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leVwQ R= xO=iDU= =@ xOv@UJ lQD |R=UpOt

xDUUo C=a@ Qt xv}tm |xm@W uwO@
�Q=}O=DU=� �|v=RQ= Ot=L

�OWQ= T=vWQ� � u=}tDUQ O=HU
|}=HQ O}yW Q}@O C}@ QD x=oWv=O 'u=Qta |UOvyt |xOmWv=O

xDWQ u}= u=QoWywSB |=Q@ |U=U= |=yxeOeO R= |m} '|UOvyt QO lQD |OOa |R=UpOt
|Q}oQ=mx@ =t= 'OQ=O lQD |R=UpOt |=Q@ |@U=vt |=yC}r@=k 'OwOLt <=RH= xJQo = "CU=

R= |m} "Ovm|t O=H}= xDUw}B=v p�=Ut pL QO =Q |}=yC}OwOLt X=N <=RH= w pmW `@=wD
Q@ x@re C=a@ Qt xv}tm VwQ xrtH R= w xm@W uwO@ |OOa |=yVwQ |Q}oQ=mx@ h=Oy=
CyH xDUUo C=a@ Qt xv}tm |xm@W uwO@ VwQ 'VywSB u}= QO "CU= QwmPt pmWt

xOv@UJ lQD |Qw�D 'u; |=v@t Q@ xm 'CU= xOW xO=O xaUwD lQD lwv |oOWR=@ |v}@V}B
xOW xO=iDU= u; |m} R}i |R=UpOt |=Q@ |}xOy=Wt Q=}at VwQ w lQD Q=DiQ |UQQ@ |=Q@

uwO@ |=y?} QkD QO |oDUw}B=v O=H}= |=Q@ VwQ u} QDxO=U 'xOv@UJ lQD |Qw�D "CU=
|OOa pOt "OQ=O |m} R}i |xRwL |R=UxDUUo |xwLv =@ |@U=vt |Q=oR=U w CU= xm@W

|q=@ CkO w |}=Q=m 'C}=yv QO w xOW |U} wvxt=vQ@ uQDQi p=wS} w \}Lt QO lQD pOt w
pL R= pY=L G}=Dv |xU}=kt w OQ=Ov=DU= p�=Ut pL =@ xDUUo C=a@ Qt xv}tm VwQ

"CU= xOW xO=O u=Wv OwOLt <=RH= VwQ G}=Dv w |y=oW}=tR; G}=Dv =@ |OOa

h.arzani@srttu.edu
rostamian62@yahoo.com

'xOv@UJ lQD |Qw�D 'xDUUo C=a@ Qt xv}tm |xm@W uwO@ VwQ %|O}rm u=oS=w
"|}xOy=Wt VwQ

xtOkt "1
|Q}oQ=mx@ "OvDUy xDUO u}= R= =y|t=vwU w 'nQR@ |=ypmWQ}}eD 'lQD OWQ 'lQD
|xRwL |Ov@xm@W w xm@W O}rwD sw=Ot Ov}=Qi x@ p�=Ut R= xDUO u}= QO OwOLt u=tr=
"CU= OvtR=}v =yu=tr= O}OW |rmWGm w pL Ov}=Qi h=QLv= R= |Q}owrH |=Q@ xr�Ut
|Ov@u=tr= x@ R=}v Cra x@ OwOLt <=RH= VwQ =@ p�=Ut R= xvwou}= pL u}vJty

"Ow@ Oy=wN xv} Ry QB xQ=wty u; |=yC}OwOLt w xvt=O X=N
'OwOLt <=RH= VwQ QO xDiQQ=mx@ pmW `@=wD C}y=t CyH x@ 'Qo}O |wU R=
w O}OW u=}O=Qo u; QO xm 'xvt=O R= |}=yx}L=v j}kO |R=UpOt x@ QO=k VwQ u}=
xOW KQ]t |}=yx} Q_v wQ u}= R= "CU}v 'OQwN|t sWJ x@ MU=B QO |oDUw}B=v =}
xr�Ut |xUOvy w |}xQo C=YNWt u}}aD =@ \ki 'u=tr= R= xO=iDU= uwO@ xm 'CU=
xm@W uwO@ |=yVwQ x@ =yVwQ u}= 'OQm pL =Q sm =L p}Uv=Qi}O |xrO=at u=wD@

"Ov=xOW QwyWt
[1]'CU= 1�DLS� xDUUo C=a@ Qt xv}tm VwQ 'xm@W uwO@ |=yVwQ xrtH R=
VwQ QO "CU= C=a@ Qt xv}tm |x}=B Q@ w xm@W uwO@ |=yVwQ u} QDO}OH R= |m} xm
|OwOLt O=OaD \UwD xr�Ut |xRwL 'xm@W uwO@ |=yVwQ Qo}O Ovv=ty xOWQmP
|=y|oS} w R= "OwW|t |R=UxDUUo x=wNrO `} RwD =@ w xOvm =QB CQwYx@|}xQo |x]kv
|}xQo \=kv uOwRi= =} hPL Q@=Q@ QO |Q}PBh=]av= 'xDUUo C=a@ Qt xv}tm VwQ
|oQR@ C} Rt 'CU= C}ty= R�=L |}xQo \=kv `} RwD |xwLv xm |r�=Ut QO xm 'CU=
T} QD=t uQ=kD '|Q}op=QoDv= x@ |R=}v|@ 'u; |=}=Rt Qo}O R= w &OwW|t ?wULt

=yxR=U |L=Q] w p}rLD QO CUmW l}v=mt |v=@t R= xO=iDU= 'Q}N= |=yp=U QO
w |vD@ |=yxR=U Q}=U w '=y|DWm '|vD@ |=yOU %Ovv=t s}HL |=yxR=U XwYNx@
QF= w lQD OWQ |UQQ@ x@ CUmW l}v=mt "CU= xOQm =O}B |O=} R C}ty= |Oqwi
'CU= Q}PB=v?=vDH= =yxR=U QO lQD OwHw "OR=OQB|t =yxR=U Ctw=kt w Q=DiQ QO u;
OWQ |iQ] R= "ODi= Q]N x@ xR=U |vt}= CU= umtt u; QF= uDiQoQ_vQO uwO@ u}=Q@=v@
CU= |aw[wt 'OwW|t p=ta= =yxR=U x@ ,=twta xm '|Q=QmD |Q=PoQ=@ QF= QO lQD
OwHw xR=U O}it Qta xHwD p@=k Vy=m u=mt= '|L=Q] QO u; uDiQoQ_vQO uwO@ xm

"OQ=O
KQ]t |rta p�=Ut p}rLD CyH |rY= u} Ro}=H u=wvax@ |OOa |=yVwQ
uwRi=RwQCiQW}B R}v w xv=}=Q x@ |OOa |=yVwQ |oDU@=w uDiQoQ_vQO =@ "CU= xOW
p}rLD w x} RHDCyH |wk Q=R@= u=wva x@ =yVwQ xvwou}=C}ty= Q@ '=yxv=}=QCaQU QO
Q}N= |=yp=U |] xm |WwQ u} QD|wk "OwW|t xOwRi= RwQ x@ RwQ |UOvyt p�=Ut
'CU= xOW xO=iDU= |}xv=}=Q |=ysD} Qwor= QO u; R= Cw=iDt p�=Ut pL QO C=aiO x@
sRq |=y|}=v=wD Ok=i |OQ=wt QO 'OwOLt u=tr= VwQ =t= "CU= OwOLt u=tr= VwQ
|r�=Ut =} w lQLDt =} xO}J}B |=yRQt =@ |r�=Ut p}rLDCyH |}=y|DU=m =} wCU=
|R=UpOt Ovv=t |r�=Ut "OvQ=O 'OvDUy xRwL |xUOvy QO Q}}eD Q=JO u=tR QO xm

pw�Ut xOvU} wv �
"1394 8 27 VQ}PB '1394 6 10 x}LqY= '1393 10 9 Ci=} QO %M} Q=D
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OtVN@ QO xDUw}B=v pmW `@=wD |R=UpOt |=Q@ |}xOy=Wt Q=}at VwQ ,=D}=yv w p=ta=
|=yp=Ft |@=}CLY Qw_vtx@ "CU= xOW p=ta= �lQD� xvt=O |m} R}i |xDUw}B=v
OwOLt u=tr= pL G}=Dv w |@ QHD |=yVwQ =@ xOt;CUOx@ G}=Dv 'xOWx�=Q= |OOa

"CU= xOW x�=Q= sRq |=y|Q}oxH}Dv w xU}=kt

lQLDt C=a@ Qt xv}tm ltm x@ `@=D ?} QkD "2
h} QaD 1 |x]@=Q j} Q] R= u(x) xOvvR u}tND `@=D 'lQLDt C=a@ Qt xv}tm VwQ QO

%OwW|t

u(x) �= �u(x) =
mX
i=1

Pi(x)a(x) = PTi (x)a(x) (1)

"CU= x}=B QO OwHwt QDt=Q=B pm O=OaDm w x}=B |}xrtHOvJ `@=Dl} P (x) 'u; QO xm
CQwYx@ x}=B `@=D w CU= m = 6 |]NQ}e w |Oa)@ wO Cr=L |=Q@ 'p=Ft u=wvax@
QO xm 'CU= ?}=Q[ Q=OQ@ a(x) "OwW|t xDWwv PT = [1; x; y; x2; xy; y2]

%OwW|t u}}aD 2 `@=D |R=Uxv}tm R= VwQ u}=
J(x) =

X
k=1

Wk[uk � PTi (x)a(x)]2 (2)

R= uDiQoxrY=i =@ xm OwW|t h} QaD |}xvwox@ k |x]kv QO |vRw `@=D Wk 'u; QO xm
x]=L= =Q xk xm '
k |x}L=v R= GQ=N QO w OwW|t xDU=m `@=D Q=Okt R= k |x]kv
CQwYx@ 3 |x@DQt u}q}BU= |vRw `@=D 'Q[=L Q=DWwv QO "OwQ|t u}@ R= 'CU= xOQm

%CU= xOW xDiQo Q=mx@ 3 |x]@=Q

W (d) =

8>>>><>>>>:
2
3 � 4d2 + 4d3; d � 1

2
4
3 � 4d+ 4d2 � 4

3d
3; 1

2 < d � 1
0; d > 1

(3)

"CU= xk xQo Q}F-=D |xRwL `=aW |xR=Ov= dmax w d = jjxk�xjj
dmax

'=yu;QO xm
4 |x]@=Q CQwYx@ ?}=Q[ Q=OQ@ '2 |x]@=Q QO J(x) `@=D uDN=Uxv}tm =@

%Ot; Oy=wN CUOx@
a(x) = A�1(x)B(x)uk

A(x) =
X

WkP (xk)PT (xk)

B(x) = WkP (xk) (4)

%CWwv 5 |x]@=Q CQwYx@ u=wD|t =Q ?} QkD `@=D ?}=Q[ Q=OQ@ uOt;CUOx@ =@
�(xk) = PT (x)A�1(x)B(x)uk (5)

"CU= lQLDt C=a@ Qt xv}tm pmW `@=wD T} QD=t �(x) 'u; QO xm

xDUUo C=a@ Qt xv}tm |xm@W uwO@ VwQ "3
|OwOLt O=OaD \UwD xr�Ut |xRwL |R=UxDUUo 'xDUUo C=a@ Qt xv}tm VwQ QO
'xm@W uwO@ |=yVwQ |=yumQ u} QD|U=U= R= |m} "OQ}o|t CQwY |}xQo \=kv
xm@W uwO@ |=yVwQ R= s=Om Qy "CU= p}Uv=Qi}O CqO=at |R=UxDUUo |xwLv

uwU=wB p�=Ut pL Q@ xwqa uwvm =D VwQ u}= "CU= u; |Q}oQ=mx@ |oO=U w '?}=Q[
l} Cr=L QO |rwrPy p�=Ut |=Q@ |k}@]D h} Q_D w [2]'Vw=QD |xr�Ut pL |=Q@
OQw;Q@ w |v=UWm p�=Ut pL CyH u; |}=Q=m u}vJty w xOW xO=iDU= [3]'|Oa)@
l}v=mt p�=Ut QO R}v w |Oa)@ wO |v=UWm p�=Ut QO [4]'3|k}@]D h} Q_D w 2=]N
|k}@]D h} Q_D 'xDiQoCQwY C=ar=]t u} QDxR=D QO "CU= xO}UQ C=@F= x@ Cq=}U
|UQQ@ OQwt Q=OQ=@ C=QP |wHDUH sDU}U VwQ R= xO=iDU= =@ |Oa)@ wO lQD pOt

[5]"CU= xDiQo Q=Qk
|xRwL |R=UxDUUo w OwW|tv xO=iDU= |Ov@Vt R= xm@W uwO@ |=yVwQ QO
s=Hv= q=@ |x@DQt |=y?=}uwQO R= xO=iDU= u}vJty w |}xQo \=kv j} Q] R= xr�Ut
|R=}v|@ 'xH}Dv QO w |}xQo \=kv u}@ |v=tr= |oDUw}B OwHw sOa p}rOx@ "OQ}PB|t
u}vJty w xr�Ut pL R= p@k =yu=tr= pmW w |Ov@u=tr= QO |}=yC} wOLt u}t-=D R=
w lQD |R=UpOt Q}_v |r�=Ut pL QO QwmPt VwQ 'xOWQmP |D=@U=Lt |=}=Rt
|@U=vt w ?wN OQmrta 'lQLDt |=yRQt =@ p�=Ut pL QO R}v w u; CiQW}B |UQQ@

"OQ=O
swyit ltm =@ w |v=UWm |Qw�D R= xO=iDU= =@ lQD |xr�Ut |r}rLD pL
=@ "OwW|t lQD lwv QO VvD w VvQm u}mD w OwOLt=v Q}O=kt x@ GDvt '|}=Hx@=v
QO xO=t w CU= umtt=v xO=t QO OwOLt=v |=yVvD O=H}= C}ak=w QO xmv}= x@ xHwD
u}= QO u=UWm pL CkO 'OwW|t |]NQ}e Q=DiQ |xOwOLt OQ=w lQD lwv |m}ORv
lQD VQDUo Q@=Q@ QO xO=t Ctw=kt Ea=@ |]NQ}e Q=DiQ u}= "CU= |i=m =v OQ=wt
|R=UpO=at |=Q@ |}=ypOt 'xOWQmP pmWt pL |=Q@ "OwW|t |SQv= lqyDU= w
x�=Q= lQD lwv |r=wL QO lQD VQDUo Q@=Q@ QO u; Ctw=kt w xO=t |]NQ}e Q=DiQ
|xOwOLt xm |OQ=wt QO xD@r= "CU= xOv@UJ lQD pOt =yv; R= |m} xm 'CU= xOW
OW=@ Q_vhQY p@=k w lJwm pOt O=a@= =@ T=}k QO lQD pwL |]NQ}e Q=DiQ
QO |rw &OQ=O |@U=vt CkO 'u=UWm pL '�ODi=|t j=iD= OQD O=wt QO xJv; Ovv=t�
Oy=wNv |WwBsWJ p@=k |Q}tN |xOwOLt OwHw '�uD@ Ovv=t� OQD xt}v O=wt OQwt

"Ow@
xv}tR u}= QO =Q |OQ=Ov=DU= p�=Ut w |R=UpOt =Q xOv@UJ lQD |OOaDt O=Qi=
u=tr= %|=yVwQ R= xO=iDU= =@ |}=yVywSB x@ u=wD|t xrtHu; R= xm 'Ov=xOQm pL
uwO@ [9]'6u=tr= uwO@ u}mQr=o [8]'5xR=Ov= QF= [7]'4xDi=} \U@ OwOLt u=tr= [6]'OwOLt
xQ=W= [12w11]'7pvQm |xQP O}rwDR=@ w [10]'xOW|ve |xN=W uwO@ xDi=}\U@ |xm@W
|=yVwQ xJ w xm@W x@ |mDt |=yVwQ xJ 'QwmPt |=yVwQ s=tD QO xm 'OQm
Q=Okt Qy <=R=x@ 'pvQm |xQP O}rwDR=@ VwQ Ovv=t |}xv}tR |Ov@xm@W =@ 'xm@W uwO@
|QwQ[ |oDUw}B=v h=Q]= QO OOHt |Ov@xm@W '|oOWR=@ V}=Ri= w lQD VQDUo
hOy "OwW|t C=@U=Lt u=tR w sHL V}=Ri= w xr�Ut |oO}J}B x@ GDvt xm 'CU=
xHwD =@ Q[=L VywSB QO xDUUo C=a@ Qt xv}tm |xm@W uwO@ VwQ |Q}oQ=mx@ R=
|=yVwQ ?r=e QO "CU= QwmPt pmWt Q@ x@re 'u; xQo Q@ |vD@t |R=UxDUUo x@
Q=@ l} =@ xO=U QU wO Q}D l} xm 'x]kv xU |WtN Q}D p=Ft 'xQ=W= OQwt u}W}B
|xr�Ut u=wvax@ 'CU= xOt; CUOx@ R}v u; |}=Hx@=H � wQ}v Q=Owtv w 'CU= RmQtDt

"CU= xOW pL OQ=Ov=DU=
CUmWl}v=mt p�=Ut pL |=Q@ xDUUo C=a@ Qt xv}tm VwQ 'Q[=L Q=DWwv QO
|xty |=Q@ lQLDt C=a@ Qt xv}tm pmW `@=wD =OD@= 'Qw_vt u}O@ "CU= xOW xO=iDU=
CUmW p�=Ut Q@ sm =L p}Uv=Qi}O CqO=at TBU w x@U=Lt xvt=O |}xQo \=kv
\=kv |x}rm |=Q@ C=a@ Qt xv}tm VwQ R= xO=iDU= =@ |]N |v=UWm p�=Ut QO
x@ CUmW l}v=mt QO pmWQ}}eD |=yOt 'xt=O= QO "CU= xOW |R=UxDUUo |}xQo
pOt QO lQD lwv pwL |]NQ}e Q=DiQ |R=Ux}@W pOt w xOv@UJ lQD pOt x=Qty
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"|oOWR=@ Owt `=wv= "1 pmW

"hrDNt |xOv@UJ |=ypOt |Q=DiQ Q=Owtv "2 pmW

CyH QO syQ@ Owta Qw] x@ lQD Kw]U Owt u}= QO %|oOWR=@ Owt =} 1 Owt �hr=
"OvyO|t u=mtQ}}eD Qo}Om} hr=Nt

Owta CyH QO sy x@ C@Uv lQD K]U wO Owt u}= QO %|WQ@ Owt =} 2 Owt �?
"OvRer|t lQD lwv \N Q@

\N C=R=wt x@ |DyH QO xLiY wO VRer Owt u}= QO %|oQ=B Owt =} 3 Owt �G
"ODi=|t j=iD= lQD

'1 Owt R= '|oDUw}B=v pmWQ}}eD |xwLv w uOQmpOt CyH 'Q[=L Q=DWwv QO
"CU= xOW xO=iDU= CUmW h} QaD |=Q@ |oOWR=@ Owt |va}

xOv@UJ lQD pOt "2"4
Ov}=Qi |xOwOLt QO Kr=Yt |]NQ}e Q=DiQ |R=Ux}@W |=Q@ |WwQ xOv@UJ lQD
u}@ p@=kDt |xOv@UJ |L]U |=ywQ}v OwW|t ZQi Qw_vt u}O@ w 'CU= CUmW
CU= |}xvwo x@ xOvRwO |=ywQ}v GwR u}= p=ta= |xwLv "OwW|t p=ta= lQD |=yx@r
'lQD |oOWR=@ � |L]U |wQ}v Q=Owtv Q} R CL=Ut 'lQD VQDUo |x_Lr QO xm
=@ Q@=Q@ 'CU= OL=w CL=Ut =} K]U wO uOW=OH |=Q@ xOWhQY |SQv= Qou=Wv xm
|oOWR=@ � wQ}v |Q=DiQ hrDNt |=ypOt "Ow@ Oy=wN (Gf ) lQD CUmW |SQv=
p=U QO xm '=ypOt u}= R= |}=yxvwtv "CU= xOW O=yvW}B hrDNt O=wt |=Q@ lQD
|x@r wO u}@ |oOv@UJ "CU= xOW xO=O V}=tv 2 pmW QO [15]'Ov=xOW x�=Q= 2007

"CU= Q=PoQ}F-=D sDU}U |}xQo pO=at |=ywQ}v w |DNU T} QD=t QO lQD
'|@Uv VRer w |oOWR=@ Q}O=kt l}miD R= TB '?mQt Owt lQD \}=QW QO
Q=DiQ |R=Ux}@W |=Q@ "OwW|t x@U=Lt |L]U |=ywQ}v |U=tt w s�=k |=yxir-wt
xOW xO=iDU= |irDNt |Q=DiQ |=ypOt R= =yVywSB QO xOv@UJ lQD ?mQt Owt

'xDUUo C=a@ Qt xv}tm VwQ QO "Ovvm|t xO=iDU= |R=UxDUUo |=Q@ |}xw}W R=
"OwW|t s=Hv= CqO=at |wk sQi R= xO=iDU= =@ p}Uv=Qi}O CqO=at |R=UxDUUo

%O} Q}o@ Q_v QO =Q 6 p}Uv=Qi}O |xrO=at
A(�) + F = 0 in 
 (6)

h} QaD 8 w 7 \@=wQ CQwYx@ xrJ} QO w utw}v |=yRQt QO |RQt \}=QW u; |=Q@ xm
%Ov=xOW

B(�)� �t = 0 on �t (7)

�� �� = 0 on �u (8)

=} |HQ=N |=ywQ}v Q=OQ@ F "OvDUy |r}Uv=Qi}O |=yQorta B w A '=yu; QO xm
Q=OQ@ � w RQt Q@ OQ=w VvD Q=OQ@ �t w 'Ovvm|t pta xr�Ut |xRwL Q@ xm Ov=|a@=vt

"CU= u=mtQ}}eD
C=a@ Qt |R=Uxv}tm Q@ |vD@t xDUUo C=a@ Qt xv}tm VwQ QO |R=UxDUUo
|Q=Po}=H =@ "CU= Q=wDU= |rY= |x]kv =@ x}=Uty \=kv R= |O=OaD QO =yxOv=t}k=@
xr�Ut |xRwL QO =Q =yxOv=t}k=@ Q=Okt '8 |r= 6 \@=wQ QO 5 |x]@=Q R= pmW `@=D
u=wD|t 9 \@=wQ CQwYx@ ?}DQD x@ Ru |xrJ} QO RQt w Rt utw}v RQt w R


%CWwv
R
(x) = A(�(xk)) + F (xk)

Rt(x) = B(�(xk))� �t(xk)

Ru(xk) = �n � ��(xk) (9)

|x]@=Q CQwYx@ u=wD|t =Q xOv=t}k=@ C=a@ Qt ẁtHt `@=D u=wvax@ J `@=D u}=Q@=v@
%CWwv 10

J =
N
X
k=1

(R2

(x)) + �t

NtX
k=1

(R2
t(x)) + �u

NuX
k=1

(R2
u(x)) (10)

QO |}xQo \=kv O=OaD Nu 'xr�Ut |xRwL QO |}xQo \=kv O=OaD N
 'u; QO xm
CyH 'QwmPt VwQ QO "OvDUy utw}v RQt QO |}xQo \=kv O=OaD Nt w 'xrJ} QO RQt
�t '10 |x]@=Q QO "CU= xOW xO=iDU= |Dr=vB ?}=Q[ VwQ R= |RQt \}=QW p=ta=

"OvDUy xrJ} QO w utw}v |RQt \}=QW |=Q@ |Dr=vB ?}=Q[ ?}DQD x@ �u w
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