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hwQat |r}rLD pOt OvJ |iQat x@ xt=O= QO "OvDUy =ypOt u}= |rm |=y?wJQ=J

"OwW|t xDN=OQB xRwL u}= QO
|R=UpOt |=yOQm} wQ u}rw= R= |m} [5]|Qwm w TmwQ@ |O=yvW}B |xrO=at
|wQ xOW s=Hv= C=Oy=Wt T=U= Q@ "OwQ|t Q=tW x@ l =N - ?; CW=Oyov |vLvt
'x=oW}=tR; QO xOW |Q}oxR=Ov= C@ w]Q OYQO w Vmt Q}O=kt R= |oQR@ |xawtHt
=yxQiL |xR=Ov= `} RwD XN=W u; QO xm OW O=yvW}B |DtUk wO |v=wD |x]@=Q l}
Q=Okt QO pOt u}= "OwW ^=Lr l =N |Ov@xv=O QF= |wLv x@ =D CU= xOW OQ=w R}v �
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(1)

x@U=Lt 2 |x]@=Q R= xO=iDU= =@ xm CU= QF-wt `=@W= |xHQO Se 'x]@=Q u}= QO xm
QO xvwtv `=@W= |xHQO Sr w xvwtv `=@W= |xHQO hQat S '2 |x]@=Q QO "OwW|t

"CU= Ov=tUB Cr=L
Se = S � Sr

1� Sr
(2)

C@ w]Q R= QDtm Q}O=kt =@ Q_=vDt xm q=@ |=yVmt QO pOt u}= xm OwW xHwD O}=@
QO h]a |x]kv l} Ow@v u}vJty "OyO|t CUO R= =Q OwN OQ@ Q=m 'CU= Ov=tUB
l =N - ?; CW=Oyov |vLvt Xk=v w h}a[ h} QaD x@ QHvt ,qwtat pOt u}=
Q=Okt QO |[=} Q `@=D |oDUUo "OwW|t Vmt Q}O=kt R= |a}Uw |xQDUo QO
u}= xm OW Oy=wN QHvt |m}rwQO}y C}=Oy `@=D QO R}D |oDUw}B=v l} x@ =wy OwQw
`=@W= \}=QW |m}ORv QO p=}U u=} QH |R=UpOt QO |OOa |Q=O}=B=v ?@U 'xO}OB

[2]"OwW|t
CW=Oyov|vLvt |=Q@|r}rLD pL =@ xDUw}B |QDt=Q=BxU pOtl} [6]uDNwvouw

"CU= xO=O x�=Q= 3 |x]@=Q CQwY x@ l =N - ?;
Se = [1 + (a )n] - m (3)

|=Q=O uDNwvouw pOt |[=} Q sQi "Ov=pOt |=yQDt=Q=B m w n 'a 'x]@=Q u}= QO xm
|xOwOLt QO pOt u}= '|Qwm w TmwQ@ pOt =@ xU}=kt QO "CU= h]a |x]kv l}
xvwo u}= |xvwQ=w S sQi w OQ=O |QDW}@ |Q}PBh=]av= Vmt Q}O=kt R= |a}Uw
|QDs=Q; p=kDv= =wy OwQw Q=Okt QO 'pOt u}= QO "OWm|t Q} wYD x@ QDy@ =Q =y|vLvt

|vLvt|v}@V}B =} �VR=Q@ Ovv=t�|[=} Q u=}@ |=Q@ |Q=}U@ |=yOQm} wQ uwvm =D
|R=UpOt '=yv; u} QDsyt R= |m} xm CU= xOW O=yvW}B l =N - ?; CW=Oyov
C}iQ_ QO QF-wt |=yQDt=Q=B R= xO=iDU= =@ '|r}rLD |R=UpOt VwQ QO "CU= |r}rLD
=Q CW=Oyov Q=DiQ Ov=wD|t xm OwW|t xO=O x�=Q= |a@=wD 'l =N QO ?; CW=Oyov
xO=iDU= syt C} Rt "OyO u=Wv |@ wN x@ Vmt C=Q}}eD R= |}xOQDUo h}] QO
u=} QH R=i wO \}=QW QO OQ=J} Q |xrO=at pL QO u; C}r@=k |r}rLD |R=UpOtR=
|OOa |R=UpOt |=Q@ u=wD|t |r}rLD |=ypOt R= 'Qo}O CQ=@a x@ "CU= p=}U
xO=iDU= |irDNt |UOvyt p�=Ut QO u=} QH pL |WywSB |=yOm w =yQ=Ri=sQv QO
Qw] x@ xm Ov=xOW x�=Q= CW=Oyov |vLvt |=Q@ |Q=}U@ |r}rLD |=ypOt uwvm =D "OQm
u; x@ |D; |=yVN@ QO xm OQm |Ov@xk@] xwQo Ciy QO u=wD|t =Q =ypOt u}= |rm

"OwW|t xDN=OQB

l =N - ?; CW=Oyov |vLvt |rY= |=yQDt=Q=B "2
|=yQDt=Q=B =D CU= sRq 'l =N - ?; CW=Oyov |r}rLD |=ypOt |iQat R= p@k
|iQat 'OwW|t xO=iDU= =ypOt |xv}W}@ QO xm l =N - ?; CW=Oyov |vLvt |rm
OYQO x@ \w@ Qt C@=F \=kv R= |}xawtHt pt=W =yQDt=Q=B u}= '|rm Qw] x@ "OwW
w Ov=tUB `=@W= xHQO 'pt=m `=@W= Ovv=t� XNWt \}=QW QO Vmt =} C@ w]Q
|rm pmW u=wD|t |WR=Q@ C@=F OvJ =} wO ltm x@ xm OvDUy �=wy OwQw Q=Okt
xm Qw]u=ty "OQw; CUO x@ C@=F \=kv u}= u}@ =Q l =N - ?; CW=Oyov |vLvt
=}� l =N - ?; CW=Oyov |vLvt s�=k QwLt 'CU= xOW xO=O u=Wv 1 pmW QO
"OwW|t h} QaD |Q=DN=U =} pm Vmt ?UL Q@ �|ki= QwLt '`H=Qt |[a@ QO
"O};|t CUO x@ |Q=DN=U Vmt w |RtU= Vmt |xir-wt wO `}tHD R= pm Vmt
|U} QD=t Vmt w ?; QO xOW pL |=yltv Qw[L R= |W=v |RtU= Vmt
OwW|t xDio |Pivt?; Q=Wi w |Pivt=wy Q=Wi u=}t hqDN= x@ h} QaD j@]
xQ=wty w CU= |L]U ?PH w |ov}�wt |@}mQD Q=F; R= |W=v |rm Qw] x@ xm
u=}@ Q=Wi OL=w ?UL Q@ w  CQ=@a =@ ,qwtat Vmt u}= "OQ}o|t C@Ft Q}O=kt
C=QiL |xty xm CU= |}x]kv Qou=}@ ��s� `=@W= 3|tHL ?; u=R}t "OwW|t
|=OD@= =@ Q_=vDt 1 pmW j@=]t xm OW=@ ?; R= QB l =N T} QD=t QO OwHwt
4=wy OwQw Q=Okt "CU= l =N - ?; CW=Oyov |vLvt |oOWlWN |xN=W
?; CW=Oyov |vLvt |oOWlWN |xN=W |wQ |Wmt Q=Okt =@ Q_=vDt � b�
|=yxQiL u} QDoQR@ x@ uOW OQ=w x@ ẁQW Q=@ u}rw= |=Q@ '=wy xm CU= l =N -

��r� 5Ov=tUB C@ w]Q u=R}t "OwW|t R=e; uOW `=@W=Q}e Ov}=Qi w Ovm|t l =N
R= |i=[= ?; uOv=Q uwQ}@ |=Q@ w CU= ?; R=i QO |oDUw}B=v R=e; |xOvyOu=Wv
Q=Okt uOQw; CUO x@ |=Q@ "CU= Vmt xHwD p@=k V}=Ri= x@ R=}v l =N C=QiL
CtU wO R= T=tt \w]N s}UQD R= u=wD|t 'Ov=tUB `=@W= |xHQO w =wy OwQw
xO=iDU= 1 pmW j@=]t u; |kqD pLt uOQm =O}B w CW=Oxov |vLvt |=vLv=

[2]"OQm

l =N - ?; CW=Oyov |vLvt l}Uqm |=ypOt "1"2
|}=v=wD w OvDW=Oyov |vLvt |rm pmW |v}@V}B x@ QO=k \ki l}Uqm |=ypOt
Q}}eD C=QF= Ovv=ty l =N - ?; CW=Oyov |vLvt Q=DiQ Q@ QF-wt pt=wa |UQQ@
|x}tUD xHw "OvQ=Ov =Q pt=wa R= Qo}O |Q=}U@ w |m}rwQO}y T} RQDU}y '|tHL
Q@ |vD@t 'xDiQW}B |=ypOt R= |Q=}U@ xm CU= CyH u; R= xr=kt u}= QO �l}Uqm�

112



3/
1|

xQ=t
W'

37
�2

|xQ
wO'

�14
00

R}}=B
�u

=Qta
|U

Ovyt pmWQ}}eD R= TB l =N C=QiL |xR=Ov= |r=oJ `@=D ft(Inr) 'x]@=Q u}= QO xm
=} pmWQ}}eD R= p@k l =N C=QiL |xR=Ov= |r=oJ `@=D f0(Inr) w |Q=PoQ=@ =}
|vLvt |x]@=Q [6]uDNwvouw |xrO=at R= xO=iDU= =@ u=Q=mty w wy "CU= |Q=PoQ=@

OvO=O O=yvW}B Q} R |xrO=at CQwY x@ =Q l =N - ?; CW=Oxov
Se =

�
1 +

�
a 
�

�n��m

(9)

x@ \ki l =N - ?; CW=Oyov |vLvt xm OQm xOy=Wt u=wD|t 9 |x]@=Q x@ xHwD =@
T=}kt ?} Q[ R= pkDUt w CU= xDU@=w � |va} |ki= |}=Hx@=H T=}kt ?} Q[
C@Uv '|m}v=mtwQO}y |Q=PoQ=@ QF= QO xmu}= x@ xHwD =@ u}vJty "CU= � s�=k
T=}kt ?} Q[ w l =N pNrND C@Uv u}@ u=wD|t 'O@=}|t Q}}eD R}v l =N pNrND

%CWwv 10 |x]@=Q Ovv=ty |}x]@=Q '|ki=
1
�

= exp [kp (e� e0)] (10)

pmWQ}}eD R= TB l =N pNrND C@Uv e 'x}rw= pNrND C@Uv e0 x]@=Q u}= QO xm
- ?; CW=Oyov |vLvt |r}rLD pOt C}=yv QO "CU= ?U=vD ?} Q[ kp w
u=wD|t =Q |oOW QD w |oOWlWN |xN=W wO |=Q@ u=Q=mty w wy l =N
Q}O=kt Qou=}@ �w w �d |=yQDt=Q=B 'x]@=Q u}= QO "OQm xOy=Wt 11 |x]@=Q QO
|vLvt |oOWQD w |oOWlWN |=yxN=W QO ?}DQD x@ =wy GwQN w =wy OwQw
|=yVmt QO xm CU= u}= QO pOt u}= ha[ "OvW=@|t l =N - ?; CW=Oyov
R= TB OyO u=Wv =Q l =N - ?; CW=Oyov Q=DiQ Ov=wD|tv |@ wN x@ q=@
xO=iDU= ,qwtat R}v OQm} wQ u}= QO '7 |x]@=Q QO xOW x�=Q= |LqY= ?} Q[

"OwW|t

Se =

8<: f1 + [�d exp (kp e) ]ng�m |oOWlWN xN=W
f1 + [�w exp (kp e) ]ng�m |oOWQD xN=W

(11)

x@ u=wD|t u;\UwD xmCU= |}=yV}=tR; xrtH R= xw}H Pwiv |HvUpNrNDV}=tR;
|=yC}OwOLt R= |m} xm OQm xHwD O}=@ =t= "OQ@ |B l =N C=QiL |xR=Ov= |r=oJ `@=D
'l =N C=QiL |xR=Ov= `} RwD QO |DN=wvm} Q}e p}rO x@ xm CU= u}= QO V}=tR; u}=
C=QiL |xR=Ov= |r=oJ `@=D u=ty xOW |Q}oxR=Ov= C=QiL |xR=Ov= |r=oJ `@=D
|UQQ@ x@ OwN |r}rLD pOt QO [8]u=Q=mty w uJ wQu}= R= "CU}v l =N |ak=w
pOt u}= QO "OvDN=OQB l =N C=QiL |xR=Ov= |r=oJ `@=D QO |DN=wvm} Q}e C=QF=
Cr=L QO "OvOW |R=Up;xO}= CQwY xU x@ l =N QO OwHwt C=QiL |rm Qw] x@
C=QiL 'swO Cr=L QO =t= "OvwW|t ZQi CN=wvm} l =N C=QiL |rm Qw] x@ 'pw=
xN=W QO xmu}= x@ xHwD =@ w OvwW|t QwYLt QDnQR@ C=QiL \UwD l =N QDlJwm
'OvwW|t QB ?; R= lJwm C=QiL =OD@= 'l =N - ?; CW=Oyov |vLvt |oOWQD
x@ "Ovv=t|t |k=@ ?; R= |r=N 'l =N QO xOW QwYLt lJwm C=QiL R= xwQo u}=
QwYLt QDlJwm C=QiL \UwD l =N QDnQR@ C=QiL 'swU Cr=L QO x@=Wt Qw]
|vLvt |oOWlWN |xN=W QO xm OwW|t u}= ?Hwt xO}OB u}= xm OvwW|t
lWN Vmt CiQW}B =@ QDnQR@ C=QiL =OD@= xmu}= =@ 'l =N - ?; CW=Oyov
p=L "Ovv=t@ |k=@ ?; R= QB u=vJty xOW QwYLt QDnQR@ C=QiL u}= =t= 'OvwW|t
|xrO=at CQwY x@ =Q l =N C=QiL |xR=Ov= |r=oJ `@=D u=wD|t C=L}[wD u}= =@

[9]%OQm h} QaD Q} R
f(log(r)) = d�w

d log(r)
(12)

?} Q[ "OW Oy=wN s=Hv= QDQF-wt x}L=v u}= |=yVmt |=Q@ |R=UpOt w OyO|t MQ
=} p=mU=B wr}m |va} Q=Wi OL=w ?UL Q@ Ov=wD|t a uDNwvouw pOt QO Vmt
"CU= \=@DQ= QO =wy OwQw Q=Okt =@ QDt=Q=B u}= |rm Qw] x@ w OwW u=}@ `=iDQ= QDt
\@DQt |vLvt |rm uQ=kD x@ R}v m QDt=Q=B w l =N C=QiL |xR=Ov= `} RwD x@ n QDt=Q=B
\@DQt n QDt=Q=B x@ 5 w 4 \@=wQ Ovv=ty Twmat `@=D l} =@ ,=@r=e m QDt=Q=B "CU=

[7]"OwW|t

m = 1� 1
n

(4)

m = 1� 1
2n

(5)

pOt |Q}PBh=]av= 'OwW|t p=ta= m QDt=Q=B |wQ Q@ xm jwi C}OwOLt wO Qy
[2]"Ovm|t QDxO=U Q=}U@ =Q u; =t= OyO|t Vy=m =Q uDNwvouw

x@=Wt |rOt 'l =N C=QiL |xR=Ov= `} RwD uDiQo Q_v QO =@ '[8]nv} R w OvqOQi
"Ov=xO=O x�=Q= 6 |x]@=Q sQi x@ uDNwvouw pOt =@

� = C ( ) �s
�
ln
�
e+

�
 
a

�n�� - m

(6)

C( ) w |a}@] sD} Q=or C@=F e "OvDUy pOt |=yQDt=Q=B m w n 'a x]@=Q u}= QO
'QiY C@ w]Q OYQO Q}_v Vmt Q=Okt OwW|t Ea=@ xm CU= |LqY= QwDm =i
QO 7 x]@=Q sQi x@ u; |xrO=at xH}Dv QO xm OQ}o OwN x@ =Q kPa106 |Q_v Q=Okt
xU 'u; ltm x@ u=wD|t xm Ov=xOQm |iQat |m}i=Qo VwQ nv} R w OvqOQi "O};|t
'CW=Oyov |vLvt h]a \=kv C}akwt x@ xHwD =@ =Q �m w n 'a� VR=Q@ QDt=Q=B

[2]"OR u}tND

C ( ) =

241� ln
�
1 +  

 r

�
ln
�
1 + 106

 r

�35 (7)

C=QiL |xR=Ov= `} RwD C=Q}}eD Q@ |vD@t |=ypOt "2"2
- ?; CW=Oyov |vLvt C=Q}}eD uDiQo Q_v QO |=Q@ |r}rLD pOt [3]u=Q=mty w wy
|r=oJ `@=D swyit R= xOW x�=Q= pOt "OvO=O x�=Q= Q}PBpmWQ}}eD |=yl =N QO 'l =N
QO =Q =yl =N CW=Oyov Q=DiQ w CU= xOQm xO=iDU= 6 �PSD� C=QiL |xR=Ov=
|xR=Ov=|r=oJ `@=D "OvR|tu}tND|m}v=mtwQO}y|Q=PoQ=@ R=pY=L|=ypmWQ}}eD
Qou=}@ f(Inr)dInr xm OQm u=}@ f(Inr) `@=D CQwY x@ u=wD|t =Q l =N C=QiL
(Inr; Inr+ dInr) |a=aW |xR=@ QO l =N sHL OL=w QO l =N C=QiL sHL

"CU=
|wQ 7 �MIP� xw}H Pwiv |HvUpNrND V}=tR; G}=Dv x@ xHwD =@ u=Q=mty w wy
x@ C=QiL |xR=Ov= |r=oJ `@=D xm OvDi=} QO u=yH hrDNt \=kv R= |UQ |=yl =N
=Q OwN |x}rw= pmW |rm Qw] x@ |m}v=mtwQO}y |=y|Q=PoQ=@ CLD xOt; CUO
R= "O};|t OwHw x@ u; QO |D=Q}}eD s�=k w |ki= |=DU=Q QO \ki w CU= xOQm ^iL
s�=k w |ki= |=DU=Q QO C=Q}}eD p=ta= |=Q@ ?}DQD x@ � w � ?} Q[ wO R= wQ u}=
l =N C=QiL |xR=Ov= |r=oJ `@=D 'xH}Dv QO "CU= xOW xO=iDU= x}rw= PSD |vLvt
8 |x]@=Q CQwY x@ u=wD|t =Q |m}v=mtwQO}y |Q=PoQ=@ QF= CLD xDi=}pmWQ}}eD

%CWwv
ft (ln r) = � f0 (ln r + ln �) = � f0 (ln r�) (8)
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R=Up

OtQ
Oh

rDNt
|=y

OQm
}wQ

Q@|
QwQtpNrND C@Uv C=Q}}eD Q@ |vD@t |=ypOt "3"2

w |oOWlWN Ov}=Qi QO =yl =N pmWQ}}eD u=R}t ,=DOta '=ypOt R= xwQo u}= QO
pNrND C@Uv QO C=Q}}eD |xwLv |UQQ@ =@ 'l =N - ?; CW=Oxov |vLvt |oOWQD
w Vmt |=yQDt=Q=B Q@ xwqa xm CU= u}= Q@ |aU TB "OvwW|t xO}HvU xvwtv
QO "OwW xO}O l =N CW=Oyov Q=DiQ QO R}v pNrND C@Uv C=QF= 'C@ w]Q OYQO

"OW Oy=wN xDN=OQB VN@ u}= QO hwQat |=ypOt R= |NQ@ |UQQ@ x@ xt=O=
xm Ovvm KqY= |}xvwo x@ =Q [6]uDNwvouw pOt OvDUv=wD [10]u=Q=mty w |rwB}r=o
x@ =D CU= |i=m Qw_vt u}O@ "OwW ^=Lr pOt u}= QO R}v pNrND C@Uv Q}}eD C=QF=
! w 
 "OwW u} Ro}=H a = e
=! CQ=@a 'uDNwvouw pOt QO Vmt ?} Q[ |=H
R= m w n |=yQDt=Q=B Ovv=ty O}=@ xm OvDUy xOW KqY= |xrO=at O}OH |=yQDt=Q=B
=@ [11]|rwB}r=o 'xt=O= QO "OvwW x@U=Lt l =N- ?; CW=Oyov |vLvt V}=tR; G}=Dv
l =N - ?; CW=Oyov |vLvt pOt '|oOWQD w |oOWlWN |rY= Kw]U h} QaD

"O=O x�=Q= 16 |x]@=Q CQwY x@ =Q

Sr =

"
1 +

�
 e

1
�si =!i

��si
mi

#�mi

(16)

|xLiY wO Qy QO Ov=wD|t xrO=at xm CU= u}= Qou=}@ i T}Ov= x]@=Q u}= QO xm
|vLvt ?v=Ht ?}W Qou=}@ '�si QDt=Q=B "Ovm jOY |oOWQD w |oOWlWN |rY=
C@Uv xm |v=tR �|tD} Q=orxt}v C=YDNt QO� `=@W= |xHQO - Vmt |xLiY QO
p=U QO [12]u=Q=mty w |rwB}r=o "OwW|t h} QaD 'CU= l} Q@=Q@ l =N pNrND
sQi OvDUv=wD '17 |x]@=Q j@=]t ( �S) |LqY= Vmt QDt=Q=B h} QaD =@ 2015
x@ 'pNrND C@Uv - `=@W= |xHQO - Vmt |xLiY QO =Q 16 |xrO=at |Oa@xU

"OvU} wv@ |Oa@ wO CQwY
�S =  e

1
�si (17)

|=yQ}Ut 'O@=} V}=Ri= xOW KqY= Vmt QDt=Q=B xm |v=tR '17 |x]@=Q QO
CW=Oyov|vLvt|oOWQD |=yQ}Ut 'O@=}Vy=m QDt=Q=B u}= xm|Dkw w|oOWlWN
|rwB}r=o 'xOW x�=Q= C=}[Qi x@ xHwD =@ C}=yv QO "OwW|t xO=O u=Wv l =N - ?;
x�=Q= l =N - ?; CW=Oyov |vLvt |=Q@ |OwOLt |x}L=v OvDUv=wD [12]u=Q=mty w
OQwt xOW OwOLt |x}L=v u}= pN=O QO OwHwt |Q=PoQ=@ |=yQ}Ut s=tD xm OvyO
xm |W} wBCW=Oyov |=y|vLvt CqO=at uDi=} |=Q@ "CU= |UQDUO p@=k w VQ}PB
|xHQO C=Q}}eD xm CU= xOW ZQi 'OvQ=O OwHw xOW OwOLt |L=wv u}= pN=O QO
|oOWQD w |oOWlWN |=yQ}Ut s=tD QO xOW KqY= Vmt x@ C@Uv `=@W=
Vmt x@ C@Uv `=@W= |xHQO C=Q}}eD =@ ?U=vDt 'l =N - ?; CW=Oyov |vLvt
QO ẁ[wt u}= xm CU= |oOWQD w |oOWlWN |rY= Kw]U QO xOW KqY=

"CU= xOW xO=O u=Wv 18 |x]@=Q�
dSr
d �S

�
i

=
� �S

�Si

��i �dSr
d �S

�
Mi

(18)

QO xOW KqY= Vmt Q} wYD Qou=}@ �Si w CU= pOt QDt=Q=B �i '18 |x]@=Q QO
|x]@=Q R= |Q}op=QoDv= =@ xH}Dv QO "CU= |oOWlWN =} |oOWQD |rY= Kw]U

"OQw; CUO x@ =Q |W} wB CW=Oyov |=y|vLvt s=tD xrO=at u=wD|t jwi
C@Uv Q}}eD C=QF= |UQQ@ x@ [6]uDNwvouw hwQat pOt |xaUwD =@ [13]wv}Dv=Q=D
|UQQ@ =@ "CU= xDN=OQB Q}PBpmWQ}}eD |=yl =N QO ?; CW=Oyov Q=DiQ Q@ pNrND
xm OwW|t xOy=Wt VywSB u}= QO xOW |R=UR=@ |UQ |=yl =N CW=Oyov Q=DiQ

=@ C=QiL |xty xm CU= |]}=QW QO l =N |tHL C@ w]Q u=R}t �w R= Qw_vt xm
uDiQo Q_v QO |=Q@ u=Q=mty w uJ "Ov=xOW QB ?; R= r |w=Ut =} QDtm `=aW
j@=]t xm Ov=xOQm |iQat Pr s=v x@ |@} Q[ 'l =N QO |DN=wvm} Q}e C=QF=
`=aW R= QDlJwm C=QiL C@Uv |=vat x@ w CU= xOt; CUOx@ 13 |x]@=Q
14 |x]@=Q QO 13 |x]@=Q |Q=Po}=H =@ "CU= l =N QO OwHwt C=QiL pm x@ r

w Ov=xOW QwYLt QDR} Q C=QiL \UwD xm =Q l =N QDnQR@ C=QiL syU u=wD|t
14 |x]@=Q QO 'OQw; CUO x@ OvwW |WmyR Ovv=wD|tv |oOWlWN u}L QO
|iQat l =N QO OwHwt |xQiL l} x@ pYDt C=QiL O=OaD Qou=}@ n QDt=Q=B

"OwW|t

Pr =

log(r)R
log(rmin)

F (log(r)) d log(r)

log(rmax)R
log(rmin)

F (log(r)) d log(r)
(13)

C=QiL |xR=Ov= |r=oJ `@=D u=ty `k=w QO F(log(r)) CQ=@a 13 |x]@=Q QO
|HvUpNrNDV}=tR;\UwD xOW |Q}oxR=Ov= Q=Okt R= Cw=iDt xmCU= l =N |ak=w

"CU= f(log(r)) |va} xw}H Pwiv
a = (1� Pr) Prn (14)

|vLvt |oOWlWN |xN=W QO xOW |WmyR ?; |tHLC@ w]Q u=R}t 'xH}Dv QO
%OwW|t u=}@ 15 |x]@=Q CQwY x@ CW=Oyov

�i =

log(rmax)Z
log(r)

F (log(r)) d log(r)

� a

log(rmax)Z
log(rmin)

F (log(r)) d log(r) (15)

CW=Oyov |vLvt |oOWQD |xN=W |=Q@ |}x]@=Q u=wD|t 'x@=Wt Qw] x@ u}vJty
"OQw; CUO x@ R}v l =N - ?;

CW=Oyov |vLvt uOQw; CUO x@ |y=oW}=tR; |=yVwQ CqmWt R= |m}
OQm} wQ =@ [1]u=Q=mty w u=U "CU=yV}=tR; u}= uOw@ Q@u=tR 'l =N - ?;
Pwiv |HvUpNrND V}=tR; |OwOLt O=OaD s=Hv= ltm x@ OvDUv=wD |}xv=kqN
pmWt u}= |OwOL=D xm OvyO x�=Q= CW=Oyov |vLvt |=Q@ |r}rLD |rOt 'xw}H
Pwiv |HvUpNrND |=yV}=tR; G}=Dv |UQQ@ =@ VywSB u}= QO "Ovm|t `iQ =Q
pk=OL |=ypNrND C@Uv QO xm O}tyi u=wD|t 'CW=Oyov |vLvt w xw}H
"OQ=O Qo}Osy =@ |rw@k p@=k Ck@=]t =yV}=tR; R= xwQo wO u}= G}=Dv 'l =N
u=R}t u} QDtm x@ l =N pNrND C@Uv xm |Dr=L |=Q@ =v@t K]U h} QaD =@ TB
hQY p@=k pNrND C@Uv u}= QO ,=@} QkD l =N |tHL C=Q}}eD =}� OUQ|t OwN
QO xw}H Pwiv |HvUpNrND V}=tR; |OwOLt O=OaD s=Hv= w �OwW|t uOQm Q_v
pNrND C@Uv '|Oa@xU |=[i QO |a@=D u=wD|t 'hrDNt |=ypNrND C@Uv
C}iQ_ QO C=Q}}eD CU= QO=k xm OQw; CUO x@ 'Vmt - `=@W= xHQO -

|=yl =N CW=Oyov |vLvt |oOWlWN |xN=W |=Q@ l =N QO ?; CW=Oyov
V}=tR; uOw@ xv} RyQB QO OQm} wQ u}= pmWt =t= "Ovm |UQQ@ =Q Q}PBpmWQ}}eD
|m}rwQO}y T} RQDU}y |xO}OB uOQmv |UQQ@ u}vJty w xw}H Pwiv |HvUpNrND

"CU=
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3/
1|

xQ=t
W'

37
�2

|xQ
wO'

�14
00

R}}=B
�u

=Qta
|U

Ovyt

[14]"l =N - ?; CW=Oyov |vLvt l}DUqBwDUq= pOt "2 pmW
dSpr =

d 
�H D

sign
�

ln
�
 
 D

�
+ 1

2 ln
�
 D0
 eH

��
@f
@ 

(23)

u=wD|t Q} R CQwY x@ wCU= `=@W= |xHQO |Q}tNVN@ |oOQWi?} Q[ �H xm
%OQm x@U=Lt =Q u;

ln
�
 D
 D0

�
= �HSpr (24)

l =N CrmU= sHL R= |a@=D CQwY x@ =wy OwQw Q=Okt =@ Q_=vDt Vmt 'pOt u}= QO
Vmt Q=Okt u}= C=Q}}eD u=wD|t Q}PBpmW Q}}eD |=yl =N QO TB "OwW|t |iQat

"OQw; CUO x@ 25 |x]@=Q j@=]t 'xvwtv |tHL C=Q}}eD uDiQo Q_v QO =@ =Q
 eH =  e + �H"v (25)

"v w `HQt |=wy OwQw Q=Okt  e 'l =N ẁv x@ \w@ Qt QDt=Q=B �H 'jwi |x]@=Q QO
|�wrq w Ewv 'xv=kqN OQm} wQ l} =@ xH}Dv QO "OwW|t h} QaD xvwtv |tHL VvQm

"OvyO x�=Q= Q}PBpmWQ}}eD |=yl =N |=Q@ |@U=vt |r}rLD pOt Ov=xOW jiwt

l =N Q=DN=UR} Q Q@ |vD@t |=ypOt "5"2
C=QiL xwQo wO x@ u=wD|t =Q l =N QO OwHwt C=QiL 'xOW sm =QDt |UQ |=yl =N QO
xm 'OQm s}UkD C=QiLR} Q =} 9|}xv=OuwQO C=QiL w C=QiLCWQO =} 8|}xv=O u}@
Q_v QO =@ [15]u=Q=mty w uwOw}O "OvQ=O l =N - ?; CW=Oyov Q=DiQ QO |tyt Vkv
?PH w |}xv=Ou}@ C=QiL QO ?; CW=Oxov ?r=e Ov}=Qi u=wva x@ |ov}�wt uDiQo
|UQQ@ |=Q@ |rOt '|}xv=OuwQO C=QiL QO ?; CW=Oyov ?r=e Ov}=Qi u=wva x@
CtUk C=}YwYN "OvO=O x�=Q= xOW sm =QDt |UQ |=yl =N QO ?;CW=Oyov Q=DiQ
C@=F |m}v=mtwQO}y |=y|Q=PoQ=@ QO TB &CU= sm =QD R= pkDUt l =N C=QiLR} Q
w CU}v jO=Y l =N C=QiLCWQO =@ x]@=Q QO ẁ[wt u}= =t= &OwW|t ZQi

"O@=}|t Q}}eD |}xv=Ou}@ C=QiL |xR=Ov= w sHL
`=@W= C=HQO R= |awtHt CQwY x@ u=wD|t =Q `=@W= |xHQO 'pOt u}= QO
26 |x]@=Q j@=]t 'l =N �SrM � C=QiLCWQO w �Srm� C=QiLR} Q x@ \w@ Qt
R= xm CU= l =N |=yxv=O sHL x@ |Pivt ?; sHL C@Uv ew R= Qw_vt "CWwv
"OwW|t p}mWD (ewM ) C=QiLCWQO w (ewm) C=QiLR} Q x@ \w@ Qt VN@ wO
Sr = ew

e
= ewm

e
Srm + ewM

e
SrM (26)

xvwtv QO OwHwt ?; C@Uv 'u; R= QDW}@ w =wy OwQw Q=Okt =@ Q_=vDt |=yVmt QO
|=yxvwtv |=Q@ x@=Wt Qw] x@ "Ovm|t Q=DiQ xvwtv pNrND C@Uv R= pkDUt (ew)

'Ov=xOW |r=N ?; R= l =N C=QiL CWQO xm |}=yVmt QO R}v |UQ xOW sm =QDt
xOW xOy=Wt jwi G}=Dv Q@ xwqa "CU= pNrND C@Uv R= pkDUt OwHwt ?; C@Uv
|R=UR=@ xvwtv ẁv wO Qy QO |rY= |oOWQD w |oOWlWN |=y|vLvt xm CU=
C@Uv =@ |=yxvwtv xm |Qw] x@ Ov=pNrND C@Uv x@ xDU@=w xOW sm =QDt w xOW
|=wy OwQw Q=Okt =@ Q_=vDt Vmt w QDW}@ `=@W= |xHQO |=Q=O ,=DOta QDtm pNrND
|rY= |=y|vLvt Q=DiQ xm OQm xQ=W= xDmv u}= x@ u=wD|t u}vJty "OvDUy |QDW}@
"CU= |m}v=mt w |m}rwQO}y |Q=PoQ=@ ẁv R= pkDUt |oOWQD w |oOWlWN
j@=]t =Q l =N - ?; CW=Oyov |r}rLD pOt wv}Dv=Q=D 'jwi C=Oy=Wt x@ xHwD =@
u}= "Ov=pOt |=yQDt=Q=B n w b 'a 'x]@=Q u}= QO xm CU= xO=O O=yvW}B 19 |x]@=Q
"CU= Q=QkQ@ CW=Oyov |vLvt |oOWQD w |oOWlWN |xN=W wO Qy |=Q@ x]@=Q
|=yl =N CW=Oyov Q=DiQ |UQQ@ sOa QO 'wv}Dv=Q=D |r}rLD pOt |rY= C}OwOLt
"OW=@|t sm |xv=OR} Q OYQO =@ xv=OCWQO |=yl =N w q=@ |xD}U}DUqB =@ |UQ

(Sr) =

(
1 +

"�
e
a

� 1
b
 

#n)� b
n

(19)

s}rUD K]U Q@ |vD@t |=ypOt "4"2
|=Q@|t}rUDK]U 'l}DUqB wDUq=|Q=DiQpOts}y=it R= xO=iDU= =@ [14]|�wrq wEwv
|m}D=tv}m |oOvwWCNU swyit R= xm Ov=xOQm |iQat l =N - ?; CW=Oxov |vLvt
xO=iDU= �|m}rwQO}y T} RQDU}y� |oOWQD w |oOWlWN |xN=W u}@ R}=tD |=Q@
|Q}tN w |v=UWm CQwY wO x@ `=@W= |xHQO |�RH C=Q}}eD 'u}vJty "Ovm|t

"OwW|t h} QaD 20 |x]@=Q j@=]t
dSr = dSer + dSpr (20)

R= xO=iDU= =@ w 2 pmW x@ xHwD =@ u=wD|t =Q |v=UWm `=@W= |xHQO |�RH C=Q}}eD
"OQm x@U=Lt 21 |x]@=Q

dSer = d 
KH � ( = eH)

(21)

|v=UWm pwOt |xYNWtKH w =wy OwQw Q=Okt =@ Q_=vDtVmt  eH R= Qw_vt xm
|xHQO 'OW=@  eH R= QDtm VmtQ}O=kt xm |v=tR 2 pmW x@ xHwD =@ "CU= l =N
|=yVmt QO |v=UWm `=@W= |xHQO Q}O=kt TB "OwW|t l} Q@=Q@ l =N `=@W=
l} OwHw |xOvyOu=Wv ẁ[wt u}= xm 'OyO|t MQ Ov=tUB Vmt w  eH u}@
|x]@=Q CQwY x@ u=wD|t =Q s}rUD K]U u}= |xrO=at "CU= l =N QO s}rUD K]U

"OQm u=}@ 22

f =




ln( )� ln( D) + 1

2 [ln( D0)� ln( eH)]






�1
2 [ln( D0)� ln( eH)] (22)

h} QaD l =N |oOWlWN |xN=W s}rUD =@ Q_=vDt Vmt  D 'x]@=Q u}= QO xm
=@ xm OQm xQ=W= O}=@ u}vJty "OQ=O |t}mLDV}B VvD =@ x@=Wt |Q}@aD w OwW|t
u=} QH uwv=k "Ovm|t Q}}eD sy Q=Okt u}= ' ( D0) `HQt s}rUD Vmt QO V}=Ri=

"OQm h} QaD 23 |x]@=Q j@=]t u=wD|t =Q |vwvm s}rUD K]U =@ Q_=vDt
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"""|
R=Up

OtQ
Oh

rDNt
|=y

OQm
}wQ

Q@|
QwQt"CWwv 31 |x]@=Q pmW x@ =Q l =N `=@W= |xHQO |�RH C=Q}}eD sQi u=wD|t 'OwW

� = ea
e

(30)8>>><>>>:
dSr = �dSar + (1� �) dScr + (dSar � dScr) d�

dScr = dScer + dScpr

dSar = dSaer + dSapr

(31)

|=yT}Ov= w |ov}�wt |=vat x@ c T}Ov= w ?PH |=vat x@ a T}Ov= '\@=wQ u}= QO
"Ov=|Q}tN w |v=UWm |=vat x@ ?}DQDx@ p w e

xm OvO=O x�=Q= l =N - ?; CW=Oyov |vLvt |=Q@ |r}rLD pOt [18]nvB w wS
|=ypOt QFm = QO ,qwtat "OQ}o|t Q_v QO =Q l =N Q=DN=U Q@ Xr=N VvD C=QF=
|r=L QO OwW|t ^=Lr pNrND C@Uv QDt=Q=B QO \ki Xr=N VvD C=Q}F-=D '|r}rLD
|y@=Wt pNrND C@Uv |=Q=O xmu}= =@ l =N |=yxvwtv xm Ci=} |OQ=wt u=wD|t xm
xm CU= |D=Q}}eD Cra x@ ẁ[wt u}= "OvQ=O |irDNt CW=Oyov C}iQ_ 'OvDUy
Q=DN=U R= Qw_vt "CU= xOt; OwHw x@ xOQ=w VvD QF= CLD C=QiL Q=DN=U QO
=@ "CU=yv; |Q}oCyH w l =N C=QiL pmW 'l =N C=QiL |xR=Ov= `} RwD 'C=QiL
|DL xm O}tyi u=wD|t 'CU= R}J=v Q=}U@ l =N |v=UWm |xOwOLt xmu}= x@ xHwD
|xOwOLt QO "OwW|t |Q}tN |=ypmWQ}}eD Q=JO l =N 'sy R}J=v |=yVvD QO
u; `@D x@ w O@=}|t Q}}eD l =N C=QiL Q=DN=U |rm Qw] x@ |Q}tN |=ypmWQ}}eD
V}=tR; G}=Dv |UQQ@ =@ nvB w wS "Ci=} Oy=wN Q}}eD R}v ?; CW=Oxov C}a[w
'hrDNt VvD Q}O=kt CLD xDi=}s}mLD |=yxvwtv |wQ xw}H Pwiv |HvUpNrND
Ov@=}|t Q}}eD |yHwDp@=k u=R}t x@ l =N C=QiLCWQO 's}mLD u}L QO xm OvDi=} QO
pNrND C@Uv u=wD|t xH}Dv QO "Ov=t|t |k=@ C@=F ,=@} QkD C=QiLR} Q `} RwD =t=
C@Uv w �em� C=QiLR} Q x@ \w@ Qt pNrND C@Uv R= |awtHt CQwY x@ =Q l =N
Cr=L Q}eDt u=wD|t T=U= u}= Q@ "CUv=O �eM � C=QiLCWQO x@ \w@ Qt pNrND

"OQm h} QaD 32 |x]@=Q CQwY x@ =Q l =N Q=DN=U x@ \w@ Qt
�m = em

e
(32)

C@=F l =N C=QiLR} Q x@ \w@ Qt pNrND C@Uv xmu}= x@ xHwD =@ 'VvD p=ta= QF= QO
jwi QDt=Q=B xm O}tyi u=wD|t 'O@=}|t Vy=m 'pm pNrND C@Uv |rw CU= xOv=t
'QDW}@ C=QiLR} Q =@ |=yl =N u}vJty "Ci=} Oy=wN V}=Ri= 'VvD p=ta= QF= QO
Ovy=wN |QDW}@ C@ w]Q OYQO w QDW}@ |=wy OwQw Q=Okt =@ Q_=vDt Vmt |=Q=O
x@ [6]uDNwvouw pOt QO =wy OwQw Q=Okt x@ \w@ Qt QDt=Q=B QO u=wD|t =Q QF= u}= "Ow@

"CiQo Q_v QO 33 |x]@=Q CQwY
a = m3 e�m4

�
�m
�refm

�mm
(33)

"OW=@ QiY Q@=Q@ Xr=N VvD xm CU= |]}=QW x@ \w@ Qt �refm |x]@=Q u}= QO xm
G}=Dv uDiQo Q_v QO =@ |@ QHDxt}v |x]@=Q nvB w wS '�m QDt=Q=B uOQw; CUO x@ |=Q@

"OvO=O x�=Q= Q} R CQwY x@ |y=oW}=tR;
�m
�refm

=
�

1 + p'
patm

�b

(34)

"CU= pOt QDt=Q=B b w QiUtD= Q=Wi patm 'u}ov=}t QF-wt Q=Wi 'p0 x]@=Q u}= QO xm
QO =Q l =N C=QiL Q=DN=U Q@ Xr=N VvD C=QF= u=wD|t 34 |x]@=Q =@ xH}Dv QO
VvD C=QF= uOQw; CUO x@ |=Q@ =t= CiQo Q_v QO l =N - ?; CW=Oyov |vLvt

QO 'l =N C=QiLCWQO w C=QiLR} Q u}@ |m}t=v}OwtQD pO=aD |Q=QkQ@ ZQi =@
[16]u}v}@ wO |xrO=at R= xO=iDU= =@ =Q |Pivt ?;C@Uv u=wD|t 'C=QiLR} Q |xOwOLt

%CWwv 27 |x]@=Q CQwY x@
ewm = em exp f�[Cads s]nadsg (27)

|xOvvmpQDvm 'pw= QDt=Q=B xm OvDUy Kr=Yt |=yC@=FCads w nads 'jwi |x]@=Q QO
Vmt |xOvvmpQDvm 'swO QDt=Q=B w q=@ |=yVmt QO CW=Oyov |vLvt |=vLv=
C=QiLCWQOVN@ |UQQ@ |=Q@ "CU= l =N C=QiLR} Q QO =wy OwQw Q=Okt =@ Q_=vDt
C@Uv 'x]@=Q u}= ltm x@ "OQm xO=iDU= [6]uDNwvouw |x]@=Q R= u=wD|t R}v l =N
CUO x@ 26 |x]@=Q R= xO=iDU= =@ l =N C=QiLCWQO QO OwHwt |Pivt ?;

"O};|t

ewM = (e� em)
�
1 +

�
 
�

�n��m

(28)

"Ov=C@ w]Q OYQO x@ xDU@=w|yHwD p@=k u=R}t x@C}vwDv@ l =N QO OwHwt C=QiLR} Q
C=QiLR} Q 'l =N - ?; CW=Oyov |vLvt |oOWQD w |oOWlWN |=yxNQJ QO
u=wD|t =Q |Q=DN=U C=Q}}eD u}= "OvwW|t C=Q}}eD Q=JO em u; `@D x@ w l =N

"OQw; CUO x@ 29 |x]@=Q \UwD
em = �0e2

w + �1ew + em0 (29)

Kr=Yt |=Q@ l =N C=QiLR} Q x@ \w@ Qt pNrND C@Uv em0 '29 |x]@=Q QO xm
XNWt =Q =yxv=O sQwD p}Uv=DB xm OvDUy |}=yQDt=Q=B �1 w �0 w CU= lWN
'QDt=Q=B xDUO xU =@ u=Q=mty w uwOw}O \UwD xOW x�=Q= pOt 'xH}Dv QO "Ovvm|t
xOW sm =QDt |=yTQ x@ \w@ Qt l =N - ?; CW=Oyov |vLvt |R=UpOt x@ QO=k

"CU=
x�=Q= hrDNt |=yl =N |=Q@ l}DUqB wDUq= pOt l} [17]u=Q=mty w w�=}J
?PH w |ov}�wt |va} l =N QO ?; CW=Oxov |rY= Q=mwR=U wO xm OvO=O
s=v x@ |QDt=Q=B j} Q] R= =Q Q=mwR=U wO u}= u}@ \=@DQ= w OQ}o|t Q_v QO =Q
C=QiL 'pOt u}= T=U= Q@ "Ovm|t Q=QkQ@ hrDNt |=yl =N QO 'C}@Uv pt=a
C=QiL w �nQR@ ,=D@Uv� pmW |a@ Qt C=QiL CQwY wO x@ u=wD|t =Q l =N
QO C=QiL R= xwQo wO u}= uDiQo Q_v QO =@ "OQm s}UkD �lJwm � pmWh=mW
Qy |@Uv C}ty= 'u}at |m}rwQO}y \}=QW l} QO xm Ci=} QO u=wD|t 'l =N
xDU@=w l =N C=QiL |xUOvy x@ 'l =N QO ?; CW=Oyov Q=mwR=U wO R= l}

"CU=
pOt l} '[14]|�wrq w Ewv VwQ =@ x@=Wt |OQm} wQ =@ u=Q=mty w w�=}J
VN@ 'CW=Oyov Q=mwR=U Qy |=Q@ xm Ov=xO=O x�=Q= 2 pmW x@=Wt l}DUqB wDUq=
|xOvyOu=Wv w CU= `=@W= |xHQO Q}PBCWoQ@ C=Q}}eD Qou=}@ pOt l}DUq=
|=y|vLvt \UwD xOW OwOLt |x}L=v QO `k=w CW=Oyov |=y|vLvt s=tD Q=DiQ
C=Q}}eD Qou=}@ pOt l}DUqB wDUq= VN@ "CU= |oOWQD w |oOWlWN |rY=
xm CU= |rY= |=y|vLvt Q=DiQ |xOvyOu=Wv w CU= `=@W= |xHQO Q}PB=vCWoQ@
R= 'pOt u}= QO u}vJty "OvyO|t p}mWD =Q xOW OwOLt |x}L=v |=yRQt `k=w QO
|m}rwQO}y T} RQDU}y Q=DiQ |UQQ@ Qw_vt x@ |m}D=tv}m |oOvwWCNU |x]@=Q

"OwW|t xO=iDU= l =N - ?; CW=Oyov |vLvt QO
CQwY x@ 30 |x]@=Q j@=]t 'CW=Oyov |vLvt |=Q@ C}@Uv pt=a xJv=vJ
h} QaD l =N pm pNrND C@Uv x@ �ea� ?PH Q=mwR=U x@ \w@ Qt pNrND C@Uv
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xQ=t
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37
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|xQ
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�u

=Qta
|U

Ovyt OYQO |rm Qw] x@ "Ov=xO=O x�=Q= C}vwDv@ l =N C=QiLR} Q QO OwHwt ?; uDiQo Q_v
"OQw; CUO x@ 40 |x]@=Q \UwD u=wD|t =Q l =N C=QiLR} Q x@ \w@ Qt C@ w]Q

wm = wmC + � wmO (40)

CU= C=QiLR} Q x@ \w@ Qt xm CU= C@ w]Q OYQO R= |tyU wmC x]@=Q u}= QO
u=wD|t QDt=Q=B u}= uOQw; CUO x@ |=Q@ "OwW|t \w@ Qt uOW xr=DU} Qm Ov}=Qi x@ w
\UwD xm CU= Qmt=y C@=F pwOt A 'x]@=Q u}= QO xm OQm xO=iDU= 41 |x]@=Q R=
XwYNt K]U Ss '|Q=DN=UR} Q Vmt  m 'CU= xOW h}YwD [23]QrwQD w O=
|r=oJ R= xm CU= l =N C=QiLR} Q QO |L]U ?PH ?; |r=oJ �wm w TQ

"CU= QDW}@ |tm O=R; ?;

wmC = 3
r

A
6�  m Ss �wm (41)

|x}q sQwD =}� |RtU= sQwD C=QF= x@ \w@ Qt �wmO CQ=@a 40 |x]@=Q QO u}vJty
CQ=@a u}= |x@U=Lt |=Q@ "ODi=|t j=iD= sm |=yVmt QO xm CU= �xv=owO ?;
Vmt  mO 'Kr=Yt QDt=Q=B B 'x]@=Q u}= QO xm OQm xO=iDU= 42 |x]@=Q R= u=wD|t
w CU= ?r=e Ov}=Qi '|RtU= sQwD u; QO xm CU= l =N C=QiLR} Q VN@ x@ \w@ Qt

"CU= QiUtD= Q=Wi PATM

� wmO = �BLn
�
 m + PATM
 mO + PATM

�
(42)

|x]@=Q x@ xHwD =@ l =N C=QiLR} Q x@ \w@ Qt C@ w]Q OYQO |x@U=Lt =@ xH}Dv QO
x@ 43 |x]@=Q ltm x@ u=wD|t =Q l =N C=QiLR} Q x@ \w@ Qt pNrND C@Uv '40

"OQw; CUO
em = Gs wm (43)

C=aq]= xm OW=@ R=UQ=m Ov=wD|t |v=tR \ki jwi \@=wQ R= xO=iDU= |rm Qw] x@
"OW=@ TQDUO QO Q_v OQwt l =N R= |i=m

p}rO x@ '|oOWQD w |oOWlWN CW=Oyov |vLvt '`=@W=Q}e |=yl =N QO
|yHwD p@=k u=R}t x@ w OvwW|tv j@]vt sy Q@ |m}rwQO}y T} RQDU}y |xO}OB
CW=Oyov |rY= Q=mwR=U wO QO u=wD|t =Q T} RQDU}y Cra "OvQ=O xrY=i sy R=
|OQ=wt |rm Qw] x@ "OQm wHDUH |L]U ?PH w |ov}�wt |va} l =N QO ?;
|Q]@ QF= %R= Ov=CQ=@a 'OvwW|t xO}OB u}= RwQ@ ?@U |ov}�wt Q=mwR=U QO xm
|x} w=R QO C=Q}}eD 'xO=Di= s=O x@ |=wy C=QF= 'l =N |oOQwNr=U |xO}OB 'QywH
x@ u=wD|t R}v |L]U ?PH Q=mwR=U QO u}vJty "?; Q=N@ C=QF= w |U=tD
l =N XwYNt K]U w l =N QO OwHwt TQ u=R}t '=tO uwJty |OQ=wt
w |QywH |Q]@ QF= pt=a wO |UQQ@ =@ [27]u=Q=mty w w�=S [27�24]"OQm xQ=W=
Q=DiQ QO =Q |m}rwQO}y T} RQDU}y |xO}OB C=QF= OvDUv=wD 'xO=Di= s=O x@ |=wy
xOa=k|@ p=mW= p}rO x@ QywH |Q]@ QF= "OvQw; CUO x@ l =N QO ?; CW=Oyov
l} xm |]}=QW QO "OwW|t O=H}= l =N xDUw}Bsy x@ C=QiL Cw=iDt |=yxR=Ov= w
Ov}=Qi 'Ov@=} x]=L= r `=aW =@ QDlJwm C=QiL \UwD R `=aW =@ nQR@ |xQiL
[27�24]"Ow@ Oy=wN xDU@=w R `=aW x@ |oOWQD Ov}=Qi w r `=aW x@ |oOWlWN
|x}rw= CW=Oyov |vLvt |tHL C@ w]Q u=R}t QDt=Q=B QO Vy=m Q=Okt TB
QO "OQm x@U=Lt 44 |x]@=Q ltm x@ u=wD|t =Q QywH |Q]@ QF= p}rO x@ l =N
|tHL C@ w]Q u=R}t �d '|tHL C@ w]Q u=R}t QO C=Q}}eD ��1 x]@=Q u}=
�dm '`=@W= Cr=L QO |tHL C@ w]Q u=R}t �ds 'l =N |oOWlWN |xN=W

w wUvwr; |Q=DiQ pOt hwQat |x]@=Q R= u=wD|t 'l =N pNrND C@Uv Q@ Xr=N
"OQm xO=iDU= Q} R CQwY x@ [19]u=Q=mty

de = ��p dp
pr + p

� �s dp
patm +  

(35)

=@ Q@=Q@ ,qwtat xm CU= `HQt Q=Wi pr w u}ov=}t Xr=N VvD p x]@=Q u}= QO
Xr=N VvD QF= CLD l =N |oOQWi Qou=}@ �p "OwW|t ZQi p=mU=B wr}m l}
R= xO=iDU= =@ C}=yv QO "CU= Vmt QF= CLD l =N |oOQWi Qou=}@ �s w u}ov=}t
|vLvt |=Q@ |O}OH |x]@=Q u=wD|t uDNwvouw pOt R= xO=iDU= w 35 w 33 \@=wQ
pNrND C@Uv C=Q}}eD uDiQo Q_v QO Q@ xwqa xm OQm x�=Q= l =N - ?; CW=Oyov
QO "OQ}o|t Q_v QO R}v =Q C=QiL Q=DN=U QO Q}}eD C=QF= 'Xr=N VvD QF= CLD
"CU= x@U=Lt p@=k CW=Oyov V}=tR; j} Q] R= xm OQ=O OwHw QDt=Q=B 7 'x]@=Q u}=
|HvUpNrND uwJty |}=yV}=tR; s=Hv= x@ R=}v xm CU= u}= QO pOt u}= C} Rt

"OW=@|tv 'CU}v G}=Q u=OvJ xm xw}H Pwiv
CW=Oyov|vLvt|oOWlWN|xN=W|UQQ@ x@|WywSB QO [20]l =BowC=Q=y@
|r}rLD pOt "Ov=xDN=OQB C@=F sHL \}=QW QO C}vwDv@ |=yxvwtv QO l =N - ?;
C=Q}}eD |=Q=O xm |}=yl =N |=Q@ \ki xm CU= [21]TJwm pOt |=v@t Q@ xOW x�=Q=
`=@W= |xHQO u=}t |x]@=Q 'pOt u}= x@ xHwD =@ "OQ=O |}=Q=m 'OvDUy |R}J=v sHL
h} QaD 36 |x]@=Q CQwY x@ C}vwDv@ QO |ov}�wt Q=mwR=U |=Q@ Vmt w �Sc�

"OwW|t

Sc = 1�
"�

 co
 

�2
+ 1
#m

exp

"
�m

�
 co
 

�2#
(36)

T=U= Q@ xm CU= |ov}�wt pO=at Vmt  co w |@ QHD QDt=Q=B m x]@=Q u}= QO xm
"OwW|t h} QaD Q} R CQwY x@ TqBq - nv=} |xOW KqY= |x]@=Q

 co = Ts cos� �sSs
e

(37)

'l =N C=QP K]U w ?; u}@ T=tD |x} w=R � '?; |L]U VWm Ts 'x]@=Q u}= QO
"CU= pNrND C@Uv e w XwYNt K]U Ss 'l =N Ot=H |=yxv=O |r=oJ �s
OYQO |m}t=v}O pO=aD T=U= Q@ R}v �Sa� ?PH Ov}=Qi =@ Q_=vDt `=@W= |xHQO

"OwW|t h} QaD 38 |x]@=Q j@=]t '?PH |x}L=v QO xvwtv C@ w]Q

Sa = ac Ch
( co n )

23

e
13 ( co n )

16
(38)

1kPa Q@=Q@� R=UOa@|@ QDt=Q=B  n 'pOt u}= |@ QHD QDt=Q=B ac x]@=Q u}= QO xm
10 |x]@=Q QO xm CU= [8]nv} R w OvqOQi |x]@=Q x@ \w@ Qt QDt=Q=B Ch w �CU=
C@=F sHL \}=QW QO C}vwDv@ xvwtv pm `=@W= |xHQO C}=yv QO "CU= xOW |iQat

"OQw; CUO x@ 39 |x]@=Q R= xO=iDU= =@ u=wD|t =Q |oOWQD |xN=W QO
Sr = Sc + Sa (1� Sc) (39)

|=yxvwtv T} RQDU}y Q=DiQ |UQQ@ sOa VywSB u}= |U=U= ha[ |rm Qw] x@
|=yxvwtv Q=DiQ |UQQ@ |=Q@ u=wD|tv xOW x�=Q= pOt R= u}vJty "CU= C}vwDv@
"OQm xO=iDU= 'OvQ=O ltv Qw[L QO |QDtm CW=Oyov C}iQ_ xm |=xv=O C}vwDv@

QO ?; CW=Oyov syU QDW}@ xm ẁ[wt u}= |xOy=Wt =@ [22]u=Q=mty w wQ=w=v
QO |=Q@ |}x]@=Q 'CU= ?PH Q=mwR=U w l =N C=QiLR} Q x@ \w@ Qt 'C}vwDv@ l =N
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R=Up
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rDNt
|=y

OQm
}wQ

Q@|
QwQt'sHvB w OwW|t ZQi C@=F l =N pN=O QO Q=BU@ CU} R C_re 'sQ=yJ "OwW|t

O}=@ xD@r= "OwW|t l =N sHL V}=Ri= ?Hwt |oOWQD Ov}=Qi QO Q=BU@ CU} R sQwD
w |}=}t}Ww}@ O=wt u}@ VvmQOv= uDiQo Q_v QO x@ QO=k 'Q[=L pOt xm OQm xQ=W=
?; CW=Oyov Q=Okt u=wD|t C=}[Qi u}= x@ xHwD =@ "CU}v TQ xv=owO |x}q
x@ Q=BU@ CU} R w l =N VvmQOv= C=QF= uDiQo Q_v QO =@ =Q Q=BU@ CU} R \UwD
CQwY x@ =Q |tHL - |vRw \@=wQ w Vmt u=}t |x]@=Q u=wD|t TB "OQw; CUO

"CWwv Q} R
fw(p) =

Mw(p)

Mp
= a

1 +  b Cin (47)

ew(p) =
Vw(p)

Vs
=
�

Mp

Ms

�
a

1 +  b
Gs Cin (48)

?} Q[ Cin w pOt |=yQDt=Q=B b w a 'l =N |=yxv=O |r=oJ Gs '\@=wQ u}= QO
CUO x@ 49 |x]@=Q T=U= Q@ xm CU= Q=BU@ CU} R w l =N |=yxv=O u}@ VvmQOv=

"O};|t
Cin = 1

1 +
��

Mp
Ms

�
a

1+sb Gs=e0
�c (49)

w CU= Q=BU@ CU} R w l =N C=QP VvmQOv= x@ \w@ Qt QDt=Q=B C '49 |x]@=Q QO
'CU= QiY ew(p) xm |v=tR |va} l =N xvwtv |x}rw= pNrND C@Uv e0 u}vJty
l =N C=QiL pN=O QO ?; CW=Oyov Q=Okt uOQw; CUO x@ |=Q@ "OwW|t |iQat
QO xm OQm xO=iDU= [10]u=Q=mty w |rwB}r=o \UwD xOW x�=Q= |x]@=Q R= u=wD|t R}v
QO mi hrDNt Q}O=kt xm "CU= |U} wvR=@ p@=k 50 |x]@=Q CQwY x@ pOt u}=

"Ov=pOt u}= |=yQDt=Q=B 'x]@=Q u}=

fw (s) =
Mw(s)

Ms

=
�1 +

�
 =m3 e�m4�m2

��m1 e
Gs

(50)

CU} R =@ xOW KqY= l =N |=Q@ Vmt w C@ w]Q OYQO u=}t |x]@=Q C}=yv QO
"OQw; CUO x@ 51 |x]@=Q ltm x@ u=wD|t =Q Q=BU@

w =
fw(s) +

�
Mp
Ms

�
fw(p)

1 +
�

Mp
Ms

� (51)

u}@ VvmQOv= uDiQo Q_v QO =@ =Q l =N - ?; CW=Oyov |vLvt u=wD|t xH}Dv QO
w wS pOt nQR@ ha[ xm OQm |Qw;O=} O}=@ "OQw; CUO x@ Q=BU@ CU} R w l =N
O=wt u}@ VvmQOv= w l =N C=QiL |xR=Ov= `} RwD QO C=Q}}eD xm CU= u}= QO uJ
|rm Qw] x@ "CU= xOWv ^=Lr pOt u}= QO l =N C=QP xv=owO |x}q w |}=}t}Ww}@

"OvwW|t ?; CW=Oyov C}iQ_ V}=Ri= ?@U Q=BU@ CU} R xm Cio u=wD|t
u=y=}o |xW} Q C=QF= uDiQo Q_v QO =@ u} wv |r}rLD pOtl} [30]uQ=mty wnvB
u; `@Dx@ w l =N QO OwHwt C=QiL uOQm p=eW= p}rO x@ u=y=}o xW} Q "Ov=xO=O x�=Q=
xH}Dv QO w OwW|t l =N Q=DN=U QO C=Q}}eD ?Hwt 'C=QiL |xR=Ov= QO C=Q}}eD
QO =@ TB "OyO|t Q=Qk Q}F-=D CLD =Q hrDNt |=yl =N QO ?; CW=Oyov C}a[w
|x]@=Q CQwY x@ =Q l =N pNrND C@Uv u=wD|t u=y=}o |xW} Q C=QF= uDiQo Q_v

"CWwv 52

e = e0 � Rv (1 + e0)
1 + Rv (1 + e0)

(52)

h} QaD |oOWQD Ov}=Qi ẁQW p@k xvwtv Vmt =@ Q_=vDt |tHL C@ w]Q u=R}t
"OwW|t

��1 =
h
�ds � �d

i h
�ds � �dm

i
(44)

|=yVmt QO xm OQm xHwD O}=@ l =N QO xO=Di= s=O x@ |=wy QF= =@ x]@=Q QO u}vJty
R=i QO |rm Qw] x@ w CU= xDUw}B =wy R=i 'q=@ |=yVmt QO w xDUw}B=v =wy R=i 'sm
|oOWlWN |vLvt 'xH}Dv QO "CU= QDtm xO=Di= s=O x@ |=wy u=R}t 'xDUw}B |=wy
C}=yv QO [28 w 27]"OQ=O |oOWQD |vLvt x@ C@Uv |QDW}@ C@ w]Q OYQO xQ=wty
x@ l =N |x}rw= CW=Oyov |vLvt |tHL C@ w]Q u=R}t QDt=Q=B QO Vy=m Q=Okt
u}= QO "OQm x@U=Lt 45 |x]@=Q ltm x@ u=wD|t =Q xO=Di= s=O x@ |=wy QF= p}rO
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ẁ[wt u}= Cra "CU= Q=OQwNQ@ [9]u=Q=mty w uJ pOt x@ C@Uv |QDq=@ CkO
x@ V}=tR; u}= "CU= xw}H Pwiv |HvUpNrND V}=tR; |=yC}OwOLt x@ \w@ Qt
C=QiL |xR=Ov= `} RwD |@ wN x@ Ov=wD|tv Q=Wi p=ta= xv}W}@ w xv}tm C}OwOLt p}rO
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ẁ[wt u}= "CU= OwHwt l =N ẁv u}= |=Q@ |tm |=yxO=O O=OaD '|oOWQD |xN=W
|@ wN Q=}U@ CkO =@ p@k OQwt wO QO xm [6]uDNwvouw pOt xm CU= xOW ?@U
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1. soil water retention curve
2. soil water characteristic curve
3. volumetric water content
4. air entry value
5. residual water content
6. pore size distribution
7. mercury intrusion porosimetry
8. inter-aggregate pore
9. intra-aggregate pore
10. biopolymers
11. sorbate
12. sorbents

�References� `@=vt
1. Sun, W.-J. and Cui, Y.-J \Determining the soil-water

retention curve using mercury intrusion porosimetry
test in consideration of soil volume change," Journal
of Rock Mechanics and Geotechnical Engineering, 12(5),

pp.1070-1079 (2020).

2. Lu, N. and Likos, W. \Unsaturated Soil Mechanics, New
York: Wiley", pp. 494-510 (2004).

3. Hu, R., Chen, Y., Liu, H. and et al. \A water retention
curve and unsaturated hydraulic conductivity model for
deformable soils: consideration of the change in pore-size
distribution", G�eotechnique, 63,16 pp. 1389-1405 (2013).

4. Chen, Y. \Soil{water retention curves derived as a func-
tion of soil dry density", GeoHazards, 11, pp. 3-19 (2020).

5. Brooks, R. H. and Corey, A. T. \Hydraulic properties
of porous media", Colorado State University: Hydrology
paper, 24(37) (1964).

6. van Genuchten, M.T. \A closed-form equation for pre-
dicting the hydraulic conductivity of unsaturated soils",
Soil Science Society of America Journal, 445, pp. 892-
898 (1980).

7. van Genuchten, M.T., Leij, F.J. and Yates, S.R. \The
RETC code for quantifying the hydraulic functions of
unsaturated soils", Riverside, California 9250 1 (1991).

122



3/
1|

xQ=t
W'

37
�2

|xQ
wO'

�14
00

R}}=B
�u

=Qta
|U

Ovyt 8. Fredlund D. and Xing, A. \Equations for the soil-water
characteristic curve," Canadian Geotechnical Journal,
314, pp. 521-532 (1994).

9. Cheng, Q., Ng, C. W. W., Zhou, C. and et al. \A new wa-
ter retention model that considers pore non-uniformity
and evolution of pore size distribution", Bulletin of Engi-
neering Geology and the Environment, 78, pp. 5055-5065,
(2019).

10. Gallipoli, D., Wheeler, S.J. and Karstunen, M. \Mod-
elling the variation of degree of saturation in a de-
formable unsaturated soil", G�eotechnique, 531, pp. 105-
112 (2003).

11. Gallipoli, D. \A hysteretic soil-water retention model ac-
counting for cyclic variations of suction and void ratio",
G�etechnique, 627, pp. 605-616 (2012).

12. Gallipoli, D., Brund, A.W., onza, F.D' and et al \A
bounding surface hysteretic water retention model for
deformable soils", G�eotechnique, 6510, pp. 793-804,
(2015).

13. Tarantino, A. \A water retention model for deformable
soils", G�eotechnique, 599, pp. 751-762 (2009).

14. Nuth, M. and Laloui, L. \Advances in modelling hys-
teretic water retention curve in deformable soils", Com-
puters and Geotechnics, 356, pp. 835-844 (2008).

15. Dieudonne, A.-C., Vecchia, G.D. and Charlier, R. \A
water retention model for compacted bentonites," Cana-
dian Geotechnical Journal, 547, pp. 915-925 (2016).

16. Dubinin, M.M. and Radushkevich, L.V. \Equation of the
characteristic curve of activated charcoal", Proceedings
of the Academy of Sciences, 55, pp. 331-333 (1947).

17. Qiao, Y., Tuttolomondo, A., Lu, X. and et al. \A gen-
eralised water retention model with soil fabric evolu-
tion", Geomechanics for Energy and the Environment,
25(100205) (2021).

18. Zhou, C. and Ng, C. W. W. \A new and simple stress-
dependent water retention model for unsaturated soil",
Computers and Geotechnics, 62, pp. 216-222 (2014).

19. Alonso, E.E., GENS, A. and JOSA, A. \A constitutive
model for partially saturated soils", Geotechnique, 403,
pp. 405-430, (1990).

20. Bharat, T.V. and Gapak, Y. \Soil water characteristic
curves of bentonites in isochoric conditions during wet-
ting: measurement and prediction", Canadian Geotech-
nical Journal, 58(5), pp.711-721 (2021).

21. Kov�acs, G. \Seepage hydraulics", Elsevier Science Pub-
lishers (1981).

22. Navarro, V., Asensio, L., Morena, G.D. and et l. \Di�er-
entiated intra- and inter-aggregate water content models
of mx-80 bentonite", Applied Clay Science, 118, pp. 325-
336 (2017).

23. Or, D. and Tuller, M. \Liquid retention and interfacial
area in variably saturated porous media: upscaling from
single-pore to sample-scale model", Water Resources Re-
search, 35 12, pp. 3591-3605 (1999).

24. Hillel, D. \Fundamentals of soil physics, New York: Aca-
demic Press Inc", pp. 413 (1980).

25. Masrouri, F. Bicalho, K. and Kawai, K \Laboratory hy-
draulic testing in unsaturated soils", Geotechnical and
Geological Engineering, 266, pp. 691-704 (2008).

26. Goh, S., Rahardjo, H., and Leong, E. \Modi�cation of
triaxial apparatus for permeability measurement of un-
saturated soils", Soils Found, 551, pp. 63-73 (2015).

27. Zhao, Y., Wen, T. Shao, L. and et al. \Predicting hys-
teresis loops of the soil water characteristic curve from
initial drying", Soil Science Society of America Journal,
84(5), pp.1642-1649 (2020). (2020).

28. Orense, R. \Geotechnical hazards: nature, assessment
and mitigation", University of the Philippines Press, E.
de los Santos St., U. P. Campus, Philippines (2003.

29. Zhou, C., So, P. and Chen, X. \A water retention model
considering biopolymer-soil interactions", Journal of Hy-
drology, 586(124874) (2020).

30. Ng, C. W. W., Ni, J. J., Leung, A.K. and et al. \A new
and simple water retention model for root-permeated
soils", Geotrchnique, 61, pp. 106-111 (2016).

31. Bazargan, A., Sadeghi, H., Garcia-Mayoral, R. and et al.
\An unsteady state retention model for 
uid desorption
from sorbents", Journal of Colloid and Interface Science,
450, pp. 127-134 (2015).

32. Saleem, J., Bazargan, A., Barford, J. and et al. \Super-
fast oil uptake using porous ultra-high molecular weight
polyethylene sheets", Polymers for Advanced Technolo-
gies, 2510, pp. 1181-1185 (2014).

33. Singh, V., Kendall, R.J., Hake, K. and et al. \Crude
oil sorption by raw cotton", Industrial and Engineering
Chemistry Research, 5218, pp. 6277-6281 (2013).

34. Romero, E. \Characterisation and thermo-hydro-
mechanical behavior of unsaturated Boom clay: An ex-
perimental study. PhD thesis", Universitat Polite'cnica
de Catalunya, Barcelona, Spain (1999).

35. Ng, C. W. W., Sadeghi, H., Jafarzadeh, F. and et al \Ef-
fect of microstructure on shear strength and dilatancy of
unsaturated loess at high suctions", Canadian Geotech-
nical Journal, 572, pp. 221-235 (2020).

36. Ng, C. W. W., Sadeghi, H., Hossen, S.K.B. and et al.
\Water retention and volumetric characteristics of intact
and re-compacted loess", Canadian Geotechnical Jour-
nal, 538, pp. 1258-1269 (2016).

37. Lee, I.M., Sung, S.G. and Cho, G.C. \E�ect of stress
state on the unsaturated shear strength of a weathered
granite", Canadian Geotechnical Journal, 422, pp. 624-
631, Apr (2005).

38. Manca, D., Ferrari, A. and L. Laloui, \Fabric evo-
lution and the related swelling behaviour of a
sand/bentonite mixture upon hydro-chemo-mechanical
loadings", Geotechnique, 66, pp. 41-57, Jan (2016).

123




