CU= \@DQt u; sm =QD =@ l =N |DNU w O}OWD Ot=U@
V}=tR; sDU}U R= xO=iDU= =@ R}v l =N |x}q Qy O}OWD Ot=U@ 'QDU@ |=yx}q sm =QD
CN=wvm} ,=@} QkD sm =QD u}@t QwmPt Q}O=kt R}J=v hqDN= "OW |Q}oxR=Ov=FMRT

"CU= QDU@ K]U w jta QO l =N |=yx}q
R= 'OW xDio FMRT V}=tR; x=oDUO Q=DN=U K}[wD QO QDV}B xm Qw]u=ty
|Q}oxR=Ov= Qw_vtx@ |B RmQt QO �Oy=W� GvU?=DW QoUL l} w uwiw�S QoUL l}
wO G}=Dv |xvwtv 'hr= � 14 pmW QO "OwW|t xO=iDU= |B s�=k |m}t=v}O MU=B
Q@=Q@ QO s�=k |}=Hx@=H |xvt=O C=Q}}eD '? � 14 pmW QO w O=R; V=aDQ= V}=tR;
|wQ}v V}=Ri= =@ u; j@=]t xm 'OwW|t xOy=Wt Q=O}=B V=aDQ= |=Q@ =Q V=aDQ= Ot=U@
sDU}U O}OWD Cr=L QO |}=Hx@=H |xvt=O 'Q=O}=B V=aDQ= V}=tR; QO |m}t=v}O
QO 'u}= Q@xwqa [29 w 23'22'20�18]"CU= xDi=}Vy=m u; O}OWD Ot=U@ wV}=Ri=VaDQt
QO Z=(P=m) C@Uv CQwYx@ |m}t=v}O MU=B |xOW p=tQv Q=Owtv G � 14 pmW
'|}=Hx@=H |xvt=OZ Q=Okt "OwW|t xOy=Wt (!=!n)|}x} w=R Ot=U@C@Uv p@=kt
Qw]u=ty "CU= VaDQt sDU}U uRw m w 4mee Q@=Q@ |m}t=v}O |wQ}v C@=F P
Q=Owtv |xvt=O u=R}t '(!=!n = 1) O}OWD ẁkw \}=QW QO 'OwW|t xOy=Wt xm
|}x} w=R Ot=U@ C@Uv Q}}eD =@ w xO}UQ OwN |xv}W}@ x@ |m}t=v}O MU=B |xOWp=tQv
?Hwt |m}t=v}O |wQ}v V}=Ri= "CU= xDi=} Vy=m u; u=R}t '�uOW O=} R =} sm �
V}=Ri= |}=Q}t 'u; |xH}Dv QO w xOW |QDW}@ |SQv= hqD= w |WQ@ VvQm V}=Ri=
p=tQv Q=Okt '|m}t=v}O |wQ}v C@=F V}=Ri= =@ 'G � 14 pmW j@=]t "CU= xDi=}
|}x} w=R Ot=U@ C@Uv Q}O=kt |DL w O}OWD ẁkw \}=QW QO |m}t=v}O MU=B |xOW
p=ta= =@ R}v O=R; V=aDQ= V}=tR; 'Q[=L |xar=]t QO "Ov=xDi=} Vy=m 1 R= QDnQR@
QO "OW s=Hv= MU=B CW=OQ@ w V}=tR; sDU}U RmQt x@ |r=wDt |x@ Q[ u}OvJ
xOy=Wt O=R; V=aDQ= R= pY=L |B pOt s�=k V=aDQ= MU=B wO 'hr= � 14 pmW

"OwW|t
V=aDQ= V}=tR; QO O}OWD Ot=U@ w |}=Hx@=H |xvt=O Q}O=kt R= xO=iDU= =@
|xQwO =@ |r=wDt V=aDQ= n |=Q@ O=R; V=aDQ= |=yxvt=O Q}O=kt R= xO=iDU= =@ w Q=O}=B
|m}t=v}O |WQ@ pwOt 'OW x�=Q= 3 VN@ QO xm xJu; j@=]t 'T O=R; V=aDQ= ?w=vD
OQw;Q@ 15 pmW j@=]t pO=at |m}t=v}O |WQ@ VvQm w pO=at |}=Q}t C@Uv 'pO=at
|}=Q}t C@Uv '|m}t=v}O |WQ@ pwOt Q=Okt Q@ j@]vt ,qt=m w ,=t=Rr= xm 'OvwW|t
=t= &OvDU}v |y=oW}=tR; j}kO |=yV}=tR; R= pY=L |m}t=v}O |WQ@ VvQm w
uwQO |}=QLY |=yV}=tR; w O}OWD uwDU Q}_v '|y=oW}=tR; |=yV}=tR; hqNQ@
T=U= Q@ =Q QDU@ pO=at |m}t=v}O C=}YwYN FMRT V}=tR; sDU}U '|}xv=to
|B |L=Q] QO xOW xO=iDU= |x} Q_v x@=Wt w VaDQt sDU}U |B CmQL CqO=at
OQw;Q@ pO=at |m}t=v}O C=}YwYN Q}O=kt wQ u}= R= "OR=U|t OQw;Q@ Cq;u}W=t
|WQ@ VvQm |xvt=O w |}=Q}t C@Uv '|WQ@ pwOt |=yQDt=Q=B Q@ j@]vt ,qt=m 'xOW
|wQ VaDQt |B pOt Q=QkDU= x@ xHwD =@ "CU= Cq;u}W=t |B |L=Q] QO R=}vOQwt
Q}F-=D CLD FMRT V}=tR; R= pY=L |}=Q}t ?} Q[ w |WQ@ pwOt Q}O=kt 'QDU@
Q=DWwv u=oOvU} wv \UwD xOW s=Hv= C=ar=]t j@] "OvDUy |B Q} R l =N |xOwD
QO u; G}=Dv 'sDU}U CN=U w |L=Q] Q@ Q[=L Q=DWwv RmQtD x@ xHwD =@� Q[=L
Ct=N[ 'VaDQt |B pOt |Q=PoQ=@ V}=tR; |=Q@ '�CU= xOWv x�=Q= Q[=L Q=DWwv
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