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|@} QkD Q=QmD OvJ R= Oa@ w Ovvm|t ẁQW x]kv l} R= =Q p=tQv OQ=Ov=DU= |=[i QO
xH}Dv =Q 'CU= CUmW p=tDL= w xr�Ut MU=B =@ Q_=vDt xm |L=Q] |x]kv R=
O=tDa= C}r@=k pw= |x@DQt p}rLD VwQ 'Q=QmD Q@ |vD@t |=yVwQ u}@ QO "OvyO|t

[17�14]"OwW|t ?wULt VwQ u} QDOQ@ Q=mQB w xOW xDN=vW 1�FORM�
Qwr}D pw= |x@DQt \U@ pt=W '�FORM� O=tDa= C}r@=k pw= |x@DQt p}rLD
swyit u}= "CU= |L=Q] |x]kv pwL |tyU Q+@+= l} =} |OL Cr=L |x} wQ R=

"CU=yxR=U O=tDa= C}r@=k EL@ QO ẁ[wt u} QD|rY= 'CUmW p=tDL= u}}aD
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}w"OyO|t xH}Dv |}=Qoty x=oO}O R= |}q=@ CaQU =@ =Q u; MU=B w Ovm|t p}O@D

=yxR=U O=tDa= C}r@=k p}rLD |=Q@ SLSQP VwQ |R=UxS} w 'Q[=L Q=DWwv QO
=D CU= xDiQo Q=Qk Q_vOt CUmW p=tDL= Q=_Dv=OQwt u}ov=}t VwQ =@ u; ?}mQD w
xm OW=@ TQDUO QO =yxR=U O=tDa= C}r@=k p�=Ut pL |=Q@ `t=H |WwQ u; \UwD
xH}Dv =Q |Q}oxvwtv |=yVwQ x@=Wt |D=@U=Lt CkO =@ |}=Qoty `} QU MQv Q=vm QO
Q=_Dv=OQwt u}ov=}t |xO=U VwQ '|R=Uxv}y@ VwQ Q@ xwqa 'Qw_vt u}O@ "OyO
|R=Uxv}y@ VN@ R= xOt; CUOx@ u=}Uy T} QD=t uDiQo Q_vQO =@ CUmW p=tDL=
O=OaD =@ =D CU= xOW xO=iDU= R}v 'CU= Q=QmD Q@ |vD@t |=yVwQ XwYNt xm
|@ wr]t K]U x@ =Q |D=@U=Lt CkO u=wD@ |R=Ux}@W VwQ QO xvwtv |OwOLt
"CU= xOW x�=Q= Q[=L Q=DWwv Q_vOQwt |R=Uxv}y@ VwQ 'swO VN@ QO "OQm KqY=
&CU= xOW |UQQ@ |R=Uxv}y@ VwQ |=]N pQDvm w Vy=m VwQ 'swU VN@ QO
w |O=yvW}B VwQ |}=Q=m V}=tv Qw_vt x@ |Wr=J |=yp=Ft 'sQ=yJ VN@ QO w

"CU= xOW x�=Q= u=QoWywSB Q}=U VwQ w |O=yvW}B VwQ pL G}=Dv u}@ xU}=kt

|=Q@ C=a@ Qt |xv}tm |r=wD |R} Qxt=vQ@ |R=UxS}w "2
=yxR=U O=tDa= C}r@=k p}rLD

C=YDNt RmQt u}@ xrY=i u} QDtm uDi=} CyH 'C=a@ Qt |xv}tm |r=wD |R} Qxt=vQ@
u}= QO "CU= xOW xO=iDU= p=tQv OQ=Ov=DU= |=[i QO |OL Cr=L |x} wQ w
h} QaD 1 |x]@=Q j@=]t |Q@=Q@ O}k w hOy `@=D pt=W '|R=Uxv}y@ |xr�Ut '=DU=Q

[30]:OwW|t8<:min f (x) = 0=5jjxjj2
subject to G(x) = 0

(1)

OQ=Ov=DU= |=[i QO |R=Uxv}y@ |Q}os}tYD |=yQ}eDt pt=W x Q=OQ@ 'u; QO xm
xOW ZQi ut[ QO "OvDUy MU=B Q=OQ@ L2 sQv jjxjj2 '|OL Cr=L `@=D G 'p=tQv
|x]kv QO xDUw}B swO |x@DQt jDWt |=Q=O G |Q@=Q@ O}k w f hOy `@=D xm CU=
1 |x]@=Q |R=Uxv}y@ |twta |xr�Ut p}O@D 'xOW QmP VwQ QO "OvDUy |L=Q]
l} pt=W xm &OwW|t ?wULt s=o u}rw= 'SQP CtQi =@ |R=Uxv}y@ |xr�Ut x@

:Ow@ Oy=wN 2 |x]@=Q j@=]t xOW |R=U|]N O}k w xOW |a@ Qt hOy `@=D8<:min rf(xk)T dk + 1
2d
TBkdk

subject to G (xk) +rG (xk)T dk = 0
(2)

`@=D w hOy `@=D u=}O=Qo |=yQ=OQ@ =@ Q@=Q@ ?}DQD x@rG(xk) wrf(xk) 'u; QO xm
=@ Q_=vDt u=}Uy T} QD=t Bk w s=o CyH Q=OQ@ dk 'x Q}eDt x@ C@Uv |OL Cr=L
:CU= xOW x�=Q= 3 |x]@=Q QO xm CU= 1 |x]@=Q |R=Uxv}y@ |xr�Ut u} Sv=Qo q `@=D
L(x; �) = f(x) + �TG(x) (3)

u} Sv=Qo q `@=D u=}O=Qo uO=O Q=Qk QiY Q@=Q@ =@ "CU= u} Sv=Qo q ?} Q[ � 'u; QO xm
u} Sv=Qo q ?} Q[ u}}aD |=Q@ Q_vOQwt |xrO=at 'CU= xOW x�=Q= 4 |x]@=Q QO xm

:O};|t CUOx@
rL (x; �) = rf (x) + �rG (x) � 0 (4)

3QrU}i w RD} w}m =Q "CU= xOW |iQat [18]'�1974� 2u}r w QiU=y \UwD Q=@ u}DUNv
|=Q=O |=yQ}eDt R= xO=iDU= =D 'OvO}WN@ Ow@y@ =Q u}r w QiU=y VwQ [19]'�1978�
HLRF s=v =@ =yu; \UwD xOW |iQat VwQ w "OvyO@ VWwB =Q p=tQvQ}e `} RwD
'p�=Ut R= |Q=}U@ QO HLRF VwQ ?U=vt OQmrta seQ|ra "OwW|t xDN=vW
wnv=S "CU= R=UpmWt |]NQ}e |OLCr=L `@=wD |=Q=O p�=Ut QO |Q=O}=B=v RwQ@
KqY= |=yVwQ =yOa@ [21]'�2012� u=Q=mty w 5TwDv=U w [20]'�1995� 4u=}oQwm
Q}O=kt 'w}tQ; uwv=k |Q}oQ=m@ =@ xm OvOQm |iQat =Q nHLRF w iHLRF |xOW
|=Q@ |QDy@ |Q=O}=B =D 'OvOQw;|t CUOx@ s=o Qy QO CyH |xR=Ov= |=Q@ =Q |@U=vt
xOt; OwHwx@ C=Q}}eD |xOy=Wt =@ QwmPtCyH |xR=Ov= u}}aD "OwW u}t-=D xr�Ut pL
CUOx@ s=o Qy QO |R=Uxv}y@ |xr�Ut Q@ sm =L u} Sv=Qo q `@=D =} |oOvR=Q@ `@=D |wQ Q@
p}rLD VwQ |}=OD@= |xNUv |Q=O}=B pmWt |O=} R OwOL =D C=LqY= u}= "O};|t
|=Q=O p�=Ut QO |D=@U=Lt pL=Qt O=} R O=OaD =t= 'Ov=xOQm KqY= =Q pw= |x@DQt
"CU= xOv=t |k=@ QwmPt |=yVwQ QO |}=Qoty CaQU u}}=B MQv w O}OW |oO}J}B
'CU= HLRF VwQ |Q=O}=B=v pL |=Q@ |Qo}O VwQ 6�STM� Q=O}=B p}O@D VwQ
7l =OwQ "CU= xOw@ |oDiW; pQDvm |Qw�D T=U=Q@ w xOW |iQat nv=} \UwD xm
O=OaD R= |Q}owrH Qw_vt x@ =Q STM VwQ |k}@]D |xNUv '�2018� u=Q=mty w

[22]"Ov=xO=O xaUwD STM VwQ QO O=} R |=yQ=QmD
OQ@y=Q w xO=O xt=O= =Q STM VwQ |xaUwD [23]'�2017� u=Q=mty w 8nvt
x�=Q= DSTM VwQ "Ov=xOQm |iQat =Q DSTM VwQ w xDiQo Q=m x@ =Q CyH pQDvm
V}=Ri= =Q STM VwQ |}=Q=m w OR=U `iDQt =Q HLRF VwQ |Q=O}=B=v =D CU= xOW
pL QO |}=Qoty pQDvm |=Q@ |Qo}O VqD '�FSL� OwOLt s=o |xR=Ov= VwQ "OyO
l} w xDi=} xaUwD '�2011� u=Q=mty w 9nvo \UwD xm OwW|t ?wULt xr�Ut
pkDUt 'FSL VwQ "CU= xOW |iQat u; QO s=o |xR=Ov= pQDvm |=Q@ O}OH QDt=Q=B
xvwtv l} R}v 'HLRF VwQ "CU= |]N |wHwCUH |x]@=Q w |oOvR=Q@ `@=D R=
u; QO s=o |xR=Ov= pQDvm QDt=Q=B Qo = 'OwW|t ?wULt FSL VwQ |=y|HwQN R=

[24]"Ovm p}t C}=yv|@ x@
=Q GwORt CyH |wHwCUH w FSL VwQ wO R= |@}mQD '�2017� 10Q=oDWm
QO xOW x�=Q= |xNUv u} QDxDiQW}B xm [25]'CU= xOQm |iQat CFSL VwQ w xO=iDU=
C}r@=k XN=W u}}aD "OwW|t ?wULt pw= |x@DQt p}rLD |=yVwQ R= xN=W u}=
xDiQo Q_v QO R}v |Q@=Q@ O}k CLD |R=Uxv}y@ |xr�Ut l} u=wva x@ Ov=wD|t O=tDa=
|=Q@?U=vt |=yxv} Ro '|OOa|]NQ}e |R=Uxv}y@ |=yVwQCr=L u}= QO xm 'OwW
Cvto = VwQ '�GP� u=}O=Qo Q} wYD |=yVwQ "OvwW|t ?wULt xr�Ut MU=B u}}aD
|vD@t pw= |x@DQt VwQ '�SQP� C=a@ Qt |r=wD |R} Qxt=vQ@ VwQ w �ALM� Sv=Qo q
|R=Uxv}y@ |=yVwQ R= |}=yxvwtv [26]'|k}@]D |=ys=o =@ GwORt |wHwCUH Q@
u=}O=Qo Q@ |vD@t xOW xDN=vW VwQ l} 'SQPVwQ [27]"OvDUy |OOa |]NQ}e
xHwD =@ |O=} R |=yVwQ xm CU= |OOa |]NQ}e |R=Uxv}y@ |=yVwQ u}@ QO
'�SLSQP� C=a@ Qt |xv}tm |r=wD |R} Qxt=vQ@ VwQ [30�28]"Ov=xDi=} xaUwD u; x@
"CU= |]N |x@DQt R= |}=Qoty `} QU MQv =@ QwmPt |xDi=}xaUwD |=yVwQ R= |m}
12Ci=Qm w [31]'xOW x�=Q= �1982� 11|mUiwmD}W \UwD SLSQP VwQ Oa=wk
[32]"CU= xDiQo Q=m x@ =[i=wy swra QO |R=Uxv}y@l} |=Q@ =Q u; sD} Qwor= '�1988�
|R} Qxt=vQ@ R= xO=iDU= =@ CyH Q=OQ@ =OD@= 'SLSQP VwQ |R=Uxv}y@ p�=Ut QO
xO=iDU= |]N |wHwCUH |x]@=Q l} 'TBU "OwW|t u}}aD �QP� C=a@ Qt
|oOvR=Q@ `@=D R= xO=iDU= =@ w |oO=U x@ Qt= u}= "OwW KqY= CyH |xR=Ov= =D OwW|t
x@ =Q x}rw= |R=Uxv}y@ |xr�Ut '|R=Uxv}y@ sD} Qwor= u}= "CU= Q}PBu=mt= L1 sQv
'CU= OwOLt u}}=B |xvt=O R= xm xrY=i u} QDtm uDi=} |R=Uxv}y@ |xr�Ut l}
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yt |xv}tm |r=wD |R} Qxt=vQ@ VwQ QO xOW QmP |R=Uxv}y@ |xr�Ut |}=yv pmW

:OwW|t u=}@ 13 |x]@=Q CQwY x@ xOW x�=Q= C=L}[wD x@ xHwD =@ C=a@ Qt8>>>>>>><>>>>>>>:
min jjzjj

rG(xk)TF�1z � :::
subject to

rG(xk)F�1F�Trf(xk) +G(xk) = 0

(13)

z MU=B uDi=} 'xOW xQ=W= |R=Uxv}y@ |xr�Ut pL R= hOy '13 |x]@=Q T=U=Q@
'u; pL VwQ w OW=@ C@Ft x=wty z u; QO xm CU= xOW |iQat |Q@=Q@ O}k CLD
z QDt=Q=B xm |v=tR [33]"CU= �nnls� |ivtQ}e C=a@ Qt |xv}tm VwQ R= xO=iDU=
|R=Uxv}y@ VwQ QO |Oa@ s=Ok= "O};|t CUOx@ d CyH s=o Q=OQ@ 'OwW u}}aD
x@ xm CU= sm CyH |xR=Ov= Q=Okt R= xO=iDU= =@ CyH s=o Q=OQ@ KqY= 'Q_vOQwt
|xr�Ut QO QDr}i =} |oOvR=Q@ `@=D "OQ}PB|t CQwY |oOvR=Q@ `@=D pQDvm Qw_vt u}=
C=}@O= QO xm 'CU= xOW p}mWD |Q@=Q@ O}k w hOy `@=D ?}mQD R= Q}N= |R=Uxv}y@

:CU= xOW x�=Q= 14 |x]@=Q QO w CU= hwQat L1 |oOvR=Q@ `@=D x@ |vi
�(xk; c) = f(xk) + cjG(xk)j (14)

QO |oOvR=Q@ `@=D Vy=m pQDvm CyH '15 |x]@=Q j@=]t |oOvR=Q@ `@=D u=}O=Qo
:OwW|t xO=iDU= xr�Ut pL |=ys=o

r�(xk; c) = rf(xk) + cjrG(xk)j (15)

CyH |xR=Ov= u}}aD Qw_vt x@ xm CU= 16 |Q@=Q@=v |x]@=Q CQwY x@ pQDvm u}=
:OwW|t xO=iDU= xr�Ut pL R= s=o Qy QO

�(xk+1; c)� �(xk; c) � a:sm:(r�(xk; c)T dk) (16)

u}}aD 17 |x]@=Q j@=]t c QDt=Q=B w CU= 0=5 =@ Q@=Q@ C@Ft Q=Okt l} a 'u; QO xm
:OwW|t

c = 
(jjxkjj=rG(xk)jj) + � (17)

=@ CyH |xR=Ov= Q=Okt ,=D}=yv w OvDUy C@Ft Q}O=kt � = 10 w 
 = 2 'u; QO xm
:OwW|t u}}aD 18 |x]@=Q R= xO=iDU=

sm = bk (18)

xDiQo Q_v QO 0=5 =@ Q@=Q@ ,qwtat xm 'CU= 1 w 0 u}@ C@=F Q=Okt l} b 'u; QO xm
ẁQW 0 Q=Okt R= xm CU= |Q=H Q=QmD |xQ=tW |xOvyOu=Wv 'k QDt=Q=B "OwW|t

u; x@ OL=w Q=Okt uOW xi=[= =@ '16 |x]@=Q |Q=QkQ@ sOa CQwY QO w OwW|t
"OwW|t u}}aD ?U=vt CyH |xR=Ov= 'xOW u}}aD V}B R= |xv}W}@ Q=Okt l} =D
QO xOW xO=O u=Wv |]N |wHwCUH Q=QmD |x]@=Q R= xO=iDU= =@ ?}DQD u}= x@

:CU= x@U=Lt p@=k s=o Qy QO MU=B Q=OQ@ Q=Okt '19 |x]@=Q
xk+1 = xk + smdk (19)

QO pw= Q=}at "OwW|t xO=iDU= 'xOW QmP VwQ |}=Qoty Qw_vt x@ Q=}at wO
:CU= xOW x�=Q= 20 |x]@=Q

jrfTk (xk)dkj+ �ijG(xk)j < tol (20)

j@=]t 'C=a@ Qt |xv}tm VwQ R= xO=iDU= =@ u} Sv=Qo q ?} Q[ '4 |x]@=Q T=U=Q@
QO Cm =Q@ pN=O CQ=@a uOw@v Q}PBTwmat CQwY QO "OwW|t u}}aD '5 |x]@=Q
CyH C=a@ Qt |xv}tm VwQ =@ u; ?}mQD w QR |R=UxDUUo |Q}oQ=m@ '5 |x]@=Q

:OwW|t xO=iDU= u} Sv=Qo q ?} Q[ u}}aD

� = � hrG (xk)T rG (xk)
i�1rG (xk)T rf (xk) (5)

|xv}tm VwQ R= xO=iDU= '|R=Uxv}y@ VwQ u}= |Q=Pos=v |rY= Cra u}vJty
'QwmPt |R=Uxv}y@ VwQ QO |Oa@ s=o "CU= u} Sv=Qo q ?} Q[ u}}aD |=Q@ C=a@ Qt
6 |x]@=Q CQwYx@ BFGS VwQ R= xO=iDU= =@ u=}Uy T} QD=t |@} QkD |x@U=Lt

:CU=

Bk+1 = Bk + ykyTk
yTk sk

� BksksTkBk
sTkBksk

(6)

:OvwW|t u}}aD 8 w 7 |=yx]@=Q R= |=yQDt=Q=B 'u; QO xm
yk = rL (xk+1; �)�rL (xk; �) (7)

sk = xk+1 � xk (8)

x@ "OwW|t xDiQo Q=mx@ s=o u}rw= QO B0 |v=ty T} QD=t 'C=@U=Lt u}= QO
"CU= p}O@D p@=k C=a@ Qt |xv}tm |xr�Ut l} x@ 2 |R=Uxv}y@ |x]@=Q ?}DQD u}=
j@=]t 'LDLT |R=UxDUUo =@ u=}Uy T} QD=t =D CU= R=}v =OD@= Qw_vt u}= x@

:OwW |U} wvR=@ 9 |x]@=Q

B = LDLT (9)

|a@ Qt CtQi p=L "CU= |Q]k T} QD=t l}D w |FrFtu}}=B T} QD=t L 'u; QO xm
10 |x]@=Q |R=Uxv}y@ |xr�Ut CQwY x@ 2 |x]@=Q |R=Uxv}y@ |xr�Ut |xOW

:OwW|t |U} wvR=@8<:min jD1=2LT d+D�1=2L�1rf (xk) jj
subject to rG (xk)T d+G (xk) = 0

(10)

C@Ft R= xmCU= xOWh} QaD |Qw]D1=2 = diag(
p
�1; � � � ;p�n) 'u; QO xm

w[a u}t)=i Q@=Q@ �i QDt=Q=B w OwW pY=L u=v}t]= u=}Uy T} QD=t uOw@ u}at w
F = D1=2LT O}OH Q}eDt h} QaD =@ "OwW|t ?wULt D |Q]k T} QD=t R=

:OQm |U} wvR=@ 11 |x]@=Q CQwY x@ =Q 10 |x]@=Q u=wD|t8<:min jjFd+ F�Trf(xk)jj
subject to rG(xk)T d+G(xk) = 0

(11)

Vy=m 'Q_vOQwt |R=Uxv}y@ QO |Oa@ s=o "CU= |FrFt q=@ T} QD=t l} F 'u; QO xm
CU= xrY=i |xv}tm uDi=} |R=Uxv}y@ |xr�Ut x@ 11 |x]@=Q |R=Uxv}y@ |xr�Ut
R= xO=iDU= =@ Q=m u}= w CU= |r@k |xr�Ut x@ C@Uv |O}OH |Q@=Q@ O}k |=Q=O xm

:OQ}o|t CQwY 12 |x]@=Q j@=]t z Q}eDt h} QaD
z = Fd+ F�Trf(xk) (12)

83



"""|
=Q@|

]N
Q}e

|R=
Uxv

}y@
sD}Q

wor=
|R=

UxS
}wCUOx@ CUmW p=tDL= Q=Okt �Pf 'CUmW p=tDL= j}kO Q=Okt Pf 'u; QO xm

|@} QkD |=]N � w O=tDa= C}r@=k pw= |x@DQt VwQ Ovv=t |@} QkD VwQ l} R= xOt;
CUOu}}=B =} CUOq=@ 'j}kO Ov=wD|t 22 |x]@=Q QO =]N sQD "CU= C=@U=Lt
"CU= � > 0 w � < 0; � = 0|=yCr=L =@ Q@=Q@ ?}DQD x@ xm OwW xOR u}tND
|U} wvR=@ 23 |x]@=Q CQwY x@ 22 |x]@=Q 'Q=_Dv=OQwt u}ov=}t uwv=k T=U=Q@

:OwW|t
E(Pf ) = E( �Pf ) + E(�) = E( �Pf ) + �g (23)

|x]@=Q \UwD =]N u}tND Qo = "CU= |@} QkD |=]N u}ov=}t Q=Okt �g 'u; QO xm
xH}Dv =Q CUmW p=tDL= R= j}kO u}tND l} 'E( �Pf ) sQD x=ov; &OW=@ ?} Q)==v 'Q}N=
OQwt u}ov=}t 'OW=@ QiY =@ Q@=Q@ |@} QkD |=]N u}ov=}t Qo = 'xYqN Qw] x@ "OyO|t
|wHwCUH Q@ |vD@t VwQ l} |xr}Uwx@ xOt; CUOx@ CUmW p=tDL= Q=_Dv=

:O}=}@ CUOx@ 24 |x]@=Q j@=]t Ov=wD|t O=tDa= C}r@=k p}rLD
E( �Pf ) = E(�(�1)� �(�2)) (24)

VwQ QO xvwtv Qy |=Q@ |OL Cr=L `@=D |xrY=i Q=Okt �2 w �1 'u; QO xm
uDi=} Qw_vtx@ "OvDUy Q=_Dv= OQwt u}ov=}t Q=Okt x@ C@Uv wrQ=mCvwt |R=Ux}@W

"CU= xr�Ut wO pL x@ R=}v '24 |x]@=Q MU=B
xvwtv Qy |xOv=t}k=@ |xR=Ov= u}}aD |=Q@ |R=Uxv}y@ |xr�Ut l} 'xr�Ut u}rw=
xOW x�=Q= 25 |x]@=Q QO xm 'CU= |OL Cr=L |x} wQ =D C}ty= Q=OQ@ |=DU=Q QO

:CU=8<:min jjxk � c1�jj
subject to G(xk) = 0

(25)

l} |HwQN xm CU= C}ty= Q=OQ@ � w |R=Uxv}y@ |xr�Ut MU=B c1 u; QO xm
x@ |OL Cr=L `@=D u=}O=Qo C@Uv R= w CU= O=tDa= C}r@=k pw= |x@DQt p}rLD
|xrY=i 'QwmPt |R=Uxv}y@ |xr�Ut MU=B "O};|t CUOx@ u=}O=Qo Q=OQ@ u}= |xR=Ov=
|=DU=Q QO xm =Q '�G = 0� |OL Cr=L |wQ Q@ |}x]kv =D xOW |UQQ@ |xvwtv u}@
xOvvmpYDt \N =@ |R=wt xm &OyO|t xH}Dv 'OvDUy \@DQt Qo}Om} =@ C}ty= Q=OQ@

"CU= p=tQv Q=Ov=DU= |=[i QO |L=Q] |x]kv w C=YDNt RmQt u}@
hOy xm �26 |x]@=Q j@=]t�CU= xO=U |@=}xW} Q |xr�Utl} 'swO |xr�Ut
Q@ |UQQ@ OQwt |xvwtv |xOW |R=UQ} wYD C}akwt u}@ xrY=i u}}aD 'u; pL R=
|R=wt w Ovm|t `]k =Q C=YDNt RmQt xm CU= |]N =D |OL Cr=L |x} wQ |wQ
Q@ |vD@t VwQ R= xOt; CUOx@ |L=Q] |x]kv QO |OL Cr=L `@=D |R=U|]N =@

"CU= O=tDa= C}r@=k p}rLD |wHwCUH
xk + (c1 + c2)� = 0 (26)

|t=tD |=Q@ 'xOW xQ=W= |xO=U Ov}=Qi "CU= c2 'Q}N= |R=Uxv}y@ |xr�Ut MU=B
Q@ |vD@t |=yVwQ QO |D=@U=Lt CkO KqY= CyH x@ xm |OwOLt |=yxvwtv
|=Q@ xOt; CUO x@ Q}O=kt u}ov=}t w OwW|t p=ta= 'Ov=xOW xO=iDU= wHwCUH
"OyO|t xH}Dv =Q 'CU= xOW KqY= CUmW p=tDL= xm �|}=yv MU=B c2� QDt=Q=B
CyH QO R=}v OQwt |=yxvwtv O}rwD 'Q}N= VwQ =@ \=@DQ= QO C}ty= p@=k |xDmv
Q=m x@ s}y=it R= 'Q[=L Q=DWwv QO p}rO u}ty x@ "CU= |D=@U=Lt |=]N Vy=m
|vD@t O=a@= Vy=m VwQ QO [35]"CU= xOW xO=iDU= O=a@= Vy=m VwQ QO xOW xDiQo
|L=Q] |x]kv pwL |rY= |=y=DU=Q QO xOW O}rwD |=yxvwtv 'u=}Uy T} QD=t Q@

"C=a@ Qt |xv}tm |r=wD |R} Qxt=vQ@ "1 pwOH
& k = 0 |yOQ=Okt "1

&�x0� |iO=YD |=yQ}eDt |=Q@ x}rw= Q=Okt ?=NDv= "2
&G(xk) |OL Cr=L `@=D w f(xk) hOy `@=D u}}aD "3

&rG(xk) %|OL Cr=L `@=D u=}O=Qo w rf(xk) %hOy `@=D u=}O=Qo u}}aD "4
&C=a@ Qt |xv}tm VwQ |xr}Uw x@ � u} Sv=Qo q ?} Q[ u}}aD "5

&�pw= s=o QO |v=ty T} QD=t ?=NDv=� BFGS VwQ |xr}Uw x@ Bk |x@U=Lt "6
&xrY=i |xv}tm |R=Uxv}y@ |xr�Ut pL |xr}Uw x@ dk s=o CyH uOQw; CUOx@ "7

&jrfT (xk)j+ �jG(xk)j < tol Qo = "8
"G}=Dv A=J w Ov}=Qi s=tD=

:CQwYu}= Q}e QO
&sm CyH |xR=Ov= w |oOvR=Q@ `@=D =@ s=o CyH |v=UQRwQx@ "9
&xk+1 = xk + sm:dk %O}OH |L=Q] Q=OQ@ |x@U=Lt "10

&G(xk+1) |OL Cr=L `@=D w f(xk+1) hOy `@=D |=Q@ Q=Okt u}}aD "11
&jfk+1 � fkj < tol Qo = "12

'G}=Dv A=J w Ov}=Qi s=tD=
%CQwYu}= Q}e QO

&k = k + 1 |yOQ=Okt "13
%k > kmax Qo = "14

"G}=Dv A=J w Ov}=Qi s=tD=
%CQwYu}= Q}e QO

"xNQJ Q=QmD w 4 |xrLQt x@ CWoR=@ "15

`@=D |=Q@ xOt; CUOx@ Vy=m |xv}W}@ Qov=}=tv 'Q}N= |x]@=Q QO pw= CQ=@a xm
|xr�Ut Q@ sm =L O}k Q=Okt 'u; swO CQ=@a w CU= u=}O=Qo Q=OQ@ CyH QO hOy
'xr�Ut pL s=o Qy QO xOt; CUOx@ u} Sv=Qo q ?} Q[ \UwD xm CU= |R=Uxv}y@
O}k w hOy `@=D QO Vy=m Q=Okt Qo = xm Ovm|t u=}@ 20 |x]@=Q "OwW|t |yOuRw
CUO |}=Qoty x@ sD} Qwor= 'OW=@ QDtm tol |xOWu}}aD V}B R= Q=Okt R= xr�Ut

:OwW|t u=}@ 21 |x]@=Q j@=]t |}=Qoty pQDvm QO swO Q=}at "CU= xDi=}
jfk+1 � fkj < tol (21)

`@=D QO R}J=v C=Q}}eD CQwY QO =yQ=QmD |xt=O= R= |Q}owrH CyH Q=}at u}=
xDiQo Q_v QO 0=0001 =@ Q@=Q@ Q[=L |xar=]t QO tol Q=Okt "CU= |OL Cr=L
x@ C=a@ Qt |xv}tm |r=wD |R} Qxt=vQ@ |=Q@ R=}vOQwt pL=Qt '1 pwOH QO "CU= xOW

"CU= xOW x�=Q= xYqN Qw]

u=}Uy T} QD=t =@ |Dq=tDL= Q=_Dv=OQwt u}ov=}t "3
'=yxR=U O=tDa=C}r@=k p}rLD VwQCkO Ow@y@ Qw_vt x@ [34]'�2021� |mWQ ',=Q}N=
|xwLv Qov=}@ xm �22 |x]@=Q j@=]t� CU= xOQm x�=Q= lW |Qw�D T=U=Q@ |WwQ
R= |@}mQD 'xOW QmP VwQ 'Qo}O CQ=@a x@ "CU= j}kO CUmW p=tDL= u}}aD
O=OaD x@ u; QO w 'CU= wrQ=mCvwt |R=Ux}@W VwQ w Q=QmD Q@ |vD@t |=yVwQ

:CU= R=}v |D=@U=Lt ?} QkD Ow@y@ CyH xvwtv |OwOLt

Pf = �Pf + � (22)
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"1 p=Ft |=Q@ =yQ=QmD |xJN} Q=D "1 pmW
?} Q[ w s=o |xR=Ov= Q=Okt 'DSTM VwQ |=Q@ 0=1 pQDvm ?} Q[ Q=Okt w xOW
"CU= xOW xDiQo Q_v QO 1=5 w 50 Q@=Q@ ?}DQD x@ CFSL VwQ |=Q@ |k}@]D
=ysD} Qwor= |t=tD |=Q@ 'jjrf(xk) +�rG(xk)jj |va} 'u=Um} |}=Qoty Q=}at
|=yVwQ R= xO=iDU= =@ xOt; CUOx@ CUmW p=tDL= "CU= xOW xDiQo Q_v QO
'CU= xOW x@U=Lt xvwtv 1� 106 |xr}Uwx@ R}v '�MCS� wrQ=mCvwt w SORM

"OQ}o Q=Qk Q=}DN= QO =yVwQ CkO |xU}=kt |=Q@ |Q=}at =D
|R=UpOt w pL p@=k 'Q[=L |xar=]t QO xOW x�=Q= |=yp=Ft 'u}= Q@ xwqa
C}r@=k |=yp}rLD |=Q@ RwOv} w CLD Q=Ri=sQv l} xm OvDUy BI Q=Ri=sQv |xr}Uwx@
TQO; QO xm CU= xDi=} xaUwD Q[=L Q=DWwv u=oOvU} wv \UwD w CU=yxR=U O=tDa=

"CU= |UQDUO p@=k www.betaindexsoftware.com

|a@ Qt |}xrtHOvJ |OL Cr=L `@=D :1 p=Ft "1"4
|=Q=O xm CU= |]NQ}e |a@ Qt |}xrtHOvJ l} 'pw= p=Ft QO |OL Cr=L `@=D

[38w36]"CU= 27 |x]@=Q j@=]t p=tQv OQ=Ov=DU= Q}eDt wO
G(X) = X1 � 1 7X2 + 1 5(X1 + 1 7X2)2 + 5 (27)

SLSQP w CFSL 'DSTM |xOW |UQQ@ VwQ xU |}=Qoty |xJN} Q=D
=@ 'Ov=xOw@ |}=Qoty Ok=i 'pw= VwQ wO "OwW|t xOy=Wt 1 pmW QO 1 p=Ft |=Q@
u}@ DSTM VwQ �1 pmW� CU= Cw=iDt =yv; QO uOW =Qoty sOa Q=DiQ xmv}=
VN@ QO OQwt u}= xm Ovm|t u=Uwv 'OvDU}v xr�Ut MU=B s=OmI}y xm 'x]kv wO
sOa 'CFSL VwQ 'Qo}O hQ] R= "CU= XNWt 1 pmW QO xOW |}=tvnQR@
pL OvwQ |xt=O= QO w xO=O xH}Dv |}=OD@= |=ys=o QO =Q K}LYQ}e MU=B x@ |}=Qoty
CUOx@ MU=B KqY= |=Q@ |D}kiwt '?U=vt |=ys=o |xR=Ov= uDi=}v p}rO x@ xr�Ut
u=Wv |@U=vt |}=Q=m SLSQP VwQ 'xOW QmP |=yVwQ u}@ QO "CU= xOQw=}v
=@ Q_=vDt xm CU= xOW =Qoty 2=8787 =@ Q@=Q@ O=tDa= C}r@=k XN=W x@ w xO=O

"CU= ��2=4408 '1=5264� |L=Q] |x]kv
|OL Cr=L `@=D |R=U|]N R= Q=_Dv= OQwt |xH}Dv u} QDy@ 'Q}N= MU=B
|OL Cr=L |x} wQ =D C=YDNt RmQt u}@ xrY=i u} QDtm |va} 'OwW|t ?wULt
\UwD xr�Ut u}= "OW=@ xOW xO=iDU= Qwr}D pw= |x@DQt \U@ R= u; |=Q@ xm CU=
nv=} Q=DWwv T=U=Q@ "CU= xOW pL R}v xDi=}xaUwD |=yVwQ w u=QoWywSB Q}=U
=@ |OL Cr=L `@=D |v=wN=Qi 2852 =@ QwmPt VwQ MU=B [36]'�2020� u=Q=mty w
xOw@ STM VwQ =@ x@=Wt |xH}Dv w 2=8787 =@ Q@=Q@ iHLRF VwQ R= xO=iDU=

"OwW|t `k=w QF-wt Q=}U@ C=@U=Lt sHL w =]N Vy=m QO Qt= u}= xm 'OvwW|t O}rwD
OQ=Ov=DU= |=[i u=QwO T=U=Q@ CUmW p=tDL= 'QDj}kO |x@U=Lt w =]N Vy=m
T} QD=t =DCU= R=}v Qw_vt u}= x@ "OwW|t s=Hv= V p=tQv Q=Ov=DU= |=[i x@ U p=tQv
'�xr�Ut QO |iO=YD |=yQ}eDt O=OaD N � CU= N �N O=a@= |=Q=O xm R u=QwO
u}= =@ 'OwW|t xO=iDU= u=QwO T} QD=t u}}aD |=Q@ C}tW= s=Qo VwQ "OwW x@U=Lt
OOHt |x@U=Lt x@ R=}v 'CU= U |=[i QO u=}Uy T} QD=t xm 'u; |OwQw xm Cw=iD
"CU= TQDUO QO SLSQP VwQ |HwQN u=wvax@ QwmPt u=}Uy T} QD=t w OQ=Ov
=yxvwtv 'u = Rv |x]@=Q R= xO=iDU= =@ R=}vOQwt |=yxvwtv O}rwD R= Oa@ ?}DQD u}= x@
umtt |OL Cr=L `@=D |x@U=Lt w Ovvm|t =O}B p=kDv= U |=[i x@ V |=[i R=
CQwY x@ |UOvy C=YDNt |=Q=O V |=[i QO =yxvwtv xm xDmv u}= QmP =@ 'OwW|t
VwQ R= xOt; CUOx@ |L=Q] |x]kv C=YDNt w OvDUy Vi = f0; :::; vi; �g
xm CU=vat u=O@ u}= "CU= V � = f0; :::; 0; :::; �g CQwY x@ R}v SLSQP

SLSQP VwQ R= xOt; CUOx@ C}ty= Q=OQ@ Q@ Owta 'R u=wQO T} QD=t |=yQ]U
u=wva x@ OwN xm OyO|t p}mWD C}ty= Q=OQ@ =Q Q}N= T} QD=t Q]U u} QN; w CU=

"CU= xOW xDiQo Q_v QO |rY= |=yCyH R= |m}
=Q R=}vOQwt |=yxvwtv u=wD|t |L=Q] |x]kv QO |rY= |=yQwLt uDW=O =@
CyH Qy QO |]N |R=Uxvwtv CQwY x@ w OQm O}rwD |Uw=o � `@ Qt VwQ x@
|=Q=O xm CU= |r�=Ut |=Q@ xv}tR u}= QO syt |xDmv "CN=OQB xr�Ut pL x@
u=wD|t p�=Ut u}= |=Q@ xm 'OvDUy |L=Q] |x]kv u}iQ] QO Cw=iDt <=vLv= `=aW
=yxvwtv O}rwD |=Q@ |@U=vt C}a[w 'Q_vOQwt QwLt |wQ Q@ =yxvwtv p=kDv= =@
VN@ QO SLSQP-PE s=v =@ xm 'Q[=L Q=DWwv |O=yvW}B VwQ "OQm O=H}=
|=yCtUk QO xOWu=}@ VwQ wO R= |@}mQD 'CU= xOW u=}@ |OOa |=yp=Ft
VwQ R= xO=iDU= =@ |L=Q] |x]kv =OD@= 'SLSQP-PE VwQ QO "CU= u}W}B
Q@=Q@ QO ?U=vt |=ysR}v=mt x@ RyHt w |}=Qoty `} QU MQv |=Q=O xm SLSQP

uOw@|]N CQwY QO xm OwW|t u}}aD 'CU= |OL Cr=L `@=D uOw@ |]NQ}e
QO "CiQo Q_v QO xr�Ut j}kO MU=B u=wva x@ =Q u; u=wD|t |OL Cr=L `@=D
pwL xvwtv |OwOLt O=OaD '|R=Uxvwtv |=yVwQ R= |m} R= xO=iDU= =@ '|Oa@ s=o
Q=_Dv= OQwt u}ov=}t VwQ R= xO=iDU= =@ =yu; xm OW Oy=wN O}rwD |L=Q] |x]kv
xO=iDU= =@ xOt; CUOx@ |Wy=m w |rY= |=yQwLt CyH QO CmQL w |Dq=tDL=
OvQ}o|t Q=Qk O}OH C=YDNt QO 'SLSQPVwQ QO |v}tND u=}Uy T} QD=t R=
u}ov=}t "OwW|t x@U=Lt SLSQP VwQ MU=B x@ C@Uv xvwtv Qy |=]N w
QHvt q=@ CkO =@ xOW KqY= MU=B x@ 'OwHwt MU=B Q=vm QO xOt; CUOx@ |=]N

"OwW|t

|OOa |=yp=Ft "4
VwQ |}=Q=m =D 'CU= xOW |UQQ@ |vi C=}@O= R= p=Ft Q=yJ 'Q[=L VN@ QO
`@=D uOw@ |]NQ}e `=wv= Ovv=t |}=yVr=J pt=W '=yp=Ft "OwW XNWt |O=yvW}B
Qw_vt x@ "OvDUy |iO=YD |=yQ}eDt ?}mQD QO |OOa |=y|oO}J}B w |OL Cr=L
u}ov=}t VwQ =@ u; ?}mQD w SLSQP |O=yvW}B VwQ 'p�=Ut pL QO |R=UxO=U
VwQ wO =@ |O=yvW}B VwQ G}=Dv "CU= xOW xO}t=v SLSQP-PE 'Q=_Dv= OQwt
|]NQ}e =@ xr@=kt |=Q@ xm CFSL w DSTM |=yVwQ pt=W |D=@U=Lt u} wv
"CU= xOW xU}=kt 'Ov=xOW xO=O K}[wD QDV}B w xDi=}xaUwD |OL Cr=L `@=D uOw@
xOW x�=Q= C=t}_vD R= 'G}=Dv |xU}=kt CyH QwmPt VwQ wO |R=UxO=t; Qw_vt x@
xO=iDU= [37]�2019� wrtQm w l =OwQ w [36]'�2020� u=Q=mty w nv=} |=yQ=DWwv QO
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`@=D u=wN=Qi =yQ=QmD Pf � VwQ
�� �� �� �� DSTM

�� �� �� �� CFSL

6 + Hessian �� 0=000434 3=330 SORM

6 6 0=002001 2=878 SLSQP

6 + 9 6 + 9 0=000418 3=340 SLSQP-PE

106 106 0=000420 3=339 MCS

"2 p=Ft |=Q@ =yQ=QmD |xJN} Q=D "3 pmW
[40w37'24]"CU= xOW xDiQo Q_v QO �28 |x]@=Q

G(X) = ln(e1+X1�X2) + e5�5X1�X2 (28)

'3 pmW QO "OvDUy p=tQv OQ=Ov=DU= |Dq=tDL= `} RwD |=Q=O '|iO=YD Q}eDt wO Qy
"OwW|t xOy=Wt O=tDa= C}r@=k u}}aD |=Q@ |D=@U=Lt |=ys=o |xJN} Q=D

|=Q@ |}=Qoty sOa x@ 2 p=Ft QO |OL Cr=L `@=D |q=@ uOw@ |]NQ}e
CWoQ@ w CiQ 'DSTM VwQ "CU= xOW QHvt CFSL w DSTM |=yVwQ
Q=O}=B |xH}Dv x@ CFSL VwQ xmv}= =@ "CU= xO=O xH}Dv =Q x=@DW= |x]kv wO u}@
MU=B |=Q=O SLSQP VwQ "CU}v K}LY xOt; CUOx@ MU=B |rw 'CU= xO}UQ
|R=U|]N R= xO=iDU= u=ty xm CU= xrLQt u}= QO `} QU |}=Qoty Q=vm QO K}LY
QO xm 'CU= xOW pL R}v |Qo}O |=yVwQ =@ '2 p=Ft "CU= xOw@ |OL Cr=L `@=D
[41]'�2017� u=Q=mty w l =OwQ |O=yvW}B VwQ %xrtH R= &OvDUy OwHwt|vi C=}@O=
|=yVwQ [42]'�2014� u=Q=mty w nvo |O=yvW}B VwQ [24]'�2011� nvo VwQ
VqD =t= 'Ov=xDW=O =Q |OL Cr=L `@=D uOw@ |]NQ}e =@ xr@=kt |}=v=wD 'xOW QmP
xOW QmP `H=Qt 'QDy@ |UQQ@ Qw_vt x@� CU= xOw@v xv}tm u=R}tx@ '=yu; |D=@U=Lt
|QDq=@ |}=Q=m 'SLSQP VwQ xm OQm u=}@ Qw] u}= u=wD|t u}=Q@=v@ "�OvwW xar=]t
T=U=Q@ xm |vi C=}@O= QO xOW xQ=W= |=yVwQ w xOW xU}=kt |=yVwQ u}@

"OQ=O =Q 'CU= xOQm pta |OL Cr=L `@=D |R=U|]N
R= 2 p=Ft '1 p=Ft x@=Wt "CU= xOt; CUOx@ MU=B CkO |UQQ@ '|Oa@ s=o
u}ov=}t VwQ "OyO|t VWwB =Q Oa)@ wO xm CU= xOW p}mWD |iO=YD Q}eDt wO
=Q |R=U|]N |=]N =D OW Oy=wN xDiQo Q=m x@ Qo}O Q=@ '|Dq=tDL= Q=_Dv= OQwt
VwQ x@ x]kv 9 R= v2 w v1 |rY= |=yQwLt x@ p=kDv= w u=QwO R= Oa@ "OyO Vy=m
x@=Wt xvwtv Qy |=]N u}}aD Ov}=Qi '4 pmW QO "CU= xOW xO=iDU= |Uw=o � |a@ Qt

"OwW|t xOy=Wt 1 p=Ft QO xOW x�=Q= C=L}[wD

"1 p=Ft |=Q@ C=@U=Lt CkO Ow@y@ CyH |R=Uxvwtv |x} wQ "2 pmW

pL |Oa@ s=o "CU= xOt; CUOx@ |OL Cr=L `@=D |v=wN=Qi 302 =@ xm 'CU=
u}}aD |=Q@ xOW xO=iDU= Ov}=Qi '2 pmW QO "CU= |D=@U=Lt CkO Ow@y@ 'xr�Ut
"OwW|t xOy=Wt |R=U|]N |=]N Vy=m CyH |Dq=tDL= Q=_Dv= OQwt u}ov=}t
u}= Q_v OQwt VwQ QO "CU= xOW p}mWD CyH wO R= |vwvm |xr�Ut
'Q[=L |xar=]t =t= &OwW xO=iDU= |iO=YD |=yxvwtv R= =D OQ=O OwHw u=mt=
xDiQo Q=m x@ |iO=YD |=yxvwtv O}rwD |=Q@ =Q [39]'|Uw=o � `@ Qt u} Ro}=H VwQ
xOW xO=iDU= v1 QwLt CyH QO x}rw= |x]kv 9 R= 'Q[=L p=Ft |=Q@ xm 'CU=
x}rw= \=kv p=kDv= '|Oa@ s=o "Ov=xOW XNWt 2 pmW QO RtQk nvQ =@ xm CU=
'|r@k s=o QO "CU= C}U=UL Q=OQ@ |=DU=Q QO |OL Cr=L |x} wQ |wQ x@
"CU= xOW x@U=Lt SLSQP VwQ |xr}Uwx@ C}U=UL Q=OQ@ w |L=Q] |x]kv
u}}aD 'Oa@ |xrLQt "OvwW|t xOy=Wt 2 pmW QO |@; |=ynvQ =@ QwmPt \=kv
SLSQP VwQ R= xOt; CUOx@ O=tDa= C}r@=k XN=W x@ C@Uv xvwtv Qy |=]N

"CU=
`@=D |]N ?} QkD Qov=}@ '2 pmW QO RtQk \=kv |xOvvmpYDt |[Qi \N
p}rO x@ xmCU= SLSQP |xr}Uw x@ xOt;CUOx@|L=Q]|x]kv pwL|OLCr=L
|xDi=}u=QwO |rY= QwLt |wQ Q@ QwmPt |[Qi \N '|D=YDNt |=yQwLt u=QwO
|x} wQ |wQ =yxvwtv |xOvyOp=YD= xm nvQsm |@; |=y\N "CiQo Oy=wN Q=Qk v1
|R=U|]N VwQ x@ C@Uv xvwtv Qy |=]N Qov=}@ 'OvDUy v1 QwLt x@ |OL Cr=L
QO xJv; j@=]t xOt; CUOx@ |=y=]N uOQm |Q}ov=}t =@ ',=D}=yv "OvwW|t ?wULt
xm Ot; CUOx@ 3=340 =@ Q@=Q@ O=tDa= C}r@=k XN=W Q=Okt 'OW u=}@ swU VN@

"CU= 3=339 wrQ=mCvwt VwQ MU=B x@ l}ORv Q=}U@
'CU= xOW x�=Q= hrDNt |=yVwQ |v=}=B G}=Dv R= |}xYqN '2 pwOH QO
O=OaD w R=}vOQwt Q=QmD O=OaD w CUmW p=tDL= pf 'O=tDa= C}r@=k XN=W � xm
VwQ |}=yv MU=B "CU= xOW x�=Q= VwQ Qy |=Q@ |OL Cr=L `@=D |v=wN=Qi C=aiO
'CU= xOW xO=iDU= Q=_Dv= OQwt u}ov=}t VwQ x@ KqY= R= u; QO xm |R=Uxv}y@
VwQ ?U=vt |}=Q=m "CU= xOW xOQ@ s=v 2 pwOH QO SLSQP-PE pmW x@
|}=Qoty |q=@ CaQU '|OL Cr=L `@=D uOw@ |]NQ}e =@ xr@=kt CyH |O=yvW}B
p@=k |xOt; CUOx@ G}=Dv R= xOW x�=Q= sU}v=mt =@ |R=U|]N |=]N KqY= w

"CU= CW=OQ@

|tD} Q=or � |}=tv |OL Cr=L `@=D :2 p=Ft "2"4
j@=]t� |OLCr=L `@=D QO |iO=YD |=yQ}eDt |tD} Q=or w |}=tv?}mQD '2 p=Ft QO
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"3 p=Ft |=Q@ =yQ=QmD |xJN} Q=D "5 pmW

"3 p=Ft |=Q@ C=@U=Lt CkO Ow@y@ CyH |R=Uxvwtv |x}wQ "6 pmW

MU=B =t= "CU= p=tQv Q=Ov=DU= |=[i QO |OL Cr=L |x} wQ w C=YDNt RmQt u}@
|O=} R Cw=iD �1=861� wrQ=mCvwt |R=Ux}@W VwQ R= xOt;CUOx@ |xH}Dv =@ Q}N=
xm CU= |QwQ[ xDmv u}= QmP "OwW|t OQw;O=} =Q KqY= x@ R=}v xm 'CU= xDW=O
uDi=} 'SLSQP VwQ |xi}_w =Q} R 'CU= xOw@v |R=Uxv}y@ VwQ ha[ OQwt u}=
xDiQ}PB CQwY Qt= u}= w xOw@ |R=U|]N Cr=L QO xOW QmP |xrY=i u} QDl}ORv

"CU=
(0=44097; 1=10007) C=YDNt |=Q=O xOt; CUOx@ |L=Q] |x]kv
OwHw x@ 'Q[=L p=Ft |D=@U=Lt |=]N "OwW|t xOy=Wt 6 pmW QO xm CU=xOw@
|=yp=Ft x@=Wt Qo = "OOQo|t Q@ |L=Q] |x]kv QO uQ=kDt=v <=vLv= `=aW w R} wv sQD
QwLt u=QwO R= Oa@ 'OwW xO=iDU= |Dq=tDL= Q=_Dv= OQwt u}ov=}t VwQ R= '|r@k
Q}F-=D 'v2 QwLt x@ C@Uv uQ=kDt |=yxvwtv O}rwD w |rY= |=yQwLt C=YDNt x@
Q[=L |xr�Ut |=Q@ 'p}rO u}= x@ "O=O Oy=wNv MQ xr�Ut |=]N Ow@y@ QO |v=OvJ
Q=Okt x@ QwmPt QwLt AJ CtU x@ p=kDv= w |Uw=o � `@ Qt VwQ x@ x]kv 50 R=
T=U= u}= Q@ xOW O}rwD |=yxvwtv '6 pmW QO u}vJty "CU= xOW xO=iDU= 0=15

"OvwW|t xOy=Wt |L=Q] |x]kv pwL xvwtv Qy |=]N x=Qty x@
=@ \ki xm CU= SLSQP VwQ x@ jraDt 'Q[=L |xr�Ut QO OQmrta u} QDy@
SLSQP-PE VwQ ',=D}=yv "CU= xO}UQ xH}Dv x@ |R=U|]N |xrLQt QO Q=QmD 6
xOW x�=Q= 4 pwOH QO u; G}=Dv xm 'CU= xOW xr�Ut MU=B CkO Ow@y@ x@ QHvt
C}r@=k XN=W Q=Okt uOw@ lJwm p}rO x@ SORM VwQ 'Q[=L p=Ft QO "CU=

"CU= xDW=Ov |}=yv CkO Ow@y@ QO |v=OvJ Q}F-=D 'O=tDa=

"2 p=Ft |=Q@ C=@U=Lt CkO Ow@y@ CyH |R=Uxvwtv |x} wQ "4 pmW
"2 p=Ft |=Q@ hrDNt |=yVwQ G}=Dv "3 pwOH

`@=D u=wN=Qi =yQ=QmD Pf � VwQ
�� �� �� �� DSTM

100 100 0=036247 1=796 CFSL

6 + Hessian �� 0=003404 3=706 SORM

6 6 0=003400 2=270 SLSQP

6 + 9 6 + 9 0=003072 2=740 SLSQP-PE

106 106 0=003025 2=745 MCS

Q@=Q@ O=tDa= C}r@=k XN=W u}}aD 'u; |xH}Dv w xOW x@U=Lt |=]N u}ov=}t
QO "CU= 2=745 wrQ=mCvwt |R=Ux}@W VwQ MU=B =@ ji=wt xm CU= 2=740 =@
CUOx@ Q_=vDt CUmW p=tDL= w O=tDa= C}r@=k XN=W |}=yv G}=Dv '3 pwOH

"CU= xOW x�=Q= hrDNt |=yVwQ |=Q@ xOt;
Cr=L `@=D uOw@ |]NQ}e Q@=Q@ QO ?U=vt |}=Q=m Q@ xwqa SLSQP VwQ
u}ov=}t VwQ =@ ?}mQD QO w CU= xO=O xH}Dv R}v =Q xv}y@ |D=@U=Lt sHL '|OL
u}= "CU= xO}UQ wr=mCvwt |R=Ux}@W VwQ OL QO |DkO x@ |Dq=tDL= Q=_Dv= OQwt

"CU= xOW xO=iDU= MU=B CkO KqY= |=Q@ xvwtv 9 R= \ki xm CU= |r=L QO

R}wv |=Q=O |OL Cr=L `@=D :3 p=Ft "3"4
[44w43]"CU= xOW|UQQ@ 29|x]@=Qj@=]t 3p=Ft QO R} wv sQD |=Q=O|OLCr=L `@=D
x@ |=yu}ov=}t =@ p=tQv `} RwD |=Q=O '|vwvm p=Ft QO xOW xO=iDU= |iO=YD Q}eDt wO
|iO=YD Q}eDt wO Qy |=Q@ Q=}at h=QLv= Q=Okt w OvDUy 2=5 w 1=5 =@ Q@=Q@ ?}DQD

"CU= 1=0 Q@=Q@

G(X) = (X21 + 4)(X2 � 1)
20 � sin(5X1

2 )� 2 (29)

QDy@ lQO Qw_vt x@ x}rw= |=ys=o |}=tvnQR@ x=Qty x@ |D=@U=Lt |=ys=o |t=tD
DSTM VwQ '|r@k |=yp=Ft x@=Wt "OwW|t xOy=Wt 5 pmW QO =yVwQ Q=DiQ
hQ] R= "OyO|t u=Wv =Q MU=B uDi=} QO |}=v=wD sOa w x=@DW= |=yMU=B u}@ u=Uwv
R= Oa@ 'xr�Ut pL |xt=O= R= w xOW |OOa |Q=O}=B=v Q=JO CFSL VwQ 'Qo}O
u}= xm CU= xO}UQ u=}=B x@ 1=185 =@ Q@=Q@ O=tDa= C}r@=k "CU= xOv=tR=@ 19 s=o
xrY=i u} QDtm |va} '|OL Cr=L `@=D |R=U|]N Cr=L QO MU=B u} QDy@ MU=B
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|R=
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sD}Q

wor=
|R=
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"4 p=Ft |=Q@ =yQ=QmD |xJN} Q=D "8 pmW
VwQ `} QU |}=Qoty |}=v=wD sOa w |D=@U=Lt |=yVwQ |}=Qoty |xJN} Q=D
'Q[=L |xr�Ut QO xHwD p@=k |xDmv "CU= u=}=tv ,qt=m 8 pmW QO 'DSTM

|}=Qoty R}v '|vwvm p=Ft QO "CU=yVwQ |=Q@ |}=OD@= s=o 4 |@} QkD uOw@ u=Um}
x�=Q= 7 pwOH QO hrDNt |=yVwQ G}=Dv "CU= xOw@ SLSQP VwQ |=Q@ `} QU
|}=yv w Q=O}=B MU=B x@ =yVwQ |t=tD 'Q[=L |UOvyt |xr�Ut QO "CU= xOW
QDq=@ =yVwQ Q}=U x@ C@Uv DSTM VwQ |=]N '7 pwOH x@ xHwD =@ "Ov=xO}UQ
VQ=Ro =Q Qo}Om} x@ l}ORv |=yMU=B 'SLSQP w CFSL VwQ wO "CU= xOw@
VwQ xm CU= xOW QmP |=yVwQ u}@ |D=@U=Lt |xv} Ry QO |rY= Cw=iD "Ov=xOQm
|v=wN=Qi 567 'Q=QmD 64 =@ DSTM VwQ x@C@Uv =Q |QD?U=vt OQmrta CFSL

xO=O xH}Dv |D=@U=Lt |=yC=}rta |=Q@ pL u=tR x}v=F 6=83 w |OL Cr=L `@=D
`@=D |v=wN=Qi 46 'Q=QmD 5 x@ R=}v =@ \ki SLSQP VwQ 'p=L u}= =@ "CU=
Q=}U@ OQmrta 'CFSL VwQ x@ C@Uv QD`} QU x}v=F 1 |@} QkD u=tR w '|OL Cr=L
=@ |R=Uxv}y@ VwQ |xH}Dv MU=B KqY= 'xt=O= QO "CU= xO=O u=Wv =Q |@U=vt
XN=W x@ xm 'CU= xDiQ}PB CQwY |Dq=tDL= Q=_Dv= OQwt u}ov=}t VwQ R= xO=iDU=
VwQ MU=B x@ Q=Wa= skQ 4 CkO =@ xm 'CU= xO}UQ 2=18462 O=tDa= C}r@=k
C@Uv QDW}@ u=tR x}v=F 0=013 \ki w CU= xOW l}ORv wrQ=mCvwt |R=Ux}@W
uOw@ QDW}@ "CU= VwQ ?U=vt |}=Q=m Q@ |O}}-=D xm 'OQ=O R=}v SLSQP VwQ x@
Crax@ 'Q[=L |xr�Ut QO =yQ=QmD O=OaD x@ C@Uv |OL Cr=L `@=D |v=wN=Qi O=OaD
u}}aD CyH OwOLt Cq[=iD VwQ R= xO=iDU= w |OL Cr=L `@=D uOw@ K} QY

"CU= |OL Cr=L `@=D u=}O=Qo
QO xOW x�=Q= ?}DQD T=U=Q@ Q[=L |xr�Ut |=Q@ xOt; CUOx@ |L=Q] |x]kv

:=@ CU= Q@=Q@ 4 pwOH
A1 = 0=0021 A2 = 0=0019
A3 = 0=0009 A4 = 0=00119
A5 = 0=00219 A6 = 0=0015
E = 68=627 P = 108=83

|Q}oxH}Dv "5
p=tDL= u}}aD CyH |}xOQDUo pmW x@ O=tDa= C}r@=k pw= |x@DQt p}rLD |=yVwQ
xm OvwW|t xO=iDU= |UOvyt p�=Ut QO xv}y@ \}=QW u}}aD w |vt}= =} CUmW

"3 p=Ft |=Q@ hrDNt |=yVwQ G}=Dv "4 pwOH
`@=D u=wN=Qi =yQ=QmD Pf � VwQ

�� �� �� �� DSTM

�� �� �� �� CFSL

6 + Hessian �� 0=11682 1=191 SORM

6 6 0=11797 1=185 SLSQP

6 + 50 6 + 50 0=03179 1=840 SLSQP-PE

106 106 0=03133 1=861 MCS

"4 p=Ft O@vo |}=B QN |xR=U "7 pmW

�|}=[i |=B QN |xR=U� O@vo |UOvyt |xr�Ut :4 p=Ft "4"4
Q=Qk Q_vOt Q[=L |xr�Ut QO w[a 75 =@ |}=[i |=B QN |xR=U =} O@vo |xR=U
u=Wv O=} R O=a@= =@ |UOvyt |xr�Ut l} |=Q@ |O=yvW}B VwQ |}=Q=m =D 'CU= xDiQo
|OL Cr=L `@=D l} CN=U |=Q@ xR=U |RmQt xQo QO xv}W}@ u=mtQ}}eD "OwW xO=O
|x]@=Q QO |OL Cr=L `@=D "CU= xOW xO=iDU= 'xDWPo |=yp=Ft hqNQ@ 'K} QY

[45]"CU= xOW x�=Q= 30
G(X) = 0=0035��1

z (30)

5 pwOH QO xR=U |xOvyOp}mWD |=yxQo |t=tD |UOvy C=YDNt w xQ=tW
'7 pmW "OwW|t xOy=Wt O@vo |xR=U OwOLt <=RH= pOt '7 pmW QO "Ov=xOW x�=Q=
\w@ Qt �Q} R \N uwO@� xO=U |=yxQ=tW "CU=yu; |xQ=tW w '=yxQo '=yu=tr= pt=W
|}xR=U pOt "OvDUy =yu=tr= =@ \@DQt 'OvQ=O \N u=WQ} R xm |}=yxQ=tW w =yxQo x@
l} w xO=U x=ox}mD 15 'u=Um} Kr=Yt =@ |}=B QN u=tr= 75 'xQo 31 pt=W 'Q}N=
`]kt K]U "CU= xOw@ Z QwLt |=DU=Q QO �|RmQt xQo � 1 xQo QO RmQtDt |wQ}v
QO |iO=YD |=yQ}eDt u=wva x@ 'xR=U |wQ Q@ xOW p=ta= Q=@ w |v=UWm pwOt '=[a=
R=}vOQwt |=yQDt=Q=B Q}=U w |Q=t; `} RwD x@ \w@ Qt C=YNWt xm &Ov=xOW xDiQo Q_v

"CU= xOW x�=Q= 6 pwOH QO =yu;
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u=Qt
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yt "4 p=Ft |=Q@ =yxQo |UOvy C=YDNt "5 pwOH

(X;Y;Z) meter Node (X;Y;Z) meter Node

(�10=434;+0=000;+6=448) 17 (+0=000;+0=000;+0=000) 1
(�9=246;�3=808;+5=658) 18 (�4=004;+0=000;+0=709) 2
(�6=479;�7=617;+5=658) 19 (�1=237;�3=808;+0=709) 3
(+6=448;�9=923;�3=224) 20 (+0=709;�2=354;+1=237) 4
(+0=765;�9=971;+5=658) 21 (+3=240;+2=354;+0=709) 5
(+5=242;�8=516;+5=658) 22 (�3=240;+3=808;+0=709) 6
(+8=441;�6=133;+6=448) 23 (�8=009;+0=000;+3=183) 7
(+9=719;�2=354;+5=658) 24 (�5=729;�4=162;+2=395) 8
(+9=719;+2=354;+5=658) 25 (�2=475;�7=617;+2=883) 9
(+8=441;+6=133;+6=448) 26 (+2=188;�6=735;+2=395) 10
(+5=242;+8=516;+5=658) 27 (+6=479;�4=708;+3=183) 11
(+0=765;+9=971;+5=658) 28 (+7=082;+6=479;+3=183) 12
(�3=224;+9=923;+6=448) 29 (+6=479;+4=708;+3=183) 13
(�6=479;+7=617;+5=658) 30 (+2=188;+6=735;+2=395) 14
(�9=246;+3=808;+5=658) 31 (�2=475;+7=617;+3=183) 15

(�5=729;+4=162;+2=395) 16

"4 p=Ft |=Q@ |Dq=tDL= |=y`} RwD w |iO=YD |=yQ}eDt "6 pwOH
Q=}at h=QLv= u}ov=}t `} RwD ẁv Q}eDt
0=000375 0=0025 p=tQv A1 �A5(m2)

0=00024 0=0020 p=tQv A6 �A10(m2)

0=00008 0=0010 p=tQv A11 �A25(m2)

0=000096 0=0012 p=tQv A26 �A50(m2)

0=00022 0=0022 p=tQv A51 �A60(m2)

0=00015 0=0015 p=tQv A61 �A75(m2)

3=5 70 p=tQv E �GPa�
12=0 80 p@t=o P �kN�

"4 p=Ft |=Q@ hrDNt |=yVwQ G}=Dv "7 pwOH
�s� u=tR `@=D u=wN=Qi =yQ=QmD Pf � VwQ
6=830 576 64 0=01121 2=28311 DSTM

2=068 144 16 0=01150 2=27327 CFSL

3=280 46 + Hessian �� 0=01577 2=15001 SORM

1=117 46 5 0=01189 2=26053 SLSQP

1=130 46 + 50 5 + 50 0=01445 2=18460 SLSQP-PE

896=0 6=5� 106 6=5� 106 0=01445 2=18462 MCS

"CU= xOW xO=O u=Wv Q[=L |xar=]t QO p=Ft |OwOLt O=OaD |=Q@ QwmPt VwQ
SLSQP VwQ R= xO=iDU= =@ xOW |R=U|]N |=[i QO |L=Q] |x]kv u}tND
CQwY |QD`} QU |}=Qoty MQv =@ '=yVwQ Q}=U =@ xU}=kt QO xm CU= s=Ok= u}rw=
|NU=B =D 'CU= xOt; CUOx@ MU=B KqY= 'xOWx�=Q= VwQ QO |Oa@ s=o "OQ}PB|t
'Qw_vt u}= x@ "OyO xH}Dv =Q ?U=vt ?} QkD w |R=Ux}@W |=yVwQ x@ l}ORv
x@ \=kv u}= xm 'CU= xOW O}rwD |L=Q] |x]kv pwL |iO=YD |xvwtv |O=OaD
w xDi=} Vy=m |=[i x@ SLSQP VwQ R= xOt; CUOx@ u=}Uy T} QD=t xr}Uw

Cr=L `@=D uOw@ |]NQ}e "CU= |OL Cr=L `@=D |R=U|]N '=yu; Q=m T=U=
w xaUwD x@ R=}v xm 'Ovm|t OQ=w =Q QwmPt |=yVwQ |}=Qoty QO |Wr=J '|OL
T=U=Q@ |WwQ 'Q[=L Q=DWwv "OQ=O|t |t=Rr= =Q xv}tR u}= QO O}OH |=y?}mQD
CU= xO=U |=yQDr}i |=Q=O xm CU= xOQm |UQQ@ =Q |OOa |]NQ}e |R=Uxv}y@
R}v w Ovm|t pta jiwt Q=}U@ `} QU |}=Qoty w Q=O}=B |=yMU=B x@ |@=}DUO QO w
|xr�Ut l} =@ =Q x}rw= |R=Uxv}y@ |xr�Ut '|OOa |=y|Q=O}=B=v R= |Q}owrH CyH
|q=@ |}=Q=m w ?U=vt OQmrta "Ovm|t u} Ro}=H xrY=i u} QDtm uDi=} |R=Uxv}y@
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\UwD BI s=v =@ Q=Ri=sQv w |D=@U=Lt Q=R@= '|O=yvW}B VwQ xO=iDU= =@ xOW pL
www.betaindexsoftware.com TQO; QO w x}yD Q[=L Q=DWwv u=oOvU} wv
CaQU '|OOa |=yp=Ft R= xOt; CUO x@ G}=Dv x@ xHwD =@ "CU= xOW xO=O Q=Qk
|Q=my=Q R}v |D=@U=Lt CkO Q_v R= "CU= xOW O}}-=D xOW x�=Q= VwQ |Q=O}=B w
C=aq]= R= xO=iDU= Q=vm QO |Dq=tDL= Q=_Dv= OQwt u}ov=}t VwQ |Q}oQ=m x@ uwJty
Q=}DN= QO =Q u=mt= u}= 'xOW x�=Q= |R=UQ=DN=U "CU= xOW |iQat u=}Uy T} QD=t
l} '|D=@U=Lt |=y|Q=wWO |=Q=O w xO}J}B p�=Ut QO =D OyO|t Q=Qk u=QoWywSB
xDW=O Q=}DN= QO =Q |D=@U=Lt sHL Q_vx]kv R= xiQY x@ uwQkt w Ovtv=wD Q=R@=

"OvW=@

u}ov=}t VwQ R= xO=iDU= =@ '|v=}=B |xrLQt QO w xOQm =O}B p=kDv= |rY= |=yCyH
xDiQ}PB CQwY |D=@U=Lt CkO V}=Ri= w MU=B KqY= '|Dq=tDL= Q=_Dv= OQwt
?OLt |OL Cr=L `@=D |=Q=O 'p�=Ut QO QwmPt VwQ CU= QmP x@ sRq "CU=
|}=Qoty x@ xHwD =@ w OyO|t xH}Dv =Q |@ wr]t G}=Dv '|L=Q] |x]kv l} |=Q=O w
u}= "CU= |vt[ |OL Cr=L `@=D |=Q=O '|UOvyt p�=Ut |=Q@ ?U=vt `} QU
l} \ki Q}N= VwQ '|L=Q] |x]kv OvJ |=Q=O p�=Ut QO xm CU= |r=L QO
OQwt u}= xm OQ=Ov =Q |L=Q] \=kv |t=tD uDi=} |}=v=wD w OyO|t x�=Q= |L=Q] |x]kv
|=Q=O p�=Ut |=Q@ SLSQP VwQ |Oa@ C}OwOLt "CU= u; |=yC}OwOLt R=
'u; uOQm hQ]Q@ Qw_vt x@ xmCU=|]NQ}e|oDU@ty?} Q[ =@ xDU@ty |=yQ}eDt
QD`t=H|UQQ@ Qw_vtx@ "CU=|iO=YD |=yQ}eDtp}O@D Ovtv=wDVwQ R= xO=iDU= x@ R=}v

=yCWwv=B
1. First Order Reliability Method (FORM)
2. Hasofer & Lind
3. Rackwitz & Flessler
4. Zhang & Kiureghian
5. Santos
6. Stability Transformation Method (STM)
7. Roudak
8. Meng
9. Gong
10. Keshtegar
11. Schittkowski
12. Kraft
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