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xOvvmCNU jta Q=F; x@ [30]'�2015� |v=mtpo w u=}@=QLt "OwW uRw Q}osWJ
"OvDN=OQB |wkrL jQwDt C=LiY |m}D=DU= MU=B QO hrDNt |RQt \}=QW =@ x=Qty
l} nQR@ |=ypmWQ}}eD w |Wv=tm |=yQ=DiQ R}v [31]'�2016� |t=t= w |v=mtpo
DR VwQ T=U=Q@ � Ov=xOW CNU |}xQ}=O CQwY x@ xm � =Q |a@=D GQOt |xkrL

"Ov=xOQm |UQQ@
|m}v=mt Q=DiQ 'xOW QmP |=yQ=DWwv QO p}rLD w x} RHD G}=Dv x@ xHwD =@
OwHw =@ "CU= xDU@=w O=wt |tHL QUm `} RwD x@ |O=} R Q=Okt x@ BFG |=yQ=DN=U
Ovv=t 'XNWt |[=} Q `@=Dl}\UwD ,qwtat BFG |=yQ=DN=U |O=t p}iwQB 'u}=
Ov=wD|tv |O=wt ?}mQD u}vJ ,=Qy=_ "OwW|t xO=O K}[wD |}=tv =} |v=wD |=yuwv=k
|=yQ=DN=U QO O=wt `} RwD |R=Uxv}y@ u}=Q@=v@ "OwW |R=Uxv}y@ |rta p�=Ut QO
QO "CU= |QwQ[ xR=U ?wr]t |m}v=mt OQmrta uOQw; CUO x@ |=Q@ BFG

GQOt |=ypv=B |R=Uxv}y@ Qw_vt x@ [32]'�2018� |vqwt w u}UL 'Qo}O |}xar=]t
"Ov=xOQm xO=iDU= |}xrtHOvJ \U@ VwQ R= |Wv=tm Ctw=kt Q@=Q@ QO |Oa)@ wO |a@=D
� |Q=DN=U `} RwD |R=Uxv}y@ x@ R}v [33]'�2019� Vv=Q=mty w 15nvwQD s=D
xDN=OQB|m}D=DU= |Q=PoQ=@ ZQat QO wmvWwt}D Q}D QO|a@=D |xrmWDt O=wt|UOvy
,=DOta xv}y@ |m}t=QU ?}mQD O}=@ 'Q=OQ}o |RQt \}=QW =@ |=yQ}D QO xm Ov=xO=O u=Wv w
|RQt \}=QW "O@=} X=YDN= |v=DLD w |v=kwi Kw]U u}vJty w Q=OQ}o |=yx@r x@
QO |yHwD p@=k QF= '�L=H� |O=a@= C@Uv Ovv=ty 'l}t=QU |tHL C}OwOLt w

16u} wov "OvQ=O BFG |=yQ}D |m}v=mt Q=DiQ
lR=vQ=OH|v=Ow=v `]kt =@|D} RwBt=m|=yQ}D |R=Uxv}y@ [34]'�2016�u=Q=mty w
`=iDQ= 'p=@ ZQa =@ |U=U= Ot=U@ w Vv=tm |v=QL@ Qw=DWo |R=Uxv}W}@ |=Q@ =Q
QO |L=Q] |=yQ}eDt u=wvax@ u=tRty CQwY x@ xm � Q@}i |x} w=R w 'u=H
R= xO=iDU= =@ |R=Uxv}y@ 'u}= Q@ xwqa "Ov=xOQm |Ov@pwtQi � Ov=xOW xDiQo Q_v
l}Uqm l}DvS sD} Qwor= x@ C@Uv |QD`} QU |}=Qoty MQv 'wQm}t l}DvS sD} Qwor=
Q@ |vD@t |R=Uxv}y@ VwQ l} R= [35]'�2017� |r w u} wov "CU= xO=O u=Wv
GQOt |=yQ}D |WJ}B |WtN w |@v=H Vv=tm |UQQ@ |=Q@ l}DvS sD} Qwor=
w |UOvy `} RwD |=yQDt=Q=B u; QO xm Ov=xOQm xO=iDU= pmW I `]kt =@ |a@=D
'Kr=Yt w |UOvy |=yQDt=Q=B "Ov=xOW Qw_vt |L=Q] |=yQ}eDt u=wva x@ 'O=wt
QDx=Dwm |=yQ}D QO ,=YwYN |a@=D GQOt |=yQ}D Vv=tm |wQ Q@ |PwivQB Vkv
XN=W w p=@ |m}t=QU VWwB Ct=N[ xm OvO=O u=Wv =yu; u}vJty "OvQ=O
|v=QL@ Q=@ u}}aD QO |}=RUx@ Vkv '�u}}=B Q}O=kt =@ Q_=vDt� X=wN |v=wD `} RwD
|UQQ@ =@ R}v [36]'�2022� Vv=Q=mty w 17|i "Ovvm|t |R=@ Vv=tm =@ Q_=vDt
`} RwD =@ R=@ lR=vQ=OH |=yQ}D |=yV=aDQ= w Vv=tm |xr�Ut |R=Uxv}y@ |ovwoJ
Vv=tm C}iQ_ xm OvO}UQ xH}Dv u}= x@ 'p=@ w u=H |=DU=Q QO X=wN |H} QOD
"CU= |UOvy Q=DN=U =} X=N |=ypmW R= pkDUt QwmPt |=yQ}D |xv}y@
Ov=wD|t |a@=D GQOt O=wt `} RwD |R=Uxv}y@ xm O=O u=Wv Q}N= |xar=]t u}vJty
xO=iDU= lR=v |xQ=w}O |=Q=O |=yQ}D Vv=tm w =yV=aDQ= Ow@y@ QO QF-wt Qw]x@

"OwW
|=yV=aDQ= w Vv=tm |xr�Ut |UQQ@ =@ R}v [37]'�2018� Vv=Q=mty w u} wov
|Q=O}=B=v xm OvDi=} QO xDyHwO |a@=D GQOt lR=vQ=OH |=yQ}D |WJ}B � |WtN
MQ |WJ}B Owt QO QDx=Dwm |=yQ}D QO w |WtN Owt QO p} w] |=yQ}D QO |Wv=tm
|=ypmWQ}}eD |Qw�D u} QDRwQx@ R= xO=iDU= =@ [38]'�2019�Vv=Q=mty w |r "OyO|t
=Q xDyHwO |a@=D GQOt ?w}at |=yQ}D Vv=tm R= TB Q=DiQ 'GDQM VwQ w |WQ@
T=U=Q@ xDyHwO |a@=D Q}D |DNU xm OvO=O u=Wv w OvOQm |UQQ@ |Q=DN=U pNrND =@

"CU= QDtm K]Ut VvQm pOt |DNU R= K]Ut VvD pOt

Pwiv VwQ QO "OyO MQ PivtR} Q w pNrND '|vi pmWt OvJ Crax@ O=wt pN=O
xm |r=L QO 'CU= Q=wWO Q=}U@ |v=}t CtUk x@ x} wv=F O=wt Pwiv '|}xrLQtOvJ
QO ,=DOta pNrND 'xH}Dv QO &CU= QDu=U; |v}}=B w |}q=@ |=yCtUk x@ =yu; Pwiv
|yOpmW 'xv}tR u}= QO Qo}O |=yVwQ "ODi=|t j=iD= FGM O=wt |v=}t |xk]vt
'[9]RmQt R= R} Qo\UwD \wrNt QOwB VwQ [8]3�LENS� QR}r =@ xOW|UOvytXr=N

"OvDUy """ w [10]�RP/M� |k}@]D `} QU O}rwD/|R=Uxvwtv |=yVwQ
Q}N= |=yp=U QO |e=O ẁ[wt 'FGM O=wt |m}v=mt Q=DiQ OQwt QO C=ar=]t
V=aDQ= w |WtN G=wt= Q=WDv= '|m}D=DU= VtN [11]'�2008� 4|r "CU= xOw@
xOQm |UQQ@ |rwvQ@ � Qr} w= w wmvWwt}D |=y|Qw�D R= xO=iDU= =@ =Q FG |=yQ}D O=R;
|x} Q_v l} T=U=Q@ =Q =yQ}D |WtN Q=DiQ [12]'�2008� u=Q=mty w 5|rwO=m "CU=
"Ov=xOQm xar=]t OwOLt u=tr= uw}UqwtQi R= xO=iDU= QDq=@ |x@DQt |WQ@ pmWQ}}eD
u=UWm VwQ '|Oa)@ wO |a@=D GQOt |=yQ}D Q@ RmQtD =@ [13]'�2008� u=Q=mty w 6wr
C=a@ Qt VwQ R= w xO=O \U@ =Q |Oa)@ wO |a@=D GQOt |=yQ}D |=Q@ |r}rLDxt}v
|}=tQo w VtN pmWQ}}eD uOQw; CUOx@ |=Q@ Cr=L |=[i Q@ |vD@t |r[=iD
|=yQ}D |=Q@ j}kO u=UWm pLx=Ql} [14]'�2016� u=Q=mty w 7w�=S "Ov=xOQm xO=iDU=
|Q=}DN= |RQt \}=QW =@ |Q=}DN= |@v=H |=yQ=@ ZQat QO |Oa)@ wO |a@=D GQOt
V=aDQ= [15]'�2016� u=Q=mty w nv=w "Ov=xOQw; CUOx@ xO}J}B |R}r=v; T=U=Q@
"OvOQm |UQQ@ =Q Qr} w= � |rwvQ@ Q}D |x} Q_v |x}=B Q@ |Oa)@ wO |a@=D GQOt |=yQ}D O=R;
xDN=U wmvWwt}D |=yQ}D Vv=tm p}rLD [16]'�2016� u=Q=mty w 8lWtW ',=@k=aDt
RD} Q VwQ w hrDNt |RQt \}=QW |x_Lqt =@ =Q |Oa)@ wO |a@=D GQOt O=wt R= xOW

"Ov=xOQm |UQQ@
GQOt |=yQ}D |Oa)@ wO |]NQ}e VtN Q=DiQ [17]'�2018� u=Q=mty w |r
s}taD |r[=iD C=a@ Qt VwQ w |rwvQ@ � Qr} w= Q}D |x} Q_v R= xO=iDU= =@ =Q |Oa)@ wO
C=YNWt |wQ Q@ u=QoWywSB|NQ@ 'u}= Q@xwqa "Ov=xOQm xar=]t 9�GDQM� xDi=}
|=yQ}D wv=v � wQm}t |DyH wO [23]'Vv=tm w [22�20]'O=R; V=aDQ= [19w18]'|WtN
T=U=Q@ =Q |tD} Qwor= [24]'�2010� u=Q=mty w |r "Ov=xOW RmQtDt |a@=D GQOt
xDyHwO |a@=D GQOt O=wt =@ C=LiY u=UWmwtQD p}rLD |=Q@ |r[=iD C=a@ Qt VwQ
u=tr= pOtl} R= [25]'�2009� u=Q=mty w 11qa �Ctav "Ov=xO=O xaUwD 10�BFG�
FGM O=wt |Q}tNwDUq= Q=DiQ |OOa j}kO Q=}U@ |UQQ@ |=Q@ |Oa)@xU OwOLt
|xDUwB l} O=R; V=aDQ= 'Oa@ p=U OvJ "Ov=xOQm xO=iDU= |DQ=QL |Q=PoQ=@ |]
[26]'�2014� xO=R|iHv w |t}y=Q@= \UwD |a@=D GQOt O=wt =@ |Oa)@ wO |}xv=wDU=
Q=DiQ p}rLD OQwt QO =Q |D=ar=]t [27]'�2015� u=Q=mty w 12|QwD=U "OW R}r=v;
|=yxOvvmCNU \UwD xOW C} wkD |Oa)@ wO |}xv=wDU= |xDUwB u=UWm Vv=tm
xO=iDU= =@ CN=wvm} |[Qa |xOQDUo w |QwLt Q=Wi |=yQ=@ ?}mQD CLD |QwLt
OQwt QO j}kO |xar=]t l} "OvDiQo xOya Q@ �DQM� |r[=iD C=a@ Qt VwQ R=
xOW CNU |a@=D GQOt C=LiY Vv=tm R= TB w |]NQ}e Vv=tm |=yMU=B
u=Q=mty w 13q=Rm =D \UwD |DQ=QL |=y\}Lt QO hrDNt |UOvy |=y|oS} w =@
QO |Wv=tm Q=DiQ |UQQ@ Qw_vt x@ |r}rLD VwQ l} ,=Q}N= [28]"OW x}yD '�2017�
QO =yxOvvmCNU R= |O=OaD \UwD xOW CNU |a@=D GQOt O=wt =@ xDUwB C=a]k

[29]"CU= xDi=} VQDUo '�2018� 14lwO w w nvww \UwD '|DQ=QL |=y\}Lt
|=yQ=DiQ |xar=]t QO |WQ@ pmWQ}}eD w |v=QwO |UQv}= [11]'�2008� |r
C=ar=]t j@] "CiQo Q_v QO FGM O=wt =@ =Q |r}]DUt Q}D |m}t=v}O w |m}D=DU=
'X=N KQ] l} ẁv x@ xDU@ 'FGM O=wt xm Ov=xO=O u=Wv u=oOvU} wv 'xOW QmP
R= |W=v ?}U; Ov=wD|t FGM |xDUy xm OW x_Lqt "OvDUy Qw;u=} R =} O}it
Vy=m x@ QHvt w OQw; ptax@ |Q}owrH u; R= =} w OyO Vy=m =Q =yxR=U QO x@ Q[
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"Ovm|t
"OyO|tv pmWQ}}eD OwN |xLiY QO Q}D |[Qa `]kt |]}Lt |vLvt �

p=tQv |=yVvD w |v=}t K]U Q@ `k=w |WQ@ VvQm |xir-wt uOw@ lJwm ?@U x@ �
"(�
zs = 1) OQm Q_vhQY =yu; QF= R= u=wD|t '|vLvt Q@ T=tt

"CU= jO=Y |[Qa `]kt |=yVN@ R= s=Om Qy |=Q@ 22hyWQ}m C=}[Qi �
"OwW|tv xO=O Cr=NO xr�Ut |R=UpOt QO |H=Hwa= w |rLt Vv=tm Q=F; �

?UL Q@ |[Qa `]kt QO x=wNrO |x]kv Qy C=YDNt '1 pmW j@=]t
:OQm u=}@ �? w hr= 1� |x]@=Q =@ u=wD|t =Q VQ@ RmQt C}akwt

x = xs + (r + n) sin � � q cos � (hr=1)

y = ys � (r + n) cos � � q sin � (hr=2)

=@ P R= xOvQPo s |U=tt |=DU=Q |kqD pLt =D P ?]k u}@ |xrY=i q '=yu; QO xm
|}x]kv Qy |}=Hx@=H |=yxir-wt u=wD|t '1 pmW j@=]t "CU= n |Owta |=DU=Q
� |]}Lt QwDv=m Q@ `k=w \=kv |}=Hx@=H |=yxir-wt ?UL Q@ =Q |[Qa `]kt |wQ

[57�45]:OQw; CUOx@ 2 |x]@=Q R= =Q `]kt |v=}t2664uv
w

3775 =

2664�u

�v

�w

3775� n
2664 0

�u;s
�u;z

3775 (2)

'|a[wt Vv=tm Q=F; R= Q_vhQY =@ w VvQm |=yxir-wt uOw@ lJwm ZQi =@
?UL Q@ '|]}Lt � |v=}t QwDv=m |wQ \=kv �� w �u |}=Hx@=H |=yxir-wt u=wD|t
pwL � `]kt u=QwO |x} w=R w �VQ@ RmQt� P ?]k 'V w U |}=Hx@=H |=yxir-wt

:OQm u=}@ �? w hr= 3� |x]@=Q CQwYx@ =Q ?]k R= xOvQPo QwLt
�u(s; z) = U(z) sin �(s)� V (z) cos �(s)� �(z)q(s) (hr=3)

�v(s; z) = U(z) cos �(s) + V (z) sin �(s) + �(z)q(s) (?3)

C=YDNt '�2007� 23|r w ww nvwi \UwD xDiQo CQwY C=ar=]t R= xO=iDU= =@
[42]:Ov};|t CUOx@ �? w hr= 4� |x]@=Q R= G=Hwa= `@=D =} �!� |a=]k

!(s) =
Z s

so

�
r(s)� F (s)

t(s)

�
ds (hr=4)I

i

F (s)
t(s)

ds = 2Ai; i = 1; :::; n (?4)

u}vJty "CU= s)=i QwDv=m \UwD xOW x]=L= `]kt K]U hQat Ai 'u; QO xm
\@=wQ x@ xHwD =@ "CU= pmW|]wk `]kt \}Lt |=DU=Q QO Ct=N[ Qov=}@ t(s)
`]kt |=Q@ 24Cv=v w CvU |]}Lt VQ@ u=} QH |va} 'F (s) K} QY sQi 'Q}N=

[42]:O};|t CUOx@ 5 |x]@=Q j@=]t pmW|]wk
F = 2AmH ds

t(s)

= 2b1b2
b1( 1

t1 + 1
t3 ) + b2( 1

t2 + 1
t4 )

(5)

CQwY x@ |v=}t |vLvt Q@ `k=w \=kv |WQ@VvQm 'hwUqw C=}[Qi x@ xHwD =@
:O};|t CUOx@ 6 |x]@=Q

�
sz = @�v
@z

+ @ �w
@s

= 0 (6)

|Wv=tm Q=DiQ uwvm =D xm Ci=} QO u=wD|t xOW s=Hv= C=ar=]t x@ |y=ov =@
CLD 'uoty=v Q=DN=U =@ pmW|]wk xS} wx@ xDU@ lR=vQ=OH|a@=D|J} wOv=U |=yQ}D
xOWv p}rLD w x} RHD `t=H CQwY x@ |[Qa = |QwLt |m}D=DU= |=y|Q=PoQ=@
"CU= xOW |UQQ@ w xar=]t 'xOW QmP |=yQ}D Vv=tm 'Q[=L VywSB QO '=Pr "CU=
`} RwD =@ xDUw}B CQwY x@|a@=D Q}D|m}v=mt X=wN xmCU= xOW ZQi =DU=Q u}= QO
|tHL QUm |]N \qDN= uwv=k R= C}a@D =@ Q}D `]kt Ct=N[ |=DU=Q QO |v=wD
`]kt <=[a= |oOQwN?=D QF= uO=O Cr=NO =@ TBU [40w39]"O@=}|t Q}}eD 'O=wt
|Q}oQ=mx@ w [41]' 18hwUqw Q}D C=}[Qi R= xO=iDU= =@ xr�Ut |Ov@pwtQi QO |[Qa
sm =L CqO=at '�|R=Ht Q=m pY=� uwDr}ty pY= R= xO=iDU= =@ w l}Uqm Q}D |Qw�D
|a@=D GQOt pmW|J} wOv=U Q}D =@ Q_=vDt Vv=tm |v=QL@ Q=@ w G=QNDU= Q}D Vv=tm Q@
|=yCr=L |=Q@ xS} w Q}O=kt pL VwQ R= xO=iDU= =@ |Q=PoQ=@ QF= CLD lR=vQ=OH
w 20�CF� O=R; QUl} � Q=OQ}oQUl} �? ' 19�SS� xO=U QU wO �hr= %|y=ox}mD
R}r=v; w xU}=kt 'pY=L G}=Dv w G=QNDU= 21�CS� xO=U QUl} � Q=OQ}o QUl} �G

"Ov=xOW |:tm w |i}m

CqO=at G=QNDU= w |Ov@pwtQi "2
|[Qa `]kt pmWQ}}eD l}D=tv}U"1"2

`]=kt pmWQ}}eD |ovwoJ h}YwD CyH |twta pOt l} G=QNDU= Qw_vt x@
|DQ=mO Ot=aDt C=YDNt x=oDUO ẁv xU '|Q=PoQ=@ u}L QO lR=vQ=OH Q}D |[Qa
Q@ `k=w� |rLt (n; s; z) Ot=aDt C=YDNt x=oDUO '|rm sDU}U |=Q@ (x; y; z)

ZQi |]}Lt C=YDNt x=oDUO w �u=H w p=@ R= sa= Q}D Ovv=t 'xLiY |=yCtUk
`k=w Q}D |[Qa `]kt |xLiY QO y w x |=yQwLt '1 pmW j@=]t "CU= xOW
|rw] |=DU=Q C=R=wt x@ w |[Qa `]kt Q@ Owta z QwLt xm |r=L QO 'Ov=xOW
|=yCtUk R= l} Qy |v=}t K]U Q@ Owta n QwLt "CU= xOW xDiQo Q_v QO Q}D
\}Lt pw] QO xQ=wty w xOw@ |v=}t K]U Q@ T=tt 's QwLt w Q}D Ovv=t 'xLiY
u=wva =@ P |x]kv "CU= xOW xO=O CmQL |[Qa `]kt |xYNWt R=QD |vLvt

[41]"OwW|t xDN=vW VQ@ RmQt =} ?]k -=O@t
'FG OvtiOy lR=vQ=OH Q}D |r}rLD pOt Q@ sm =L CqO=at G=QNDU= |=DU=Q QO

:CU= xOW Qw_vt C=}[Qi u}=
Q_v QO |]N |xOwOLt QO =yu; C=Q}}eD w lJwm |xr�Ut VvQm |=yxir-wt �

"OwW|t xDiQo

"R=@ lR=vQ=OH Q}D |[Qa `]kt Q@ `k=w C=YDNt x=oDUO "1 pmW
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"""|
a@=D

GQO
t|

=yQ}
D|

Wv=t
m|

=yQ=
@|

UQQ
@

R= |L]U Qy QO xm |Qw]x@ 'OvDUy |Rri w |m}t=QU |=y<RH \qDN= |tHL
:CU= Q=QkQ@ 11 |x]@=Q '|a@=D pmW|J} wOv=U Q}D |a@=D GQOt |x}L=v Ct=N[
Vc(n) + Vm(n) = 1 (11)

x@ =Q |m}t=QU <RH |tHL QUm u=wD|t 'xO=U |v=wD `} RwD uwv=k R= xO=iDU= =@
[42]:CWwv 12 |x]@=Q CQwY

Vc(n) =
�1

2 + n
h

�p
; 0 � p <1 (12)

h}YwD =Q |a@=D OvtiOy |x}q Ct=N[ QO O=wt `} RwD |ovwoJ p 'u; QO xm
|=Q@ xm OwW|t xOy=Wt 8 |x]@=Q x@ xHwD =@ w 3 pmW j@=]t "�3 pmW� Ovm|t
xU}=kt QO |m}t=QU <RH ?}mQD syU OYQO '\qDN= XN=W R= QDlJwm Q}O=kt

"Tmar=@ w CU= QDW}@ |Rri <RH =@
uwU=wB C@Uv QF= 'Q[=L pOt =@ lR=vQ=OH Q}D p}rLD w x} RHD QO xm |}=Hv; R=
xOW ZQi |oO=U Qw_vtx@ wQ u}= R= 'CU= R}J=v nv=} pwOt QF= =@ xU}=kt QO
ZQi |oO=U Qw_vt x@ 'Qo}O |iQ] R= "CU= C@=F uwU=wB C@Uv Q=Okt xm CU=
|[Qa `]kt |=yVN@ Ct=N[ |=DU=Q QO \ki Kr=Yt X=wN xm CU= xOW
X=wN R= Ct=N[ |=DU=Q QO p=@ w u=H <=[a= u=UWm pwOt w OQ}o|t CQwY
T=U=Q@ n = +h=2 |m}t=QU Xr=N X=wN x@ n = �h=2 QO |Rri Xr=N
uoty=v Q=DN=U OQwt QO R=}vOQwt C=L}[wD x@ xHwD =@ "O@=}|t Q}}eD |v=wD `} RwD
|m}t=QU w |Rri <=RH= =@ |a@=D GQOt O=wt X=wN 'Q[=L VywSB QO |a@=D OvtiOy
'�|a@=D |}x}qlD� A |=ypOt 'Ct=N[ |=DU=Q QO |m}t=QU R=i |tHL QUm w
h} QaD 15 |r= 13 \@=wQ CQwY x@ �|}x}qxU� C pOt w �|}x}qwO� B pOt

[43]:OvwW|t
A ẁv

Vc =
�1

2 + n
h

�p
; �h2 � n � +h

2 (13)

B ẁv

Vc =

8<:� 1
2 + n

h

�p ; �0=5h � n � (0=5� �)h

1 (0=5� �)h � n � 0=5h
(14)

`]kt p=@ w u=H |a@=D |x}q Ct=N[ O=ODt= QO |tHLQUm `} RwD "3 pmW
"pmW|]wk

|]}Lt |=DU=Q QO s x@ C@Uv |Q}op=QoDv= =@ w �?3� |x]@=Q R= xO=iDU= =@
�w |}=Hx@=H |xir-wt u=wD|t |]}Lt QwDv=m |wQ x=wNrO |}x]kv =D -=O@t |x]kv R=

:OQm G=QNDU= 7 |x]@=Q CQwY x@ =Q
�w(s; z) = W (z) sin �(s)� dU

dz
x(s)� dV

dz
y(s)� @�(z)

@z
!(s)

(7)

[43]:Ov=xOW |iQat 8 |x]@=Q CQwY x@ |]N VvQm |=yxir-wt 'xt=O= QO
"z = "0

z + (x+ n sin �)�y + (y � n cos �)�x + (! � nq)�!

sz = n�sz (8)

w �! = ��;zz '�x = �U;zz '�y = �V;zz '"0
z = W;z 'u; QO xm

w x |=y=DU=Q QO =y=vLv= '|QwLt VvQm |xOvyOu=Wv ?}DQD x@ w �zs = 2�;z
2 |=yxrO=at R= xO=iDU= =@ "OvDUy |WJ}B <=vLv= w |oOQwN?=D R= |W=v <=vLv= 'y
CQwYx@ =Q |a@=D GQOt Q}D VvQm � VvD Q@ sm =L |xrmWDt |x]@=Q u=wD|t '8 w

:CWwv 9 |x]@=Q(
�z
�zs

)
=

"
E(n) 0

0 G(n)

#(
"z

zs

)
(9)

x@ `]kt |WQ@ pwOt w |v=UWm pwOt Qov=}@ ?}DQD x@ G(n) w E(n) u; QO xm
"OvDUy `]kt |=yx}q R= s=Om Qy |UOvy QwLt R= n |xrY=i

pNrNDt |a@=D |xR=i wO OvtiOy `]kt X=wN |R=UpOt "2"2
wO uoty=v Q=DN=U =@ xDU@ lR=vQ=OH pmW|]wk Q}D |[Qa `]kt '2 pmW QO
�u=H w p=@� `]kt <=RH= 'u; j@=]t xm &OwW|t xOy=Wt FG |a@=D GQOt |xR=i

"Ov=xOW xDN=U ẁvDt pOt xU =@ |m}t=QU w |Rri <RH wO \qDN= R=
Ct=N[ |=DU=Q QO QwmPt FG Q}D u=H w p=@ X=wN `} RwD xmCU= xOW ZQi
Ovm|t C}a@D O=wt |tHL QUm |]N \qDN= uwv=k R= pNrNDXN=W Qw[L QO w

[42]:O};|t CUOx@ 10 |x]@=Q R= w
E(n) = EcVc(n) + EmVm(n)� �Ec + Em

2 (10)

w |m}t=QU Xr=N |v=UWm pwOt |xOvyOu=Wv ?}DQD x@ Em w Ec 'u; QO xm
QUm |xOvyOu=Wv R}v Vm w Vc Qw]u}ty "OvDUy pNrNDXN=W hQat � w |Rri

"pmW|]wk |[Qa `]kt =@ Q}D MQt}v hrDNt |=ypOt "2 pmW
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4/
2|

xQ=t
W'

38
�2

|xQ
wO'

�14
01

u=DU
tR�

h}
QW

u=Qt
a|

UOv
yt K]U VQ@ RmQt C=YDNt ys w xs w |QwLt Q=@ P 0 'Q}N= \@=wQ QO "OvDUy

=yO=ODt= "OvDUy QwLt pwL K]U |UQv}= u=tt Qov=}@ Ip w 'lR=vQ=OH Q}D `]kt
'Q[=L VywSB pw= |Qw;wv 'xmv}= K}[wD "OvwW|t h} QaD 1 pmW j@=]t =}=wR w
R= |a@=D |xDUy =@ |[Qa `]kt uOw@ |J} wOv=U 'swO |Qw;wv w pNrND QF= |va}

"Ov=xOW Tmavt xr�Ut pN=O x@ QwmPt |DNU ?}=Q[ j} Q]
E11 =

Z
s
A11ds

E12 =
Z
s
(A11x+B11sin�)ds

E13 =
Z
s
(A11y �B11cos�)ds

E14 =
Z
s
(A11! �B11q)ds

E15 =
Z
s
(A16

F
2t +B16)ds

E22 =
Z
s
(A11x2 + 2xB11 +D11sin2�)ds

E23 =
Z
s
(A11xy �B11(x cos� � y sin�)� 1

2D11sin2�)ds
E24 =

Z
s
(A11x! �B11(xq � !sin�)�D11q sin�)ds

E25 =
Z
s
(A16x+B16(x+ F

2t sin�) +D16sin�)ds

E33 =
Z
s
(A11y2 � 2B11y cos� +D11cos2�)ds

E34 =
Z
s
(A11y ! �B11(yq + !cos�) +D11qcos�)ds

E35 =
Z
s
(A16

F
2t y +B16(y � F

2t cos�)�D16cos�)ds

E44 =
Z
s
(A11!2 � 2B11!q +D11q2)ds

E45 =
Z
s
(A16

F
2t! +B16(! � Fq

2t )�D16q)ds

E55 =
Z
s
(A66

F 2

4t2 + 2B66
F
t

+D66)ds (19)

|x]@=Q� |RQt \}=QW \@=wQ QO 18 |x]@=Q |U} QD=t CqO=at |Q=Po}=H =@
?UL Q@ Vv=tm Q@ sm =L CqO=at K} QY sQi 'uwDr}ty pY= R= GQNDUt �17

:Ov=xOW xYqN 20 |x]@=Q CQwYx@ |}=Hx@=H |=yxir-wt
E11W;zz � E12U;zzz � E13V;zzz � E14�;zzz + 2E15�;zz = 0
E12W;zzz � E22U;zzzz � E23V;zzzz � E24�;zzzz + 2E25�;zzz

+P 0(U;zz + ys�;zz) = 0
E13W;zzz � E23U;zzzz � E33V;zzzz � E34�;zzzz

+2E35�;zzz + P 0(V;zz � xs�;zz) = 0
E14W;zzz + 2E15W;zz � E24U;zzzz � 2E25U;zzz

�E34V;zzzz � 2E35V;zzz � E44�;zzzz + 4E55�;zz

+P 0(Ip
A

�;zz + ysU;zz � xsV;zz) (20)

|Q=O}=B=v |xr�Ut Q@ sm =L CqO=at|twta sQi Qov=}@ '20 CqO=at |xawtHt

C ẁv

Vc =

8>>>><>>>>:
��jnj+0=5h

0=5(1��)h

�p
; +0=5�h � n � +0=5h

1; �0=5�h � n � 0=5h��jnj+0=5h
0=5(1��)h

�p
; �0=5h � n � 0=5�h

(15)

|DNU 'A11 |QwLt |DNU |xHDvt |=yT} QD=t u=wD|t =yu; R= xO=iDU= =@ xm
`]kt D11 |WtN |DNU w B11 |WtN � |QwLt �|oOWCiH�|oDU@ty
\@=wQ R= u=H w p=@ <=[a= Ct=N[ |=DU=Q QO |Q}op=QoDv= =@ =Q Q}D |[Qa

:OQw; CUOx@ 16
A11 =

Z
s
E(n)dn

B11 =
Z
s
nE(n)dn

D11 =
Z
s
n2E(n)dn

D66 =
Z
s
n2G(n)dn (16)

xrmWDt CqO=at w |WvQm |SQv= "3"2
|SQv= '�uwDr}ty pY=� |R=Ht Q=m pY= |Q}oQ=mx@ =@ [44]'�2015� |r w ww nvwi
|QwLt Q=@ QF= uO=O Cr=NO =@ =Q h}a[ sQi QO sDU}U QO xOvwWxQ}NP p}Uv=DB
|=yxHDvt ?UL Q@ =Q Q}D Vv=tm |xr�Ut Q@ sm =L CqO=at w xOQm G=QNDU= 'GQ=N
'Mx 'Nz =yu; QO xm 'Ov=xO=O x�=Q= 17 |x]@=Q CQwYx@ |Qovr w |QwLt |wQ}v
|WtN |=yQw=DWo '|QwLt |wQ}v |=yxHDvt Qov=}@ ?}DQDx@ Mt w M! 'My

QO "OvDUy |WJ}B Qw=DWo w '�xOvyO?=D� |H=Hwa= Qw=DWo 'y w x |=y=DU=Q QO
?UL Q@ |Qovr w |QwLt |wQ}v |=yxHDvt |U} QD=t |xOQWi sQi R}v '18 |x]@=Q

[43]"CU= xOW x�=Q= �Eij� Q}D |DNU <=RH= w xDi=}s}taD VvQm |=yxir-wt
@Nz
@z

= 0
@2My

@z2 + P 0(U 00 + ys�00) = 0
@2Mx

@z2 + P 0(V 00 � xs�00) = 0
@2M!

@z2 + 2@Mt

@z
+ P 0(Ip

A
�00 + ysU 00 � xsV 00) = 0 (17)8>>>>>>><>>>>>>>:

Nz
My

Mx

M!

Mt

9>>>>>>>=>>>>>>>;
=

266666664
E11 E12 E13 E14 0
E21 E22 E23 E24 0
E31 E32 E33 E34 0
E41 E42 E43 E44 0
0 0 0 0 E55

377777775

8>>>>>>><>>>>>>>:
"0
z

�y
�x
�!
�zs

9>>>>>>>=>>>>>>>;
(18)

E44 '|WtN |DNU Qov=}@ E33 w E22 '|QwLt |DNU Qov=}@ E11 '=yu; QO xm
Q=DN=U =@ lR=vQ=OH Q}D |WJ}B |DNU pO=at E55 '|H=Hwa= |DNU hQat
OvDUy Q}D |DNUT} QD=t <=RH= |xOvyOu=Wv =yEij '|rmQw]x@ "OvDUy|D} RwBt=m
�ss '�! '�x '�y '"0

z u}vJty "Ov};|t CUOx@ 19 \@=wQ |xawtHt R= xm
'x w y |=yO=ODt= QO |QwLt wO <=vLv= '|QwLt VvQm hQat ?}DQD x@ |=yQDt=Q=B
Q[=L Q}D `]kt QO �|oO}@=D� |oOQwNI}B <=vLv= w VQ@ RmQt pwL |WJ}B <=vLv=
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"""|
a@=D

GQO
t|

=yQ}
D|

Wv=t
m|

=yQ=
@|

UQQ
@

|=yxQo |}=Hx@=H |=yxir-wt ?UL Q@ ' 	j |D}tQy �pmW|@amt� |}xrtHOvJ
:OQm u=}@ 23 w 22 \@=wQ |xawtHt j@=]t |}=yDv= w |}=OD@=

W (z) = W1	1(z) +W2	2(z)

U(z) = u1	1(z) + u1;z	2(z) + u2	3(z) + u2;z	4(z)

V (z) = v1	1(z) + v1;z	2(z) + v2	3(z) + v2;z	4(z)

�(z) = �1	1(z) + �1;z	2(z) + �2	3(z) + �2;z	4(z) (22)

 1(z) = 2z3=le3 � 3z2=le2 + 1
 2(z) = z3=le2 � 2z2=le + z

 3(z) = �2z3=le3 + 3z2=le2

 4(z) = z2=le2 � z2=le (23)

|}=OD@= |=yx@r u=QwO w =y|}=Hx@=H Q@ sm =L|UOvy |xv=oxU |RQt\}=QW ẁv
:CiQo Q_v QO CQwY u}= x@ u=wD|t =Q Q}D |}=yDv= w

: �SS� xO=U QU wO |RQt \}=QW �
x = 0 : u = v = w = � = 0;x = L : u = v = � = 0

:�CS� xO=U QUm} Q=OQ}o QUm} |RQt \}=QW �
Clamped edge : x = 0 : u = v = w = � = 0;u0 = v0 = �0 = 0
Simply Suported edge : x = L : u = v = � = 0

:�CF� O=R; QUm} Q=OQ}o QUm} |RQt \}=QW �
Clampededge :x = 0 : u = v = w = � = 0;u0 = v0 = �0 = 0
Free edge : x = L : None:::

pY= R= GQNDUt |r=QoDv= |xrO=at QO \=kv |=y|}=Hx@=H |Q=Po}=H =@
CUOx@ =yxQo |}=Hx@=H |xrO=at K} QY sQi '�xOW h}a[ sQi� uwDr}ty
w �vi '�ui '�wI |xDU@=wQ}e C}y=t Crax@ 'Qo}O hQ] R= [41]"O};|t
uO=O Q=Qk QiY =@ u=wD|t 'xOW h}a[ sQi =@ |r=QoDv= |xrO=at QO ��i
=yu=tr= R= s=Om Qy OwOLt u=tr= pOt 'xOW QmP |=yC}tm R= s=Om Qy ?}=Q[
h}YwD24 |x]@=Q j@=]t 'xDi=}s}taD |xYNWt Q=Okt |xr�Ut ?r=k QO =Q

:OQm
(K � �G)�� = 0 (24)

:O};|t CUOx@ 25 |x]@=Q 'u; QO xm
� = fw1 w2 u1 u01 u2 u02 v1 :::

:::v01 v2 v02 �1 �01 �2 �02gT (25)

\@DQt |xS} w Q=Okt =@ Q_=vDt |}xQo |=y|}=Hx@=H |xS} w Q=OQ@ � 'u; QO xm
T} QD=t |xOvyOu=Wv ?}DQDx@ R}v G w K 'u}vJty "OvDUy � = Pcr |=Q@
u} wov \UwD p}YiD x@ xm OvDUy |UOvy |DNU T} QD=t w u=tr= |DNU
R= X=wN C=Q}}eD Qo = '|rm Cr=L QO [41]"Ov=xOW x�=Q= �2016� u=Q=mty w
�u=H w p=@� |a@=D `]kt <=[a= Ct=N[ |=DU=Q QO \ki nv=} pwOt xrtH

xDU@ty sy x@ C@Uv u=mtQ}}eD |=yxir-wt u; QO xm |wLv x@ 'CU= |m}D=DU=
QO uQ=kD |Q=QkQ@ w |UOvy uQ=kD OwHw ZQi w X=N \}=QW CLD "OvDUy
w xs = ys = 0 x@ QHvt y w x |=yQwLt x@ C@Uv =yx}q X=wN `} RwD
|=yxrO=at 'xH}Dv QO xm &OwW|t sy |wQ Q@ K]U |UOvy w VQ@ Rm =Qt j=@]v=
|WtN Vv=tm |=yOwt =@ Q_=vDt xm 20 CqO=at |xawtHt QO swU w swO
|QwLt Vv=tm Owt R= pkDUt w sy R= pkDUt 'OvDUy y w x |=yQwLt pwL
CLD xmv; p=L "OvwW|t �sQ=yJ |xrO=at� |WJ}B Owt w �pw= |xrO=at�
|=yxrO=at u}@ |O}OW |oDU@ty '21 |x]@=Q j@=]t w xOWQmP C=[wQit
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�SS� xO=U QU wO Q}D
|QwLt Q=@ ZQat QO 'pmW|]wk |xDU@ lR=vQ=OH Q}D Vv=tm |xr�Ut =OD@= QO
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Q}D u=H |m}t=QU |xDUy w =yp=@ |m}t=QU |=yx}q Ct=N[ C@Uv xm CU=
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K =

26666664
[K11

IJ ][2�2] [K12
IJ ][2�4] [K13

IJ ][2�4] [K14
IJ ][2�4]

... [K22
IJ ][2�4] [K23

IJ ][2�4] [K24
IJ ][2�4]

... � � � [K33
IJ ][2�4] [K34

IJ ][2�4]

sym: � � � � � � [K44
IJ ][2�4]

37777775
(26)

G =

26666664
[0]2�2 [0][2�4] [0][2�4] [0][2�4]

... [G22
IJ ][2�4] [0][2�4] [G24

ij ][2�4]

... � � � [G33
IJ ][2�4] [G34

IJ ][2�4]

sym: � � � � � � [G44
IJ ][2�4]

37777775 (27)

|OOa |R=UpOt "3
Vv=tm |}=tR;|DU=Q "1"3
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'u}vJty "CU= xOW ZQi xO=U|y=ox}mD |RQt\}=QWCLD �b1�b2� Q=OH\Uw
'h = 5mm pO=at CN=wvm} Qw]x@ Q=OH Ct=N[ 'ZwQit `]kt x@ xHwD =@
Q_vt C@Uv pO=at R}v L=b2 C@Uv "CU= xOW ZQi b1 = 40h w b2 = 20h
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Qo}O R=i x@ R=i l} R= O=wt X=wN p=kDv= 'QwmPt |=yx}q QO xm |Qw]x@ &CU=
pwOt xm CU= xOW ZQi '=DU=Q u}= QO "ODi=|t j=iD= xDUw}B w |H} QOD CQwYx@
�Al� |Rri <RH w Ec = 320=7GPa Q@=Q@ �Al2O3� |m}t=QU <RH u=UWm
xm CU= xOW ZQi |oO=U |=Q@ u}vJty "CU= Em = 105=69GPa Q@=Q@
ZQi Qo}O hQ] R= "CU= � = 0=3 Q@=Q@ w |w=Ut <RH wO Qy uwU=wB C@Uv
uoty |=yx}q Ct=N[ C@Uv |xOvyOu=Wv ?}DQD x@ �2 w �1xm CU= xOW
Ct=N[ C@Uv pO=at R}v �3 w OvDUy `]=kt |v=DLD w |v=kwi |=yp=@ |m}t=QU
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49

4/
2|

xQ=t
W'

38
�2

|xQ
wO'

�14
01

u=DU
tR�

h}
QW

u=Qt
a|

UOv
yt

=yCWwv=B
1. functionally graded material (FGM)
2. national aerospace laboratory of Japan
3. laser engineered net shaping (LENS)
4. Li
5. Kadoli
6. Lu
7. Zhao
8. simsek
9. generalized di�erential quadrature method (GDQM)
10. Bi-directional functionally graded (BFG)
11. Nemat-Alla
12. Satouri
13. Taczala
14. Voung and Duc
15. Truong
16. Nguyen
17. Phi
18. Vlasov
19. simply supported
20. clamped-free ended
21. clamped-simple supported
22. Kirchho�
23. Phuong Vo & Lee
24. Saint-Venant

�References� `@=vt
1. Van Do, T., Nguyen, D.K., Duc, N.D. and et al. \Anal-

ysis of bi-directional functionally graded plates by FEM
and a new third-order shear deformation plate theory",
Thin-Walled Struct, 119, pp. 687-699 (2017).

2. Mahamood, R.-M., Akinlabi, E.-T., Shukla, M. and et
al. \Functionally graded material: an overview", Inter-
national Association of Engineers (IAENG) (2012).

3. Tu, T.M., Quoc, T.H. and Van Long, N. \Vibration
analysis of functionally graded plates using the eight-
unknown higher order shear deformation theory in ther-
mal envi-ronments", Aerosp. Sci. Technol, 84, pp. 698-
711 (2019).

4. Duc, N.D. and Quan, T.Q. \Nonlinear stability analysis
of double-curved shallow fgm panels on elastic founda-
tions in thermal environments", Mech. Compos. Mater,
48(4), pp. 435-448 (2012).

5. Nguyen, T.-T., Thang, P.T. and Lee, J. \Flexural-
torsional stability of thin-walled func-tionally graded
open-section beams," Thin-Walled Struct, 110, pp. 88-
96 (2017).

6. Kieback, B., Neubrand, A. and Riedel, H. \Processing
techniques for functionally grad-ed materials", Mater.
Sci. Eng. A Struct. Mater, 362(1-2), pp. 81-106 (2003).

7. Wang, Y.Q. and Zu, J.W. \Vibration characteristics of
moving sigmoid functionally graded plates containing
porosities", Int. J. Mech. Mater. Des, 14(4), pp. 473-
489 (2018).

8. Liu, W. and DuPont, J.N. \Fabrication of functionally
graded TiC/Ti composites by La-ser Engineered Net
Shaping", Scr. Mater, 48(9), pp. 1337-1342 (2003).

9. Watanabe, Y., Inaguma, Y., Sato, H. and et al. \A
novel fabrication method for functionally graded ma-
terials under centrifugal force: The centrifugal mixed-
powder method", Materials (Basel), 2(4), pp. 2510-2525
(2009).

10. Jin, G.Q. and Li, W.D. \Adaptive rapid prototyp-
ing/manufacturing for functionally graded material-
based biomedical models", Int. J. Adv. Manuf. Technol,
65(1-4), pp. 97-113 (2013).

11. Li, X.-F. \A uni�ed approach for analyzing static and
dynamic behaviors of functional-ly graded Timoshenko
and Euler-Bernoulli beams", J. Sound Vib, 318(4-5) pp.
1210-1229 (2008).

12. Kadoli, R., Akhtar, K. and Ganesan, N. \Static analysis
of functionally graded beams using higher order shear de-
formation theory", Appl. Math. Model, 32(12), pp. 2509-
2525 (2008).

13. Lu, C.F., Chen, W.Q., Xu, R.Q. and et al. \Semi-
analytical elasticity solutions for bi-directional function-
ally graded beams", Int. J. Solids Struct, 45(1), pp. 258-
275 (2008).

14. Zhao, L., Zhu, J. and Wen, X.D. \Exact analysis
of bi-directional functionally graded beams with arbi-
trary boundary conditions via the symplectic approach",
Struct. Eng. Mech, 59(1), pp. 101-122 (2016).

15. Wang, Z.-H., Wang, X.-H., Xu, G.-D. and et al. \Free
vibration of two-directional functionally graded beams",
Compos. Struct, 135, pp. 191-198 (2016).

16. Simsek, M. \Buckling of Timoshenko beams composed
of two-dimensional functional-ly graded material (2D-
FGM) having di�erent boundary conditions", Compos.
Struct, 149, pp. 304-314 (2016).

17. Li, L., Li, X. and Hu, Y \Nonlinear bending of a
two-dimensionally functionally grad-ed beam", Compos.
Struct, 184, pp. 1049-1061 (2018).

18. 18. Nejad, M.Z. and Hadi, A. \Eringen's non-local elas-
ticity theory for bending analysis of bi-directional func-
tionally graded Euler-Bernoulli nano-beams", Int. J.
Eng. Sci, 106, pp. 1-9 (2016).

19. Karamanli, A. and Vo, T.P. \Size dependent bend-
ing analysis of two directional func-tionally graded mi-
crobeams via a quasi-3D theory and �nite element
method", Compos. B. Eng, 144, pp. 171-183 (2018).

20. Nejad, M.Z. and Hadi, A. \Non-local analysis of free
vibration of bi-directional func-tionally graded Euler-
Bernoulli nano-beams", Int. J. Eng. Sci, 105, pp. 1-11
(2016).

21. Sha�ei, N., Mirjavadi, S.S., Mohasel Afshari, B. and et
al. \Vibra-tion of two-dimensional imperfect functionally
graded (2D-FG) porous nano-/micro-beams", Comput.
Methods Appl. Mech. Eng, 322, pp. 615-632 (2017).

22. Trinh, L.C., Vo, T.P., Thai, H.-T. and et al. \Size-
dependent vibration of bi-directional functionally graded
microbeams with arbitrary boundary conditions", Com-
pos. B Eng, 134, pp. 225-245 (2018).



50

"""|
a@=D

GQO
t|

=yQ}
D|

Wv=t
m|

=yQ=
@|

UQQ
@

23. Nejad, M.Z., Hadi, A. and Rastgoo, A. \Buckling anal-
ysis of arbitrary two-directional functionally graded
Euler-Bernoulli nano-beams based on nonlocal elasticity
theory", Int. J. Eng. Sci, 103, pp. 1-10 (2016).

24. Li, L. and Xiaohui, R. \Sti�ened plate bending analysis
in terms of re�ned triangular laminated plate element",
Compos. Struct, 92(12), pp. 2936-2945 (2010).

25. Nemat-Alla, M., Ahmed, K.I.E. and Hassab-Allah, I.
\Elastic{plastic analysis of two-dimensional functionally
graded materials under thermal loading", Int. J. Solids
Struct, 46(14-15), pp. 2774-2786 (2009).

26. Ebrahimi, M.J. and Naja�zadeh, M.M. \Free vibration
analysis of two-dimensional functionally graded cylin-
drical shells", Appl. Math. Model, 38(1), pp. 308-324
(2014).

27. Satouri, S., Kargarnovin, M.H., Allahkarami, F. and et
al, \Application of third order shear deformation the-
ory in buckling analysis of 2D-functionally graded cy-
lindrical shell reinforced by axial sti�eners", Compos. B
Eng, 79, pp. 236-253 (2015).

28. Taczala, M., Buczkowski, R. and Kleiber, M. \Nonlinear
buckling and post-buckling response of sti�ened FGM
plates in thermal environments", Compos. B Eng, 109,
pp. 238-247 (2017).

29. Vuong, P.M. and Duc, N.D. \Nonlinear response and
buckling analysis of eccentrically sti�ened FGM toroidal
shell segments in thermal environment", Aerosp. Sci.
Technol, 79, pp. 383-398 (2018).

30. Mehrabian, M. and Golmakani, M.E. \Nonlinear bend-
ing analysis of radial-sti�ened annular laminated sector
plates with dynamic relaxation method", Comput. Math.
Appl, 69(10), pp. 1272-1302 (2015).

31. Golmakani, M.E. and Emami, M. \Buckling and large
de
ection behaviors of radially functionally graded ring-
sti�ened circular plates with various boundary condi-
tions", Appl. Math. Mech, 37(9), pp. 1131-1152 (2016).

32. Hussein, O.S. and Mulani, S.B. \Optimization of in-
plane functionally graded panels for buckling strength:
Unsti�ened, sti�ened panels, and panels with cutouts",
Thin-Walled Struct, 122, pp. 173-181 (2018).

33. Truong, T.T., Nguyen-Thoi, T. and Lee, J. \Isogeomet-
ric size optimization of bi-directional functionally graded
beams under static loads", Compos. Struct, 227, pp.
111259 (2019).

34. Nguyen, H.X., Lee, J. and et al. \Vibration and lateral
buckling optimisa-tion of thin-walled laminated compos-
ite channel-section beams", Compos. Struct, 143, pp. 84-
92 (2016).

35. Nguyen, T.-T. and Lee, J. \Optimal design of thin-
walled functionally graded beams for buckling prob-
lems", Compos. Struct, 179, pp. 459-467 (2017).

36. Phi, L.T.M., Nguyen, T.-T., Kang, J. and et al. \Vibra-
tion and buckling optimization of thin-walled function-
ally graded open-section beams", Thin-Walled Struct,
170, pp. 108586 (2022).

37. Nguyen, T.-T. and Lee, J. \Flexural-torsional vibra-
tion and buckling of thin-walled bi-directional function-
ally graded beams", Compos. B Eng, 154, pp. 351-362
(2018).

38. Lei, J., He, Y., Li, Z. and et al. \Postbuckling analy-
sis of bi-directional functionally graded imperfect beams
based on a novel third-order shear deformation theory",
Compos. Struct, 209, pp. 811-829 (2019).

39. Reddy, J.N. \Analysis of functionally graded plates",
Int. J. Numer Meth Engng, 47, pp. 663-684 (2000).

40. Nguyen, T.-T., Kim, N.-I. and Lee, J. \Free vibration
of thin-walled functionally grad-ed open-section beams",
Compos. B. Eng, 95, pp. 105-116 (2016).

41. Nguyen, T.-T. Thang, P.T. and Lee, J. \Lateral buckling
analysis of thin-walled func-tionally graded open-section
beams", Composite Structures, 160, pp. 952-963 (Jan.,
2017).

42. Vo, T.P. and Lee, J. \Flexural-torsional behavior of thin-
walled closed-section com-posite box beams", Engineer-
ing Structures, 29(8), pp. 1774-1782 (Aug., 2007).

43. Nguyen, T.-T., Kim, N.-I. and Lee, J. \Analysis of thin-
walled open-section beams with functionally graded ma-
terials", Composite Structures, 138, pp. 75-83 (Mar.,
2016).

44. Lanc, D., Vo, T.-P., Turkalj, G. and Lee, J. \Buck-
ling analysis of thin-walled func-tionally graded sand-
wich box beams", Thin-Walled Structures, 86, pp. 148-
156 (2015).

45. Kim, D.-M., Choi, S., Jang, G.-W. and et al. \Buck-
ling analysis of thin-walled box beams under arbitrary
loads with general boundary conditions using higher-
order beam theory", J. Mech. Sci. Technol, 33(5), pp.
2289-2305 (2019).

46. Vo, T.-P. and Lee, J. \Interaction curves for vibration
and buckling of thin-walled composite box beams un-
der axial loads and end moments", Appl. Math. Model,
34(10), pp. 3142-3157 (2010).

47. Asadi, A., Sheikh, A.H. and Thomsen, O.T. \Buckling
behaviour of thin-walled lami-nated composite beams
having open and closed sections subjected to axial and
end mo-ment loading", Thin-Walled Struct, 141, pp. 85-
96 (2019).

48. 48. Kim, N.-I. and Lee, J. \Theory of thin-walled func-
tionally graded sandwich beams with single and double-
cell sections", Compos. Struct, 157, pp. 141-154 (2016).

49. Vo, T.-P. and Lee, J. \Geometrically nonlinear the-
ory of thin-walled composite box beams using shear-
deformable beam theory", Int. J. Mech. Sci, 52(1), pp.
65-74 (2010).

50. Kim, N.-I. and Lee, J. \Divergence and 
utter behavior
of Beck�s type of laminated box beams", Int. J. Mech.
Sci, 84, pp. 91-101 (2014).

51. Kuehn, T., Pasternak, H. and Mittelstedt, C. \Lo-
cal buckling of shear-deformable lam-inated composite
beams with arbitrary cross-sections using discrete plate
analysis", Compos. Struct, 113, pp. 236-248 (2014).



51

4/
2|

xQ=t
W'

38
�2

|xQ
wO'

�14
01

u=DU
tR�

h}
QW

u=Qt
a|

UOv
yt

52. Sheikh, A.H.; Asadi, A. and Thomsen, O.T. \Vibration
of thin-walled laminated com-posite beams having open
and closed sections", Compos. Struct, 134, pp. 209-215
(2015).

53. Shin, D., Choi, S., Jang, G.-W. and et al. \Higher-order
beam theory for static and vibration analysis of com-
posite thin-walled box beam", Compos. Struct, 206, pp.
140-154 (2018).

54. Kim, N.-I. and Lee, J. \Exact solutions for coupled anal-
ysis of thin-walled functionally graded beams with non-
symmetric single- and double-cells", Appl. Math. Model,
60, pp. 661-680 (2018).

55. Choi, S. and Kim, Y.-Y. \Higher-order beam bending
theory for static, free vibration, and buckling analysis of
thin-walled rectangular hollow section beams", Comput.
Struct, 248, pp.1-32 106494 (2021).

56. Choi, S. and Kim, Y.-Y. \Higher-order Vlasov torsion
theory for thin-walled box beams", Int. J. Mech. Sci,
195, pp.1-35 106231 (2021).

57. Gokhan Gunay, M. and Timarci, T. \Static analysis of
thin-walled laminated composite closed-section beams
with variable sti�ness", Compos. Struct, 182, pp. 67-78
(2017).




