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|v=tR |xJN} Q=D |=yp}rLD R= pY=L MU=B h}] \UwDt =@ u=UWm Q=DiQ |xOwOLt
hrDNt Q}O=kt QO hOy h}] =@ xOW Q=oR=U |awvYt OQwmQ 250 x@ \w@ Qt |]NQ}e
'xOt; CUOx@ G}=Dv T=U=Q@ "Ov=xOW xU}=kt sDU}U C}@rY C@Uv w s}rUD |}=Hx@=H

'|]NQ}e |v=tR |xJN} Q=D p}rLD G}=Dv =@ swU |x@DQt |R=U|]N G}=Dv ?wr]t j=@]v=
CLD |]NQ}e |=ysDU}U MU=B u}tND QO VwQ ?U=vt CkO w uOw@ Ot;Q=m Qov=}@
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l}ORv |xRwL Q=F; R}v [6]'2800 OQ=Ov=DU= sQ=yJ V}=Q} w 'u=Q}= |}xRQr |xt=vu}};
"CU= xOW ^=Lr |}xRQr hrDNt j]=vt |=Q@ '�N� |i}] KqY= ?} Q[ CLD
?} Q[ =Pr 'OvQ=O |irDNt |=y|oS} w 'l}ORv |xRwL |=yxRQru}tR xm =Hv; R=
=Q pUo x@ l}ORv |xRwL |ak=w Q=F; Ov=wD|tv |}=yvD x@ u=UWm h}] |LqY=

[7]"Ovm x�=Q= ,=k}kO
|]NQ}e |=yMU=B V}=Ri= 'pUo x@ l}ORv |xRwL Q=F; u} QDsyt R= |m}
u}= xm 'CU= pUo R= QwO |xRwL QO =yxR=U MU=B x@ C@Uv |}xR=U |=ysDU}U
|O=} R C=ar=]t [10�8]"CU= xOW `k=w u=QoWywSB R= |Q=}U@ xHwD OQwt ẁ[wt
xOW s=Hv= l}ORv |xRwL Q=F; CLD hrDNt |=yxR=U OQmrta |UQQ@ |=DU=Q QO
|=yMU=B V}=Ri= |va} 'u=Um} ,=@} QkD |xH}Dv l} x@ =yu; QDW}@ xm |Qw]x@ 'CU=

[14�11]"Ov=xOQm =O}B CUO |}xR=U |=ysDU}U |}xRQr hrDNt
|@=} RQ= w |L=Q] |=yQ=@ u}tND |=Q@ |}xRQr |L=Q] |=yxt=vu}}; QDW}@
p}rLD R= xOt; CUOx@ u=UWm KQ] h}] R= '|UOvyt |=yxR=U |}xRQr OQmrta
|UOvyt |=yxR=U |ak=w Q=DiQ xm =Hv; R= "Ovvm|t xO=iDU= |Dq=tDL= |}xRQr Q]N

sU}v=mt Q}F-=DCLD |yHwDp@=k Qw]x@ u}tR |=yCmQL 'p=ai |=ypUo CQw=Ht QO
|=ypmWQ}}eD u}vJty w x=oDN=U x@ C@Uv |oDN}Uo Q=WDv= CyH w =DU=Q 'pUo
|=yOt=}B [1]"CU= Q=oOv=t |}=Hx@=H Q=F; =@ x=Qty u}tR K]U |m}D=DU= ptDLt
=@ Tr=B l} QO |oDN}Uo R= pY=L |}xRQr |SQv= QDW}@ xm OwW|t Ea=@ Q}N=
|=yxR=U x@ |O}OW |=yCQ=UN x@ QHvt w OwW `}tHD XNWt Ot=U@ |xOwOLt
'wQ u}= R= "OwW q=@ ?w=vD |xQwO =@ |=yxR=U ,=YwYNt pUo l}ORv j]=vt QO `k=w
|=yxRQru}tR %xrtH R= '|@ QNt |=yxrRrR ẁkw R= Oa@ |Q=PoQ=@ |=yxt=vu}}; QDW}@
|xRwL Q=F; p=ta= |B QO �1995� x@ wm w �1994� G} QEQwv '�1992� RQOvr
=} =yOQ=Ov=DU= QDW}@ QO xOW QmP Q=F; "Ov=xOW |}xRQr |=yptar=QwDUO QO l}ORv
R= |NQ@ QO w u=UWm KQ] h}] QO |}=tvnQR@ ?}=Q[ CQwYx@ [4�2]'=yxt=vu}};
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tND|}=Q=m w CkO V}=Ri= |=Q@ =Q `} QU |x} Qwi p}O@D Q@ |vD@t pO=at |R=U|]N
"OvO=O x�=Q= =v=t=v |iO=YD |=yl} QLD CLD |]NQ}e |=ysDU}U MU=B u}tND

pO=at |R=U|]N |=yVwQ |xaUwD |=Q@ 'Q}N= |xyO QO |O=} R |=yVqD
u}= QO xm 'CU= xDiQo CQwY |O=R; xHQO OvJ w xHQO l} |=ysDU}U `=wv= |=Q@
|=Q@ [31�28]'�2008�2013� 10T}r=Q=}H w Twv=BU= C=ar=]t x@ u=wD|t u=}t
|iQat x@ OwN CUNv C=ar=]t QO u=W}= "OQm xQ=W= |]NQ}e hrDNt |=ysDU}U
Q=oR=U u=wD |=yh}] =@ |Q=t; |R=U|]N |=yVwQ R= |@}mQD ?wJQ=J l}
|]NQ}e |=yQou=Uwv |}xRQr MU=B |xv}W}@ u}tND CyH MU=B h}] =@ xOW
C=ar=]t QO [29w28]"OvDN=OQB |]NQ}e |v=tR |xJN} Q=D |=yp}rLD s=Hv= uwO@
pO=at |]N sDU}U |=yQDt=Q=B '|Q=t; |Q}ou}ov=}t VwQ R= xO=iDU= =@ 'Q}N=
|@U=vt CkO 'O}OW |]NQ}e MU=B Kw]U QO OQm} wQ u}= "Ov=xOW xOR u}tND
OQm} wQ Qo}O |}xar=]t QO [30]'�2013� T}r=Q=}H w Twv=BU= 'wQ u}= R= "OQ=Ov
xaUwD q=@ |x@DQt |R=U|]N |=yVwQ R= xO=iDU= =@ =Q OwN u}W}B C=ar=]t
OvJ w [31w30]'|O=R; xHQO l} |]NQ}e |=ysDU}U |=Q@ u; OQ@ Q=m xm OvO=O
"CU= xOW |UQQ@ u=UWm KQ] h}] =@ Q=oR=U |=yOQwmQ CLD [32]'|O=R; xHQO
|}=Q=m |UQQ@ '|iO=YD |=yV=aDQ= |xRwL QO xOW s=Hv= C=ar=]t QDW}@ QO
|xRwL MU=B |=yh}] =} =yOQwmQ R= xO=iDU= =@ pO=at |R=U|]N |=yOQm} wQ
QO pUo l}ORv |xRwL Q=F; p=ta= =@ xm |DQwY QO 'CU= xOW s=Hv= pUo R= QwO
|QwQ[ |Qt= 'pO=at |R=U|]N |=yOQm} wQ |}=Q=m |UQQ@ '|}xRQr |=yxt=vu}};

"OUQ|t Q_v x@
|]NQ}e |=ysDU}U 'pO=at |R=U|]N VwQ R= xO=iDU= =@ 'Q[=L Q=DWwv QO
|=yl} QLD CLD |]NwO |}=Hx@=H � wQ}v Q=DiQ =@ �SDOF� |O=R; xHQO l}
l}ORv w QwO j]=vt |=Q@ u=Q}= |}xRQr |xt=vu}}; KQ] h}] =@ Q=oR=U |iO=YD
II ẁv 'x=oDN=U l =N w O=} R |r}N 'xk]vt |R}NxRQr "Ov=xOW |@=} RQ= pUo
l}ORv |xRwL Q=F; |UQQ@ 'Q[=L Q=DWwv |rY= hOy "CU= xOW xDiQoQ_v QO
Q=F; 'Q[=L |xar=]t QO 'u}= Q@ xwqa "CU= |]NQ}e |=ysDU}U MU=B QO pUo
|iO=YD |=yl} QLDCLD|]NQ}e |=yMU=B u}tNDCkO QO |R=U|]N |x@DQt
|=yVwQ ?=NDv= QO ẁ[wt u}= C}ty= "CU= xOW |UQQ@ KQ] h}] =@ Q=oR=U
|iO=YD |=yl} QLD CLD |]NQ}e |=ysDU}U p}rLD CyH pO=at |R=U|]N

"CU= l}ORv |xRwL |=yxRQru}tR xrtH R= 'O}OW

l} |]NQ}e |=ysDU}U |=Q@ |Q=t; |R=U|]N "2
|O=R; xHQO

|iO=YD l} QLD CLD |]NQ}e sDU}U l} Q@ sm =L |xrO=at '|rm Cr=L QO
:OwW|t u=}@ 1 |x]@=Q CQwYx@

m�x+ 2�m!n _x+ f ( _x; z; xy) = �G (t) (1)

|}=Q}tC@Uv � '|a}@] Ot=U@!n 'sDU}U sQHm '|OwQwl} QLDG(t) 'u; QO xm
jDWt |xOvyOu=Wv '=yQ}eDt |q=@ x]kvCtqa "OvDUy|]NQ}e sDU}U MU=B x w
|xOvv=OQoR=@ |wQ}v `@=D 'f ( _x; z; xy) CQ=@a '1 |x]@=Q QO "CU= u=tR x@ C@Uv
f ( _x; z; xy) `@=D "CU= xOW h} QaD 1 pmW CQwYx@ xm CU= |]NQ}e sDU}U
C@Uv� � x}rw= |DNU x@ s}rUD R= Oa@ |DNU C@Uv �xy� s}rUD |}=Hx@=H x@
|m =m]Y= u=tr=|@Uv|}=Hx@=H u=wva x@ xm zT} RQDU}yCr=L Q}eDt w �C}@rY

Q=DiQ |xOwOLt QO l}ORv |xRwL |=yxRQru}tR xrtH R= 'O}OW |=yl} QLD CLD
u}t-=D CyH |]NQ}e |=ysDU}U MU=B j}kO OQw;Q@ =Pr &OQ}o|t Q=Qk |]NQ}e
C=ar=]t 'Q}N= |xyO OvJ QO "OUQ|t Q_vx@ |QwQ[ '|}xR=U ?wr]t OQmrta
u=UWm KQ]h}] Q@ |vD@t |=yp}rLD QO |]NQ}e Q=F; uOQm ^=LrCyH |irDNt
R= '|]NQ}e MU=B h}] G=QNDU= Qw_vtx@ '=DU=Q u}= QO xm CU= xOW s=Hv=
|vD@t |=yVwQ =} w |}xRQr |=ywQ}v |=Q@ xOW h} QaD |@ QHDxt}v |Wy=m ?}=Q[
|xJN} Q=D |=yp}rLD s=Hv= w |]NQ}e sDU}U CmQL CqO=at R= |Q}op=QoDv= Q@
|=yVwQ R= xO=iDU= |=yO=Q}= R= |m} [17�15]"CU= xOW xO=iDU= |]NQ}e |v=tR
h}] =@ Q=oR=U CW=ov?=DW |O=} R O=OaD uOQw;QO T=}kt x@ w ?=NDv= swRr 'QwmPt

[18]"CU= u=UWm KQ]
ptDLt |=yMU=B |xv}W}@ u}tND '|iO=YD |=yV=aDQ= |Qw�D h=Oy= R= |m}
u} QD?U=vt R=|m} '|iO=YD |=yV=aDQ= |Qw�D 'wQu}= R= "CU=|}xR=U |=ysDU}U
|=yV=aDQ= |xRwL QO [19]"CU=yxR=U|}xRQrMU=B|Dq=tDL=|@=} RQ= |=Q@ =yVwQ
|]NQ}e |=ysDU}U Q@ sm =LCmQL |=yxrO=at j}kO pL xmv}= x@ xHwD =@ '|iO=YD
=ysDU}U R= |OwOLt O=OaD |=Q@ \ki w xOw@ OwOLt |iO=YD |=yl} QLD CLD
|=yxQ=t; u}}aD |=Q@ |@} QkD |=yVwQ R= xO=iDU= 'u}=Q@=v@ &CU= xOW xO=O xaUwD
|x@U=Lt |=Q@ '=DU=Q u}= QO "CU= Q}PB=v?=vDH= |Qt= |]NQ}e |=ysDU}U MU=B
x@ u=wD|t xm CU= xOW xO=O xaUwD |irDNt |=yVwQ '|]NQ}e |=ysDU}U MU=B
'3|W=WDe= '2|iO=YD |Q}ou}ov=}t '1hwQowtrm �lvqB � Qmwi|xrO=at %|=yVwQ
|R=U|]N '6pO=at |]NQ}e sDU}U '5xOW hrD |SQv= pO=aD '4=yu=tt \U@
[21w20]"OQm xQ=W= wrQ=mCvwt |R=Ux}@W Q@ |vD@t |=yVwQ w 7 (ELM) pO=at
'pO=at |R=U|]N w wrQ=mCvwt |R=Ux}@W VwQ wO RH x@ 'xOW QmP |=yVwQ QDW}@
QDW}@ w OvDUy XNWt |O=R; |=yxHQO O=OaD =@ |]NQ}e |=ysDU}U x@ OwOLt
|=yVwQ xJQo = "OvQ=O OQ@ Q=m '=v=t |iO=YD |=yl} QLD CLD |=ysDU}U QO
Ov}=Qi l} =yu; =t= 'OvQ=Ov |Y=N C}OwOLt 'wrQ=mCvwt |R=Ux}@W Q@ |vD@t
xHwD =@ "OvQ=O MU=B ?U=vt CkO x@ |@=}DUO Qw_vt x@ xv} RyQB w Q@u=tR '|Q=QmD
u} QD?w@Lt u=wvax@ pO=at |R=U|]N |=yVwQ 'xOW xQ=W= |=yC}OwOLt x@

"Ov=xOW xDiQ}PB |]NQ}e |=ysDU}U MU=B u}tND |=Q@ =yVwQ
|]N sDU}U l} =@ Q_vOQwt |]NQ}e sDU}U 'pO=at |R=U|]N VwQ QO
R= pO=at |]N sDU}U |=yQDt=Q=B "OwW|t u} Ro}=H |O=R; xHQO u=ty =@ pO=at
|]N w |]NQ}e |=ysDU}UMU=B u}@ =]N C=a@ Qt u}ov=}t |R=Uxv}tm j} Q]
`} RwD uDiQo Q_vQO 'pO=at |R=U|]N |=yVwQ |rY= ZQi "OvwW|t u}}aD
V}=Ri= =@ Ov=wD|t ZQi u}= "CU=ysDU}U MU=B Q@ sm =L `} RwD u=wva x@ 8u}Uwo
|}=Q=m w CkO "OwW ELM VwQ CkO Vy=m Ea=@ 'sDU}U |]NQ}e xHQO
[23�21]"Ov=xOW |UQQ@ |irDNt u=QoWywSB \UwD pO=at |R=U|]N |=yVwQ
'|]NQ}e sDU}U |=yMU=B u}ov=}t u}tND QO Ov=wD|t ELM VwQ '|rm Qw]x@
QO xS} w x@ [24]'|UwoQ}e |=yMU=B u}tND |=Q@ CU= umtt =t= &OW=@ j}kO
x@ u=wD|t ELM VwQ ?}=at Qo}O R= "OW=@v QF-wt [25]'MU=B `} RwD sO |x}L=v
|@=QN p=tDL= j}kO OQw;Q@ sOa u}vJty w Q=oOv=t |=ypmWQ}}eD |R=UpOt sOa
Qw_vtx@ ,=Q}N= [25]"OQm xQ=W= O}OW |iO=YD |=yl} QLD CLD |}xR=U |=ysDU}U
u=Q=mty w wU "CU= xDiQo CQwY |irDNt C=ar=]t 'ELM |=yVwQ |}=Q=m Ow@y@
VwQ =@ pO=at |R=U|]N VwQ u; QO xm OvOQm x�=Q= =Q |OQm} wQ [26]'�2018�
sD} Qwor= xm OvO=O u=Wv =yu; "CU= xOW ?}mQD |v=tR |xRwL K} QY |Ov@pwtQi
|=ysDU}U |iO=YD |=yV=aDQ= p}rLD |=Q@ 'Q}N= VwQ wO R= xOW?}mQD |OOa
VwQ R}v [27]'�2019� 9nv=wy w w�=S "OvDUy Ot;Q=m Q=}U@ T} RQDU}y w nv}i=O
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UOv
yt [28]%OvwW|t x@U=Lt 8 |r= 6 \@=wQ CQwY x@ xm

!2
eff = !2

n �
�

1� 8 (1� �)
�

Z 1
1

� 1
z3 + 1

�z

�p
z � 1

exp
��z2

�

�
dz
�

(6)

�eff = � !n
!eff

+
�
!n
!eff

�2 1� �p
��

�
1� erf

� 1p
�

��
(7)

� = 2
Z 1

0
G(!)=x2

y�
!2 � !2

eff

�2
+ (2�eff!eff )2

d! (8)

|]NQ}e sDU}U |=yxYNWt x@ \w@ Qt � w � '!n |=yQDt=Q=B x@ Q}N= \@=wQ pL
sDU}U |=yQDt=Q=B "CU= xDU@=w |OwQw l} QLD x@ \w@ Qt u=wD h}] `@=D G(!) w
8 |r= 6 |]NQ}e CqO=at |OOa pL j} Q] R= �eff w !eff pO=at |]N

"OvwW|t x@U=Lt

swU |x@DQt |R=U|]N VwQ R= xO=iDU= =@ pO=at |R=U|]N "2"2
|=yOQm} wQ R= xO=iDU= =@ |]NQ}e |=ysDU}U MU=B u}tND CkO V}=Ri= Qw_vt x@
xO=iDU= pO=at |]N |=ysDU}U |q=@ x@DQt CqO=at R= u=wD|t pO=at |R=U|]N
pO=at |]N sDU}U x@ \w@ Qt \@=wQ [34]'�1984� 12uw w wv=U; '=DU=Q u}= QO "OQm
pO=at |]N sDU}U x@ \w@ Qt CmQL |xrO=at |rm sQi "OvOQm x�=Q= =Q swU |x@DQt

%CU= 9 |x]@=Q CQwY x@ xOW QmP8<:�x+ 2�!n _x+ �!2
nx+ !2

n (1� �) (C1 _x+ C2z) = ��ug

_z + C3 _x+ C4z = 0
(9)

|]N sDU}U |=yQDt=Q=B 'Ov=xOW Qy=_ Q}N= CqO=at QO xm C4 =D C1 ?}=Q[
u}ov=}t uDN=U xv}tm OQm} wQ R= xm OvDUy |v=tR |xOwOLt QO swU |x@DQt pO=at
QmP ?}=Q[ |x@U=Lt |xwLv "OvwW|t x@U=Lt 9 w 1 \@=wQ u}@ =]N QwPHt
xOW x�=Q= [30]'�2013� VQ=mty w 13Twv=BU= Q=DWwv QO pYit CQwY x@ xOW
u}ty x@ 'OvDUy _xzTv=} Q=wwm w z ' _xTv=} Q=w x@ xDU@=w C4 =D C1 ?}=Q[ "CU=
|OwQw l} QLD x@ xDU@=w Ot=U@ |xRwL QO |Ov@pwtQi R= � _xz w �2

z '�2
_x CyH

[30]"Ov};|t CUOx@ 12 |r= 10 \@=wQ j@=]t |]N sDU}U |=Q@

�2
_x =

Z 1
0

!2
����� i! + C4P3

j=0 (i!)jAj

�����2G(!)d! (10)

�2
z =

Z 1
0

����� �i!C3P3
j=0 (i!)jAj

�����2G(!)d! (11)

� _xz = �C4
C3

�z
� _x

(12)

%OwW|t u=}@ 13 \@=wQ CQwY x@ R}v Aj QDt=Q=B '11 w 10 \@=wQ QO xm8>>>>>>><>>>>>>>:
A0 = �!2

nC4

A1 = �!2
n +

�2�!n + (1� �)!2
nC1

�
C4 � (1� �)!2

nC2C3

A2 = C4 + 2�!n + (1� �)!2
nC1

A3 = 1
(13)

"G(t) |iO=YD l} QLD CLD |O=R; xHQO l} |]NQ}e sDU}U "1 pmW

u=}@ 2 |x]@=Q CQwY x@ f ( _x; z; xy) `@=D "OQ=O |oDU@ 'OwW|t h} QaD ?trwm
:OwW|t

f ( _x; z; xy) = k [�x+ (1 + �)f1( _x; z; xy)] (2)

:OvwW|t h} QaD 4 w 3 \@=wQ j@=]t f1( _x; z; xy) w _z 'u; QO xm
_z = _x (1� U fz � xygU f _xg � U f�z � xygU f� _xg) (3)

f1( _x; z; xy) =

z (1� U fz � xygU f _xg � U f�z � xygU f� _xg) + :::

xy (U fz � xygU f _xg � U f�z � xygU f� _xg) (4)

' v � 0Q}O=kt <=R= x@ xm CU= O}=U} wy |}xrB `@=D Uf:g '=yu; QO xm
|xrO=at pL "CU= Ufvg = 0 ' v < 0 Q}O=kt <=R= x@ w Ufvg = 1
|}xO=U Q=m f ( _x; z; xy) |]NQ}e sQD OwHw p}rO x@ 1 |x]@=Q p}Uv=Qi}O
wO '|]NQ}e sDU}U MU=B u}tND Qw_vt x@ 'Q[=L VN@ QO 'wQ u}= R= "CU}v
|]NQ}e |=ysDU}U =@ Q_=vDt pO=at |]N sDU}U h} QaD CyH hrDNt OQm} wQ
|Q=t; |Q}ou}ov=}t VwQ R= 'pw= OQm} wQ QO "CU= xOW x�=Q= |O=R; xHQO l}
swO OQm} wQ QO "OwW|t xO=iDU= pO=at |]N sDU}U |=yQDt=Q=B G=QNDU= CyH
w |Ot=U@ |xOwOLt QO q=@ |x@DQt |R=U|]N |=yVwQ R= |Q}oxQy@ =@ R}v
sy=Qi pO=at |]N sDU}U h} QaD u=mt= '|]NQ}e sDU}U =@ u; uOQm u} Ro}=H

"OwW|t

|Q=t; |Q}ou}ov=}t VwQ R= xO=iDU= =@ pO=at |R=U|]N "1"2
MU=B |xJN} Q=D x@|]NQ}e sDU}U `@=wD '|U} RQDU}y Q=DiQ |=Q=O |=ysDU}U|=Q@
|Q}ou}ov=}t OQm} wQ R= [33]'�1960� 11|y=m '=DU=Q u}= QO "CU= xDU@=w sDU}U
|xrO=at "CU= xOQm xO=iDU=|]NQ}e |=ysDU}U |R=U|]N |=Q@ =y=]N C=a@ Qt
wQ}v � pmWQ}}eD |x]@=Q =@ |]NQ}e |=ysDU}U =@ Q_=vDt pO=at |]N sDU}U

%OwW|t h} QaD 5 |x]@=Q CQwY x@ '|]NwO

�x+ 2�eff!eff _x+ !2
effx = ��ug (5)

sDU}U |}=Q}t C@Uv w Ot=U@ �eff w !eff w |OwQw l} QLD ?=DW �ug 'u; QO xm
OvDUy 5 w 1 \@=wQ u}@ MU=B |=]N QwPHt u}ov=}t |R=Uxv}tm =@ pO=at |]N
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[37]%OwW|t x@U=Lt

�j;m;G =
Z 1

0
!mG(!)�

!2
j � !2�2 + (2�j!j!)2 d! (18)

|=yV=aDQ= CLD |=ysDU}U QO ��j� |}=tvnQR@ ?} Q[ |x@U=Lt xm =Hv; R=
COW R= X=N |L]U R= MU=B Qw@a u}rw= |xr�Ut j}kO pL OvtR=}v '|iO=YD
TQDUO QO |rm w j}kO |]@=wQ '�j ?} Q[ |x@U=Lt |=Q@ =Pr 'CU= p p=tDL= =@
?} Q[ u}tND x@ s=Ok= |@ QHDxt}v |=yVwQ j} Q] R= u=QoWywSB 'wQ u}= R= "CU}v
|x]@=Q R= 'Q[=L |xar=]t QO [39w38]"Ov=xOQm =v=tQ}e |=yl} QLD |}=tvnQR@
%CU= xOW xO=iDU= 19 |x]@=Q j@=]t [36]'�1976� lQ=tv=w |OQ@ Q=m w |@ QHDxt}v
�j =

r
2 ln

n
2�j

h
1� exp

��q1 2
j

p
� ln (2�j)

�io
(19)

%OvwW|t x@U=Lt 21 w 20 \@=wQ j@=]t �j w qj 'vj u; QO xm

�j = �
!jTs exp

�
�2
�

1�exp(�2�!jTs)
1�exp(��!jTs) � 1

��
2� ln(0 5)

(20)

qj =

vuuut1� 1
1� �2

j

0@1� 2
�

tan�1 �jq
1� �2

j

1A;

�j = �
1� exp (�2�!jTs) (21)

|x]@=Q R= xDUUo u=wD h}] 'XNWt MU=B=KQ] h}] uDW=O Q=}DN=QO =@ uwvm =
!k = !0+(k�0=5)�!|a}@]Ot=U@ wNXNWt\=kv O=OaD QO Q} R|DWoR=@
CQwYx@ Ot=U@ |xOwOLt QO u=wDh}] |x]@=Q [40]"O};|tCUOx@ �! |=ys=o =@

%OwW|t u=}@ 22 |x]@=Q

G
�
!k
�

= 4�k
!k� � 4�k!k�1

�
�Sa2

�
2�=!k; �

�
�2
k

��!
k�1X
i=1

G
�
!i
��

(22)

|=yOQ@ Q=m |=Q@ "OwW|t QDW}@ CkO u=R}t 'OW=@ QDlJwm �! QOkJ Qy 'u; QO xm
Ot=U@ u; R= xm CU= |Ot=U@ !N "OQ=O |i=m CkO '�! = 0=1 Q=Okt |UOvyt
Ot=U@ Q=Okt u} QDtm !0 u}vJty w Ovm|t p}t QiY x@ u=wD h}] |xvt=O 'Oa@ x@

%�23 |x]@=Q� CU= 19 |x]@=Q h} QaD CyH |a}@]
!0 = min

!k

�
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n
2�j

h
1� exp

��q1 2
j

p
� ln (2�j)

�io � 0
�

(23)

\w@ QtD(!k;�) ?=DW x@W MU=B h}] u=wD|t '21 |r= 17 \@=wQ T=U=Q@
umtt C=@U=Lt pw= s=o QO "OQm x@U=Lt =Q 22 |x]@=Q R= xOt;CUOx@ u=wDh}] x@
h}] x@ sDU}U |a}@] |=yOt=U@ s=tD QOD(!k;�) ?=DW x@W MU=B h}] CU=
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�2
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"CU= pw@k p@=k |}=Qoty l} x@ uO}UQ |=Q@ sRq |=yQ=QmD O=OaD M 'u; QO xm

|]NQ}e |xrO=at 7 x=oDUOl} p}mWD '12|r= 10 CqO=at wC4 =DC1 ?}=Q[
R= u=wD|t QwmPt |]NQ}e CqO=at x=oDUO pL |=Q@ xm OvyO|t =Q pwyHt 7 w
[35]"OQm xO=iDU= 14nrn =O u=v}t]= |x}L=v VwQ Ovv=t '|R=Uxv}y@ |=ysD} Qwor=
|x@DQt |]N |=ysDU}U xm Ci=} QO u=wD|t |OOa |=yR}r=v; w |Qw�D x=oO}O R=
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=Q swU |x@DQt |]N sDU}U 'p=L u}= =@ "Ovvm|t OQw;Q@ QDj}kO =Q |]NQ}e sDU}U
\@DQt MU=B=KQ] h}] =} |]N sDU}U |=yMU=B |xv}W}@ x@ |DL=Q x@ u=wD|tv
Q_=vDt swO |x@DQt |]N sDU}U l} h} QaD =@ 'Q}N= pmWt `iQ CyH "CN=U
j} Q] R= Q=m u}= "OwW|t O=H}= \=@DQ= u}= swU |x@DQt pO=at |]N sDU}U =@
|x@DQt =@ swU |x@DQt |]N |=ysDU}U MU=B |Q=t; C=YNWt uO=OQ=Qk Q@=Q@
=@ hQ=aDt swO |x@DQt |]N sDU}U CmQL |xrO=at [37]"Ovm|t =O}B jkLD swO
CQwY x@ �ug ?=DW CLD uwmU |x}rw= \}=QW w �eff w !eff pO=at |=yQDt=Q=B

%CU= 14 |x]@=Q
�x+ 2�eff!eff _x+ !2

effx = ��ug (14)

!eff |]N sDU}U |=yQDt=Q=B "CU= swO |x@DQt |]N sDU}U MU=B x 'u; QO xm
|=ysDU}U |}=Hx@=H w CaQU MU=B |=yTv=} Q=w uO=O Q=Qk Q@=Q@ =@ R}v �eff w

%Ov};|t CUOx@ 16 w 15 \@=wQ j@=]t swU w swO |=yx@DQt |]N
�2
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G(!)�
!2 � !2

eff

�2
+ (2�eff!eff!)2

d!

=
Z 1

0

����� i! + C4P3
j=0 (i!)jAj

�����2G(!)d! (15)

�2
_x =

Z 1
0

!2G(!)�
!2 � !2

eff

�2
+ (2�eff!eff!)2

d!

=
Z 1

0
!2
����� i! + C4P3

j=0 (i!)jAj

�����2G(!)d! (16)

OQm} wQ T=U=Q@ R}v Q}N= \@=wQ QO �eff w !eff |]N sDU}U |=yQDt=Q=B Q}O=kt
'|R=Uxv}y@ |=ysD} Qwor= R= xO=iDU= =@|]NQ}eCqO=at x=oDUOpL|=Q@ xOW xQ=W=
MU=Bh}] 'xOW h} QaD |]N sDU}U T=U=Q@ u=wD|t uwvm = "OvDUy x@U=Lt p@=k
x@U=Lt =Q |OwQw |=yl} QLD CLD |]NQ}e |=ysDU}U =@ Q_=vDt pO=at |]N

"OQm

MU=B h}] =@ Q=oR=U u=wD h}] |x@U=Lt "3
h}] `@=D T=U=Q@ 2 2 w 1 2 |=yVN@ QO pO=at |]N |=ysDU}U |Ov@pwtQi
\=@DQ= Qw_vtx@ =Pr "CU=G(!) |Ot=U@ |xRwL QO |OwQw l} QLD x@ \w@ Qt u=wD
|OwQw l} QLD CU= sRq 'MU=B=KQ] h}] =@ |OwQw l} QLD u=wD h}] uO=O

?=DWx@W MU=B h}] \UwD |}xRQr
C@Uv w !j |a}@] Ot=U@ =@ |]N |O=R; xHQO l} sDU}U Sa (2�=!j)
=v=tx@W Ov}=Qi l} CQwY x@ |OwQw l} QLD '?wJQ=J u}= QO "OwW u=}@ � |}=Q}t
?} Q[ swyit |xr}Uwx@ Sa MU=B h}] Q@ |vD@t Ts OwOLt V=aDQ= u=tR |=Q=O

[36]%OwW|t u=}@ 17 |x]@=Q CQwY x@ �j |}=tvnQR@
Sa
�2�
!j
; �
�

= �j!2
j
p
�j;0;G (17)
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|=yV=aDQ= |Qw�D R= xO=iDU= =@ |]NQ}e |O=R; xHQO l} |=ysDU}U MU=B

%OwW|t x@U=Lt 25 x]@=Q ltm x@ |iO=YD
max
T
fjx(t)jg = �eff�x (25)

R}v �eff w pO=at |]N |=ysDU}U MU=B Q=}at h=QLv= Q}O=kt =@ Q@=Q@ �x 'u; QO xm
|=yx@DQt |]N sDU}U pO=at |=yQDt=Q=B \UwD xOW x@U=Lt |}=tvnQR@ ?} Q[

CLD |]NQ}e |=ysDU}U MU=B |xv}W}@ "4
MU=B h}] =@ Q=oR=U |=yl} QLD

|=yVN@ QO xOW xO=O K}[wD pO=at |R=U|]N |=yVwQ R= 'Q[=L Q=DWwv QO
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KQ] h}] =@ Q=oR=U |iO=YD |=yl} QLD CLD |]NwO |}=Hx@=H � wQ}v Q=DiQ
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Qw_vt x@ "CU= xOW xDiQo Q_v QO O=} R |r}N |R}NxRQr |xk]vt QO w II l =N
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x}v=F Ts = 20 s w �! = 0=1rad=s Q}O=kt uDiQo Q_vQO =@ QwmPt |=yh}]

"OwW|t xOy=Wt
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