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le<=R=x@ |oOwr; p=kDv= |xrO=at |r}rLD pL

=@ |}x]kv |xOv}q; `@vt u}OvJ C}r=ai
2 w 1 Cq=L QO x=wNrO |v=tR |=ywor=

u} Qo `@=D VwQ R= xO=iDU= =@ |Oa@
�|QDmO |wHWv=O� xtQoOyWt =Ov

�Q=}O=DU=� �|Qy=_t |Oyt
�O=DU=� |v=t=U |rwOtLt p=tH

TQOt C}@ QD x=oWv=O '|@; |=yxR=U xwQo

=@ |oOwr; p=kDv= |xrO=at |r}rLD pL 'u} Qo `@=D VwQ R= xO=iDU= =@ Q[=L VywSB QO
Cw=iDt C=@}mQD <=R=x@ '|Oa@ 2 w 1 Cr=L QO �|oOvm =QB ?} Q[ w CaQU� C@=F ?�=Q[
xm |]}=QW |=Q@ w xv=NOwQ QO OwOLt w 'OwOLtxt}v 'OwOLt=v |xvt=O QO |RQt \}=QW

u}vJty "CU= xOW u}}aD 'OvW=@ p=ai x=wNrO |v=tR |=ywor= =@ xOv}q; `@vt l} R= V}@
R= xO=iDU= w Oa@ |@ QDt=Q=B l} h} QaD =@ 'xOWO=H}= |=y|QU |}=Qoty QO `} QUD Qw_vtx@
=@ \w@ Qt |xr�Ut |=Q@ u} Qo `@=D sm u=tR Cr=L 'O=} R u=tR w x=Dwm u=tR u} Qo `@=D swyit

=@ |O=yvW}B |r}rLD |=ypL 'xt=O= QO "CU= xOW G=QNDU= |[=} Q pwY= R= xO=iDU=
w |@=} RQ= |[Qi |=yp=Ft w |ak=w |=yxO=O 'u}W}B u=QoWywSB |r}rLD |=ypL

|r}rLD |=ypL OQmrta uOw@VN@C}=[Q 'G}=Dv "CU= xOW x@U=Lt |Q=t; |=yXN=W
OQm u=aP= u=wD|t Q[=L VywSB QO xOWs=Hv= |=y|UQQ@ x@ xHwD =@ "CU= xO=O u=Wv =Q

Cw=iDt C=@}mQD |=Q@ |oOwr; p=kDv= |xrO=at |r}rLD |=ypL |xawtHt u} QDpt=m xm
x�=Q= Q[=L VywSB QO u} Qo `@=D VwQ R= xO=iDU= =@ xv=NOwQ QO OQ@ Q=m p@=k |RQt \QW

"CU= xOW

n.mashhadgarme@modarres.ac.ir
m.mazaheri@modares.ac.ir
samani j@modares.ac.ir

\}=QW 'u} Qo `@=D VwQ 'Vvm =w � |oOvm =QB � |}=Hx@=H |xrO=at %|O}rm u=oS=w
"x=wNrO |v=tR |wor= 'xOv}q; `@=vt '|RQt

xtOkt "1
� w u 'p=v=m ZQa w pw] O=ODt= QO |v=mt |=yxir-wt y w x 'u=tR t 'u; QO xm
Dx '(m/s) |[Qa w |rw] CyH QO xv=NOwQ `]kt QO u}ov=}t CaQU ?}DQDx@
Vvm =w MQv C@=F k '(m2/s) |[Qa w |rw] |oOvm =QB ?} Q[ ?}DQDx@ Dy w
OwW|t h} QaD u=mt w u=tR R= |a@=D CQwYx@ xm C_re c = c(x; y; t) '(s�1)
|xrO=at MU=B u}}aD Qw_vtx@ "CU= 3ly=J =} 2xtWJ R= CQ=@a '(x; y; t) w
|=yVwQ '|Oa@ 2 w 1 Cr=L QO (ADRE) Vvm =w � |oOvm =QB � |}=Hx@=H
xO=U |RQt \}=QW |=Q@ =yu; QDW}@ xm &CU= xOW P=ND= u=QoWywSB \UwD |Dw=iDt
Q=}U@ |v=tR |=ywor= =@ |}x]kv |xOv}q; `@vt l} |=Q@ \ki 'QDxO}J}B OQ=wt QO w
|r}rLD |=ypLCU= QmP x@ sRq "CU=|}=tv w|}xrB 'C@=F|v=tR |wor= Q}_v xO=U
|r}rLD |=ypL =@ \@DQt C=ar=]t w OvDUy pNrNDt \}Lt QO QDW}@ xOWx�=Q=
p=kDv= |xrO=at |r}rLD pL "CU= OwOLt =yxv=NOwQ Ovv=t |L]U C=v=} QH |=Q@
|=yVwQ u} QD|t}Ok R= 5|[=} Q |v}Wv=H w 4=yQ}eDt |R=U=OH |=yVwQ =@

CU} R\}Lt QO OwHwt CqmWt w p�=Ut u} QDsyt R= =yxv=NOwQ QO |oOwr; Q=WDv=
w =yxv=NOwQ R= sa= |@; |=y\}Lt QO |oOwr; p=kDv= Q@ sm =L |xrO=at "CU=
� |oOvm =QB � |}=Hx@=H |xrO=at '|Oa@ 3 w 2 '1 Cq=L QO '|L]UQ} R C=v=} QH
|�RH p}Uv=Qi}O CqO=at u} QDsyt R= |m} xrO=at u}= "CU= 1�ADRE� Vvm =w
'|oOwr; Q@= CmQL |v}@V}B Q@ xwqa |r}rLD |=ypLx=Q R= xO=iDU= "CU= |wtyU
xrO=at u}= |rm sQi [1]"OR=U|t Q}PBu=mt= =Q |OOa |=ypOt G}=Dv |HvUCLY

[2]%CU= 1 |x]@=Q CQwYx@ |Oa@ 2 Cr=L QO
@c
@t

=�u @c
@x
�� @c

@y
+ @
@x

�
Dx

@c
@x

�
+ @
@y

�
Dy

@c
@y

�
�kc�'(x; y; t)

(1)
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=R=x@

|oO
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|xr

O=at
|r}

rLD
pLCUOx@ 10=ypLx=Q ?Q[pY=L uwv=k x@ xHwD =@ =Q |Oa@ OvJ Cq=L QO |RQt

=RHt |=yxr�Ut ?r=k QO |oOwr; p=kDv= |xrO=at |r}rLD pL x@ 'xt=O= QO [17]"OQw;
l}miD x@ |RQt \}=QW =OD@= '=DU=Q u}= QO "CU= xOW xDN=OQB R=@ wQ |Q=Ht QO

"CU= xOW h} QaD

|RQt \QW `=wv= |iQat "1"2
2 |xrO=at "OvwQ|t Q=tW x@ u} Qo `@=wD u}}aD QO |rY= pt=wa R= |RQt \}=QW

%R= CU= CQ=@a '|RQt \QW x@ \w@ Qt
si
@c
@x

+ qi(t)c(x; t) = hi(t) at x = xi (2)

Ovv=wD|t pL |xvt=O C=}YwYN x@ xHwD=@ xm OvDUy |@}=Q[ qi(t) w si 'u; QO xm
|RQt \QW x@ \w@ Qt |v=tR `@=D hi(t) u}vJty "OvW=@ Q}eDt =} C@=F CQwYx@
'2 |xrO=at x@ xHwD =@ [18]"CU= C_re TvH R= xm 'CU= s)=i |RQt |x]kv QO

%OvwW|t u=}@ CQwY 3 x@ |RQt \}=QW
QO `@=D Q=Okt pt=W \@DQt |xrO=at %�pw= ẁv \QW� 11CrW} Q}O |RQt \QW "1

%CU= 3 |x]@=Q CQwYx@ w |RQt \=kv
c(x; t)jx=xi

= hi(t) (3)

`@=D jDWt Q=Okt pt=W \@DQt |xrO=at %�swO ẁv \QW� 12utw}v |RQt \QW "2
%CU= 4 |x]@=Q CQwYx@ w RQt |wQ QO

@c
@x

����
x=xi

= ii(t) (4)

Oa@ xm 'CU= utw}v |RQt \QW x@ \w@ Qt C_re |v=tR `@=D ii(t) 'u; QO xm
"CU= QDt Q@ C_re Oa@ =@ Q@=Q@ u;

2 R= |@}mQD CQwY x@ pY=L |xrO=at %�swU ẁv \QW� 13u}@=Q |RQt \QW "3
xm |]}=QW CLD "OwW|t u=}@ =yu; `tHpY=L CQwYx@ w CU= jwi Cr=L
%CU= 5 |x]@=Q CQwYx@ 2 |x]@=Q T=U=Q@ u}@=Q |RQt \QW 'OW=@ si 6= 0

[si
@c
@x

+ qi(t)c]
����
x=xi

= hi(t) (5)

|Q=PoO=tv "CU= L�1 QDt Twmat Oa@ |=Q=O si w Oa@ |@ qi(t) 'u; QO xm
xm CQwY u}= x@ "CU= |RQt \}=QW |=v@t Q@ Q[=L |xar=]t QO xOWxO=iDU=
=@ u}@=Q |RQt \QW w 2 |xQ=tW =@ utw}v '1 |xQ=tW =@ CrW} Q}O |RQt \QW
xOW ^=Lr QiY |xQ=tW =@ R}v C}=yv|@ RQt "CU= xOW xO=O u=Wv 3 |xQ=tW
CyH QO |Oa@ 1 Cr=L QO OwOLt |xvt=O QO xr�Ut Qou=}@X12 ,qFt "CU=
"Ow@ Oy=wN CUOu}}=B QO utw}v w CUOq=@ QO CrW} Q}O |RQt \QW =@ |rw]
Q_vOt C@=F ?}=Q[ =@ |oOwr; p=kDv= |xrO=at |r}rLD pL 'Q[=L VywSB QO

%R= CU= CQ=@a |U=U= C=}[Qi =Pr "CU= xOW xO=O Q=Qk
"OvDUy C@=F |Q}O=kt |rY= p=v=m pw] QO |oOvm =QB ?} Q[ w CaQU ��

"CU= R}J=v |rY= p=v=m |@O =@ xU}=kt QO xOv}q; |x}rND |@O ��
"CU= Q=QkQ@ �|yv sy Q@ pY=� uw}U} RwB QB wU pY= ��

|r}rLD pL |xv}tR QO [5�3]"Ov=xO=O Q=Qk xO=iDU= OQwt u=QoWywSB xm 'OvDUy pL
pL x@ u; QO xm OQm xQ=W= |WywSB x@ u=wD|t |r=QoDv= |=yp}O@D =@ p=kDv= |xrO=at
ẁv |RQt \}=QW |=Q@ pNrNDt \}Lt QO |Oa@ 1 Cr=L QO p=kDv= |xrO=at |r}rLD

CQwYx@ x}rw= \QW w |}=tv w |}xrB 'xDUw}B |v=tR |wor= =@ |OwQw QO swU w pw=
=@ R}v |Qo}O VywSB QO [6]"Ov=xDN=OQB OwOLt w OwOLtxt}v |xvt=O QO CN=wvm}
|xrO=at |r}rLD pL x@ x} Qwi w TqBq |r=QoDv= |=yp}O@D |=yxw}W R= xO=iDU=
R= xO=iDU= =@ pNrNDt \}Lt QO |Oa@ 3 w 2 '1 Cr=L QO 6|rO=aDQ}e p=kDv=
|xrO=at |r}rLD pL |=yVwQ R= Qo}O |m} [7]"Ov=xDN=OQB x} Qwi w TqBq p}O@D
`@=wD VwQ |x}=B Q@ VwQ u}= "CU= 7 GITT '|rm |r=QoDv= p}O@D VwQ 'p=kDv=
pLx=Q u; QO xm OQm xQ=W= |WywSB x@ u=wD|t xv}tR u}= QO [8]"CU= Q=wDU= 8xS} w
ẁv |RQt \QW =@ OwOLt |xvt=O w pNrNDt \}Lt QO p=kDv= |xrO=at |r}rLD
|v=mt C=Q}}eD� swO ẁv |RQt \QW w |OwQw QO x=wNrO |v=tR |wor= =@ swU
VywSB QO [9]"CU= xOW u}}aD GITT R= xO=iDU= =@ |HwQN QO 9�C_re QiY
l}Uqm sQi w |[=} Q |v}Wv=H |=yp}O@D |=yVwQ ?}mQD R= xO=iDU= =@ |Qo}O
[10]"CU= xOW u=}@ K} QY pLx=Q l} CQwYx@ G}=Dv '|rm |r=QoDv= p}O@D |xw}W
OwHwt |mOv= C=ar=]t u} Qo `@=D VwQ R= xO=iDU= =@ p=kDv= |xrO=at pL |xv}tR QO
|=Q@ |WywSB QO xvwtv u=wvax@ "CU= xOW s=Hv= pNrNDt \}Lt QO xm 'CU=
CN=wvm} w Q=oOv=t ZQi =@ |v}tRQ} R ?; |xQiU QO Kqt= p=kDv= |xwLv |UQQ@
|r}rLD pL 'C@=F Q=Okt =@ |}x]kv |xOv}q; `@vt w pNrNDt \}Lt QO u=} QH uOw@
|xrO=at |r}rLD pL |Qo}O |xar=]t QO [11]"CU= xOW u}}aD p=kDv= |xrO=at
=@ |Oa@ xU Cr=L QO 'pNrNDt \}Lt QO |rO=aDQ}e w |rO=aD Cr=L QO ADRE

[12]"CU= xOt; CUOx@ xOv}q; `@vt R= |W=v C_re uOw@ QiY ZQi
|v}tRQ} R ?; |xQiU l} |=Q@ p=kDv= |xrO=at |r}rLD pL |Qo}O u=QoWywSB
u} Qo `@=D VwQ R= xO=iDU= =@ =Q xOv}q; `@vt uOw@ QiY ZQi =@ w OwOLt Ct=N[ =@
|=ypL R= |}xawtHt |Qw;`tH x@ |WywSB QO ,=Q}N= u=QoWywSB [13]"Ov=xOQm u}}aD
'pw= ẁv |RQt \QW `=wv= ?}mQD =@ xv=NOwQ \}Lt |=Q@ p=kDv= |xrO=at |r}rLD
Q=Okt =@ |}x]kv |xOv}q; `@vt l} |=Q@ \ki |Oa@ 3 w 2 '1 Cq=L QO swU w swO

[14]"Ov=xDN=OQB TqBq p}O@D R= xO=iDU= =@ C@=F
Cw=iDt C=@}mQD |=Q@ 'ADRE |xrO=at |r}rLD pLx=Q 'Q[=L VywSB QO
|=Q@ '|Oa@ 2 w 1 Cq=L QO w OwOLt w OwOLtxt}v |=yxvt=O QO |RQt \QW
Q}Ut pw] QO x=wNrO w s_vt=v |v=tR |=ywor= =@ xOv}q; `@=vt u}OvJ xm |]}=QW
|=ywHDUH x@ xHwD =@ "Ot; Oy=wNCUOx@ u} Qo `@=D VwQ R= xO=iDU= =@ 'OvQ=O OwHw
ADRE |xrO=at |r}rLD |=ypL |xawtHt u} QDpt=m OUQ|t Q_v x@ xOWs=Hv=
|=ywor= =@ xOv}q; `@vt u}OvJC}r=ai <=R= x@ w |RQt\}=QW R= x=wNrO?}mQD Qy |=Q@
QO w OwOLt w OwOLtxt}v 'OwOLt=v |=yxvt=O QO u=tR x@ C@Uv s_vt=v |Q=PoQ=@
QO |RQt \}=QW Cw=iDt C=@}mQD OQ@ Q=m pt=m K} QWD x=Qty x@ |Oa@ 2 w 1 Cq=L

"CU= xOW x�=Q= Q[=L VywSB QO xv=NOwQ

=yVwQ w |v=@t "2
|�RH p}Uv=Qi}O CqO=at pLx=Q u}}aD Qw_vt x@ OvtDQOk Q=R@= l} u} Qo `@=D VwQ
|r}Uv=Qi}O Qorta xm OwQ|t Q=mx@ |DqO=at pL |=Q@ \ki VwQ u}= "CU= uoty=v
\}=QW u=wD|t VwQ u}= R= xO=iDU= =@ [16w15]"Ovm <=[Q= =Q |yv sy Q@ pY= =yu;
Q=Okt p�=Ut pL u=wD|t u}vJty "OQm p=ta= xr�Ut QO =Q |Dw=iDt |x}rw= w |RQt

78
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BC2� : ~�2G(l; �) + ~�2G�(l; �) = 0 (14)

0 < � < l; 0 < � <1

%O};|t CUOx@ 15 |x]@=Q R= w CU= |k=Lr= Qorta L� '=yu; QO xm

L� = � @
@�
� u @

@�
�D @2

@�2 + k (15)

ẁQW u=tR w u=mt Qou=}@ t w x |=yQDt=Q=B '16l =Q}O |=DrO `@=D �(0) u}vJty
C}akwt |xOvyOu=Wv w |Q}op=QoDv= O=R; |=yQ}eDt � w � w p=v=m pw] QO |Q=PoQ=@
BC2� w BC1� R= Qw_vt "OvDUy pL |xvt=O R= x=wNrO |x]kv Qy |v=mt w |v=tR
~�2 '~�1 '~�1 CU= xvt=O CUOu}}=B w CUOq=@ QO ?}DQD x@ |k=Lr= |RQt \}=QW
|RQt Q=Okt |xr�Ut pL =@ "OvDUy |k=Lr= |RQt \}=QW x@ \w@ Qt ?}=Q[ ~�2 w
|=Q@ xm CW=O xHwD O}=@ "OwW|t pY=L u} Qo `@=D �14 |r= 12 \@=wQ� |k=Lr=
17|Q} wYD VwQ =} xS} w `@=wD VwQ R= Q_vOQwt |xvt=O x@ xHwD =@ u} Qo `@=D G=QNDU=
sRq [16w15]"OwW|t xO=iDU= |r}Uv=Qi}O CqO=at pL |=yVwQ Q}=U =@ ?}mQD QO
|r}rLD |=ypL QO |OwQw |=yxO=O 'xOWx�=Q= |Ov@pwtQi j@] xm CU= QmP x@
C_re 'Vvm =w MQv '|oOvm =QB ?} Q[ 'CaQU u}ov=}t %R= CU= CQ=@a xOWx�=Q=
x=Qty x@ xOv}q; `@=vt O=OaD '|RQt \}=QW x@ \w@ Qt C_re 'x}rw= \QW x@ \w@ Qt
'OwOLt=v� pL |xvt=O ẁv '=yu; |x}rND |v=tR |wor= '=yu; j}kO |v=mt C}akwt
|=yxO=O u}vJty "|R=Ux}@W |=Q@ R=}vOQwt u=tR COt w '�OwOLt w OwOLtxt}v
w x=wNrO w Cw=iDt |=yu=tR QO pY=L C_re p}iwQB R= CU= CQ=@a |HwQN
CQ=Jwri |rm Qw] x@ "pL |xvt=O QO Cw=iDt |=yu=mt QOC_re |v=tR |=y|QU
|xrO=at|r}rLD pL pL=Qt 'xt=O= QO "CU= 1 pmW CQwYx@ xOWx�=Q=|r}rLD pOt

"CU= xOW u=}@ OwOLt w OwOLtxt}v |xvt=O QO |oOwr; p=kDv=

l} Cr=L QO OwOLtxt}v |xvt=O |=Q@ ADRE |xrO=at pL "3"2
xv=NOwQ QO |Oa@

xOW xDN=OQB OwOLtxt}v |xvt=O QO |oOwr; p=kDv= |xrO=at pL x@ 'VN@ u}= QO
CQwYx@ OwOLtxt}v |xvt=O QO 6 |xrO=at |=Q@ xOWxDiQo Q_vQO |RQt \QW "CU=

%CU= 16 |x]@=Q

BC(Upstream) : c(0; t) = h(t)

BC(Downstream) :
�
@c
@c

����
x!1

= 0 or c(1; t) = 0 (16)

|xvt=O QO ADRE |xrO=at pL x@ \w@ Qt G `@=D |=Q@ |k=Lr= |xr�Ut =@k=aDt
\@=wQ CQwYx@ 16 w 14 '13 CqO=at x@ xHwD =@ 'X10 |xr�Ut |=Q@ OwOLtxt}v

[19w17]%Ow@ Oy=wN 18 w 17

L�G = �G� � uG� �DG�� + kG = �(� � x; � � t) (17)

G(�; �) = 0 (18)

0 < � <1; 0 < � <1

"CU= swO |x@DQt R= w |]N '|�RH uoty=v p}Uv=Qi}O |xrO=at l} '17 |xrO=at
=@ '18 |x]@=Q QO xOWxO=O |RQt \QW x@ xHwD =@ �u} Qo `@=D� xrO=at u}= MU=B
|=Q@ |}=yv u} Qo `@=D [21w20]"O};|t CUOx@ |Q} wYD VwQ w x} Qwi p}O@D R= xO=iDU=

QO ADRE |xrO=at |r}rLD pL G=QNDU= w xr�Ut h} QaD "2"2
u} Qo `@=D VwQ R= xO=iDU= =@ R=@ |Q=Ht

|xvt=O |=Q@ 'xv=NOwQ QO C@=F ?}=Q[ =@ |Oa@ 1 Cr=L QO ADRE |xrO=at
't = 0 QO f(x) CQwYx@ 14�IC� swrat |x}rw= \QW =@ 'l pw] x@ OwOLt
CQ=@a w x = l w x = 0 QO 15�BC� |RQt \}=QW x@ \w@ Qt CQwY u} QD|rm

%CU= 9 |r= 6 \@=wQ R= CQ=@a �(x; t) `@vt
Lc=ct+ucx�Dcxx+kc=�(x; t); 0<x<l; 0<t<1 (6)

IC = c(x; 0) = f(x) (7)

BC(upstream) : �1c(0; t) + �1cx(0; t) = h1(t) (8)

BC(downstream) : �2c(l; t) + �2cx(l; t) = h2(t) (9)

Vvm =w MQv C@=F w |oOvm =QB ?} Q[ 'CaQU ?}DQDx@ k w D 'u '=yu; QO xm
�2 w �1 w Oa@ |@ C@=F ?}=Q[ �2 w �1 'x}rw= \QW x@ \w@ Qt `@=D f(x) "OvDUy
\w@ Qt |v=tR |wor= ?}DQD x@ h2(t) w h1(t) 'OvDUy L�1 Oa@ =@ C@=F ?}=Q[
"CU= x = l |x]kv R= xOWGQ=N C_re w CUOq=@ RQt R= xOWOQ=w C_re x@

%O};|t CUOx@ 10 |x]@=Q R= xm CU= |r}Uv=Qi}O Qorta L 'u}vJty
L = @

@t
+ u @

@x
�D @2

@x2 + k (10)

w �21 + �21 6= 0 |[=} Q p}Uv=Qi}O CqO=at pL u}v=wk ^=Lr x@ '=yu; QO xm
pLx=Q |r=QoDv= sQi |rm CQwY 'u} Qo |rY= |Qw�D T=U=Q@ "CU= �22 +�22 6= 0

[19]%Ow@ Oy=wN 11 |x]@=Q CQwYx@ 6 |xrO=at

c(x; t) =
tZ

0

1Z
0
G�d�d� +

1Z
0

[(Gc)j�=0]d�

�
tZ

0
f[(uG+DG�)c�DGc�]j�=l

� [(uG+DG�)c�DGc�]j�=0gd� (11)

u; V}=tv |rY= sQi xm 'CU= |rY= |xr�Ut =@ Q_=vDt u} Qo `@=D G 'u; QO xm
|xrO=at =@\@DQt u} Qo `@=D swyit|m} R}i ^=Lr x@ "CU=G(�; � ;x; t) CQwYx@
� u=tR QO w � u=mt QO xOWO=H}= C_re `} RwD R= CU= CQ=@a xOv}q; p=kDv=
QO |Ur=B |v=tR |wor= =@ OL=w COW =@ xOWOQ=w C_re Q=Okt p=ta= Crax@ xm
p}Uv=Qi}O |xrO=at l} MU=B ,=U=U= u} Qo `@=D [19w16'15]"CU= t u=tR w x u=mt
=@ Q_=vDt uoty |RQt \}=QW =@ |rY= |xr�Ut p}Uv=Qi}O |xrO=at =@ Q_=vDt X=N
p}Uv=Qi}O |xrO=at |=ys=vx@?}DQDx@ xm 'CU=|rY= |xr�Ut uoty=v |RQt\}=QW
|RQt \}=QW |oS} w u} QDsyt "CU= xOW |Q=Pos=v |k=Lr= |RQt \QW w |k=Lr=
=Q |k=Lr= p}Uv=Qi}O |xrO=at pL xm CU=yu; uOw@ uoty 'xOt; CUOx@ |k=Lr=
?}mQD Qy |=Q@ p}Uv=Qi}O |xrO=at |}=yv pL x=Q 'u} Qo `@=D uDW=O =@ "Ovm|t p}yUD
|Ov@pwtQi "O};|t CUOx@ |r=QoDv= |xrO=at l} CQwYx@ |RQt \QW x=wNrO

[20�15]%CU= 14 |r= 12 \@=wQ CQwYx@ |k=Lr= |xr�Ut |rm
L�G = �G� � uG� �DG�� + kG = �(� � x; � � t) (12)

BC1� : ~�1G(0; �) + ~�1G�(0; �) = 0 (13)
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"""<
=R=x@

|oO
wr;p

=kDv=
|xr

O=at
|r}

rLD
pLl} Cr=L QO OwOLt |xvt=O |=Q@ ADRE |xrO=at pL "4"2

xv=NOwQ QO |Oa@
Q_vOt xv=NOwQ QO OwOLt |xvt=O QO ADRE |xrO=at |r}rLD pL VN@ u}= QO
'CU= Q_vOQwt pL |xvt=O R= |OwOLt w XNWt pw] xmv}= x@ xHwD =@ "OQ=O Q=Qk
"CW=O Oy=wN OwHw CUOu}}=B QO |Qo}O w CUOq=@ QO |m} '|RQt \QW wO =Pr
QO =Pr "Ow@ Oy=wN 9 |r= 6 CqO=at pt=W |RQt Q=Okt |xr�Ut |rm sQi u}=Q@=v@
|rm CQwY '�14 |r= 12 CqO=at� |k=Lr= |RQt Q=Okt |xr�Ut pL =@ 'xt=O=
G=QNDU= CUOu}}=B w CUOq=@ QO |RQt \QW ẁv u} QDpt=m <=R= x@ =Q u} Qo `@=D
u}=Q@=v@ "OwW|t u}}aD |}=yv pL |RQt \QW Cw=iDt C=@}mQD |=Q@ ,=D}=yv w xOQm
x@ 'l pw] x@ OwOLt |xvt=O QO �14 |r= 12 CqO=at� |k=Lr= |xr�Ut pL =@
VwQ R= xO=iDU= 'QwmPt CqO=at |wQ u; Twmat w TqBq p}O@D p=ta= |xr}Uw
'xOWpY=L p} ww}r sQwDW= |xr�Ut pL w x} Qwi |QU \U@ '=yQ}eDt |R=U=OH

[19w15]%Ot; Oy=wN CUOx@ 21 |x]@=Q CQwYx@ u} Qo `@=D |rm sQi

G(�; � ;x; t)=H(t� �):
1X
n=1

exp
�
�
�
D�n + u2

4D + k
�

(t� �)
�

: exp
�
�u(� � x)

2D
�
'n(x)'n(�) (21)

=@ Q_=vDt xS} w `@=wD xm 'OvDUy xS} w Q}O=kt �n w xS} w `@=wD 'n(�) 'u; QO xm
u}}aD [20]"OwW|t x@U=Lt p} ww}r sQwDW= |xr�Ut R= 'f'n(�); �ng xS} w Q}O=kt
CUOq=@ QO u; C=@}mQD w |RQt \QW ẁv Q}F-=D CLD ,=t}kDUt 'n(�); �n Q}O=kt
Cw=iDt Qo}Om} =@ |RQt \}=QW Cw=iDt C=@}mQD |=Q@ xm 'CU= xvt=O CUOu}}=B w
pLx=Q 'xO=iDU= OQwt |RQt \}=QW x@ xHwD =@ u} Qo `@=D u}}aD R= Oa@ "Ow@ Oy=wN
CUOx@ u} Qo `@=D |Q=Po}=H j} Q] R= 'OwOLt |xvt=O QO ADRE |xrO=at |}=yv
|xr�Ut pL x@ xvwtv u=wva x@ VN@ u}= QO "O};|t CUOx@ 11 |x]@=Q QO xOt;
\}=QW x=Qty x@ ADRE |xrO=at "CU= xOW xDN=OQB OwOLt |xvt=O QO X12

%CU= 24 |r= 22 \@=wQ CQwYx@ xr�Ut u}= QO |RQt
Lc = ct + ucx �Dcxx + kc = �(x; t) (22)

BC1 = c(0; t) = h1(t) (23)

BC2 : cx(l; t) = i2(t) (24)

0 < x < l; 0 < t <1

|RQt \}=QW BC2 w BC1 R= Qw_vt '24 w 23 \@=wQ QO xm CU= QmP x@ sRq
pt=W X12 =@ \@DQt |k=Lr= u} Qo |xr�Ut R= Qw_vt "CU= |rY= |xr�Ut
%Ow@ Oy=wN 27 |r= 25 \@=wQ CQwYx@ |k=Lr= |RQt \}=QW w |k=Lr= |xrO=at
L�G = �G� � uG� �DG�� + kG = �(� � x; � � t) (25)

BC1� : G(0; �) = 0 (26)

BC2� : uG(l; �) +DG�(l; �) = 0 (27)

0 < � < 1; 0 < � <1

s=Hv= |Q@H Q}e O}OH `@=D l} pL w xS} w `@=D VwQ R= xO=iDU= =@ jwi |xrO=at pL
|x]@=Q R= '� = u

2D xmv; ZQi =@ u} Qo `@=D |}=yv sQi ,=D}=yv [22w19�17]"OwW|t

"ADRE |xrO=at pL QO u} Qo `@=D VwQ |rm CQ=Jwri "1 pmW

%O};|t CUOx@ 19 |x]@=Q R= X10

G(�; � ;x; t) =H(t� �) exp(�k(t� �))p4�D(t� �)

�
�

exp
�
� [� � x+ u(t� �)]2

4D(t� �)

�
� exp

�
ux
D
� [� + x+ u(t� �)]2

4D(t� �)

��
(19)

|r=QoDv= sQi =Pr "OQ=O s=v OL=w |}xrB `@=D =} 18O}=U} wy `@=D H(t� �) 'u; QO xm
QO CrW} Q}O |RQt \QW =@ OwOLtxt}v |xvt=O QO ADRE |xrO=at |}=yv pLx=Q
QO xr�Ut l} R}i Q}F-=D uDiQo Q_vQO =@ w 11 |xrO=at x@ xHwD =@ (X10) CUOq=@

[21w15]%Ow@ Oy=wN 20 |x]@=Q CQwYx@ 'C}=yv|@ QO u} Qo `@=D Q=Okt

c(x; t) =
tZ

0

1Z
0
G(�; �)�(�; �)d�d� +

1Z
0
G(�; 0)f(�)d�

+
tZ

0
DG�(0; �)h(�)d� (20)

|=Q@ u} Qo `@=D 'xt=O= QO "OW Oy=wN |Q=Po}=H 19 |x]@=Q R= u} Qo `@=D u; QO xm
|}xv=N@=Dm `@=wD u=wvax@ 1 pwOH QO =yu; |}=yv pLx=Q w X30 w X20 'X10

"Ov=xOW |iQat
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2/
1|

xQ=t
W'

33
�2

|xQ
wO'

�13
96

u=DU
@=D�

h}
QW

u=Qt
a|

UOv
yt "|Oa@ l} Cr=L QO swU w swO 'pw= ẁv |RQt \QW 3 =@ OwOLtxt}v \}Lt w OwOLt=v \}Lt QO ADRE |xrO=at |=Q@ xOt;CUO x@ |r}rLD |=ypL "1 pwOH

|}=yv |r}rLD pL ?U=vt u} Qo `@=D |k=Lr= |RQt \QW xr�Ut xvt=O
c(x; t) =

tR
0

1R
�1

G(�; � ;x; t)�(�; �)d�d�
G(�; � ;x; t) = U(�; � ;x; t) �� ��

OwOL
t=v

+
1R
0
G(�; 0;x; t)f(�)d�

c(x; t) =
tR
0

1R
0
G(�; � ;x; t)�(�; �)d�d�

G(�; � ;x; t) = U(�; � ;x; t)
G(0; � ;x; t) = 0 D(X10)

OwOL
txt}

v

+
1R
0
G(�; 0;x; t)f(�)d� � exp(uxD )U(�; � ;�x; t)

+
tR
0
DG�(0; � ;x; t)h(�)d�

c(x; t) =
tR
0

1R
0
G(�; � ;x; t)�(�; �)d�d�

G(�; � ;x; t) = U(�; � ;x; t) + exp(uxD )

uG(0; � ;x; t) +DG�
N(X20)

+
1R
0
G(�; 0;x; t)f(�)d�

U(�; � ;�x; t) + u
2DH(t� �)

(0; � ;x; t) = 0
� tR

0
DG(0; � ;x; t)i(�)d�

exp(� u
D �) exp(�k(t� �))

erfc
�
x+��u(t��)p4D(t��)

�
c(x; t) =

tR
0

1R
0
G(�; � ;x; t)�(�; �)d�d�

G(�; � ;x; t) = U(�; � ;x; t) + exp
�ux
D
�

(�D + �u)G(0; � ;x; t)

R(X30)
+
1R
0
G(�; 0;x; t)f(�)d�

U(�; � ;�x; t) +H(t� �)
� u

2D + 2��
+�DG�(0; � ;x; t)

� tR
0
D
� G(0; � ;x; t)h(�)d�

: exp(��x) exp [� [� � (�D � k)(t� �)]
= 0�

� + u
D
��
:erfc

�
�+x�(u+2�D)(t��)p4D(t��)

�
;

� = �
�

� U(�; � ;x; t) = H(t��) exp(�k(t��))p4�D(t��)
exp

h� [��x+u(t��)]2
4D(t��)

i

u} Qo `@=wD |v=tR |Ov@s}UkD "5"2
|=y|QU |}=QotyCaQUV}=Ri=?@U xmCU= |}=yx=Q R= |m} |v=tR |Ov@s}UkD
R= \ki |xO=iDU= =@ xU}=kt QO xr�Ut |v=mt w |v=tR \}=QW =@ ?U=vDt OwOLt=v
QO xOv}q; |xO=t p=kDv= x@ \w@ Qt p�=Ut R= |Q=}U@ QO "OwW|t OL=w |QU l}
wO x@ u=tR Q=Okt Q}F-=D x@ xHwD =@ x]w@ Qt u} Qo `@=D 'xv=NOwQ QO OwOLt |xvt=O
"OvQo}Om} pO=at |[=} Q Q_v R= xm OwW|t xDWwv sm u=tR w x=Dwm u=tR CQwY
|[=} Q CQwY l} R= xO=iDU= '|UQQ@ OQwt |v=tR C=Q}}eD u=R}t x@ xHwD =@ =t=
`@=D sm u=tR sQi "OwW|t xO=O K}HQD |Qo}O Q@ |r=QoDv= |x]@=Q QO u} Qo `@=D
xm OwQ|t Q=mx@ |OQ=wt QO w OwW|t G=QNDU= TqBq p}O@D R= xO=iDU= =@ u} Qo
`@=D O=} R u=tR sQi u}vJty "OW=@ O=} R xvt=O pw] =} w x=Dwm |r}N |v=tR C=Q}}eD
C=Q}}eD xm |OQ=wt QO w xOW u}}aD =yQ}eDt |R=U=OH VwQ R= xO=iDU= =@ u} Qo
"OvQ}o|t Q=Qk xO=iDU= OQwt 'OW=@ sm xvt=O pw] =} w O=} R �|v=tR |=yxR=@� |v=tR
QO u} Qo `@=D ?U=vt sQi R= xO=iDU= QO |v=tR C=Q}}eD uOw@ O=} R =} sm u}}aD Q=}at
CQwYx@ xmCU= |Oa@|@ OOa 'xv=NOwQ QO OwOLt |xvt=O QO xOv}q; p=kDv= p�=Ut

[17w15]%OwW|t h} QaD 30 |x]@=Q

R = D (t� �)
l2 (30)

CyH Q_vOQwt u=tR =@ xOv}q; j} QRD u=tR u}@ |v=tR hqDN= R}v (t� �) 'u; QO xm
CQ=QL p=kDv= |xrO=at Q@ sm =L pwY= R= |Q=}U@ uOw@u=Um} "CU= C_re u}}aD
OOa u=wD@ xar=]t OQwt |=y\}Lt |R=Ux}@W =@ =D OwW|t ?@U xOv}q; p=kDv= w
u}= "CU= u} Qo `@=D 19O=} R u=tR Cr=L '28 |x]@=Q "OQm G=QNDU= =Q R Oa@ |@
u}= Q}e QO "CU= ?U=vt 'OW=@ 0 25 R= QDV}@ R OOa xm |OQ=wt |=Q@ \ki x]@=Q

%O};|t CUOx@ 28

G(�; � ;x; t)=H(t� �)
1X
n=1

2(�n + �2)
l(�n + �2) + �

: exp
�
�D

�
�n + �2

+ k
D

�
(t� �)��(��x)

�
: sin(

p
�n�) sin(

p
�nx)

(28)

|x]@=Q CQwYx@ xOt; CUOx@ u} Qo `@=D x@ xHwD =@ X12 |xr�Ut |}=yv pLx=Q
%Ow@ Oy=wN 29

c(x; t) =
tZ

0

lZ
0
G�d�d� +

lZ
0
G(�; 0;x; t)f(�)d�

�
tZ

0
[�DG(l; � ;x; t)i2(�)�DG�(0; � ;x; t)h1(�)]d�

(29)

l} CQwY x@ xOWpY=L u} Qo `@=D 'OwW|t xOy=Wt 29 |x]@=Q QO xm xvwou=ty
|QU |}=Qoty CaQU V}=Ri= |xr�Ut |OQ=wt u}vJ QO "CU= C}=yv|@ |QU
Q=Okt CLY u}t-=D Qw_vt x@ OQ=wt ?re= QO =Q} R "O@=}|t |O=} R C}ty= QwmPt
CaQU =Pr 'CU= sRq |QU CqtH R= |O=} R O=OaD 'R=}vOQwt |xR=Ov= x@ |QU
`@=D |v=tR |Ov@s}UkD s=v x@ |O}OH swyit u}=Q@=v@ "OW Oy=wN Ovm |QU |}=Qoty

"OwW|t KQ]t u} Qo
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"""<
=R=x@

|oO
wr;p

=kDv=
|xr

O=at
|r}

rLD
pL

+
1Z

0
GDiffusion(�; 0) exp(���)f(�)d�

�
(40)

|RQt \QW Cw=iDt |OQ@ Q=m C=@}mQD R= |O=OaD <=R= x@ |r}rLD pL 'xt=O= QO
xOW |iQat �3 pwOH� u} Qo `@=D sm u=tR w O=} R u=tR CQwY x=Qty x@ �2 pwOH�
|xrO=at |r}rLD pL x@ \w@ Qt |}xv=N@=Dm `@=wD u=wvax@ pwOH u}= |x�=Q= "CU=
C=@}mQD <=R= x@ u} Qo `@=D sm u=tR w O=} R u=tR CQwY l}miD x=Qty x@ ADRE

"O};|t Q=tW x@ Q[=L VywSB QO |tyt |Qw;wv '|RQt \QW Cw=iDt

|=ywor= =@ xOv}q; `@vt OvJ C}r=ai <=R= x@ pLx=Q s}taD "6"2
xv=NOwQ QO |Oa@ 1 Cr=L QO x=wNrO |v=tR

%CU= CtUk 3 R= pmWDt 'xOWpY=L |}=yv pL x=Q '11 |x]@=Q x@ xHwD =@
x}rw= \QW Q}F-=D swO CQ=@a '`@vt CQ=@a Q}F-=D Qou=}@ CU=Q CtU R= pw= CQ=@a
'Q[=L VywSB QO xOv}q; `@=vt R= Qw_vt "CU= |RQt \}=QW Q}F-=D swU CQ=@a w
u; CL=Ut xm CU= |a@vt '|}x]kv |xOv}q; `@vt "CU= |}x]kv |xOv}q; `@=vt
`@vt xm |]}Lt CL=Ut =@ xU}=kt QO '�OQ}o|t CQwY u; R= x}rND xm |DL=Ut�
|xOv}q; `@vt ns pt=W xOv}q; `@=vt Qo = [2]"OW=@ R}J=v Q=}U@ 'OwW|t x}rND u; QO

[23]%O=O u=Wv 41 |x]@=Q CQwYx@ =Q =yu; u=wD|t 'OW=@ |}x]kv

�(x; t) =
nsX
i=1

Wi(t)�(x� xi) (41)

=@ Q@=Q@ xi w s)=i |}x]kv |xOv}q; `@vt x}rND COW `@=D =@ Q@=Q@ Wi(t) 'u; QO xm
w 11 |x]@=Q QO 41 |x]@=Q |Q=Po}=H =@ |iQ] R= "CU= u; |v=mt C=YDNt
%Ot; Oy=wN CUOx@ 42 |x]@=Q '22l =Q}O |=DrO `@=D p=kDv= C}Y=N R= xO=iDU=

c(x; t)=
nsX
i=1

tZ
0
Wi(�)G(xi; � ;x; t)d�| {z }
Source Term

+IC:T erm+BC:T erms

(42)

R= Qw_vt w x}rw= \QW Q}F-=D x@ \w@ Qt CqtH IC:T erm R= Qw_vt 'u; QO xm
\}=QW ?}mQD ẁv x@ xHwD =@ |RQt \}=QW Q}F-=D x@ \w@ Qt CqtH 'BC:T erms

Cr=L QO |oOwr; p=kDv= |xrO=at |}=yv pL x=Q ,=D}=yv "CU= xvt=O QO Q_vOQwt |RQt
uDW=O =@ 'p=v=m pw] QO p=ai |}x]kv |xOv}q; `@vt l} R= V}@ OwHw =@ w |Oa@ 1
|x]@=Q R= |Q=PoQ=@ |v=tR |wor= uOw@XNWt w xOv}q; `@vt OwQw pLt C=YNWt
`@vt u}OvJ |=Q@ `@vt CQ=@a Q}F-=D 42 |x]@=Q =@ j@=]t "OW Oy=wN x@U=Lt 42
u}= w p=ai |}x]kv |xOv}q; `@=vt lD lD QF= ẁtHt =@ CU= Q@=Q@ p=ai |xOv}q;

"Ovm|t |a=OD =Q |yv sy Q@ pY= u=ty h} QaD

|Oa@ 2 Cr=L QO ADRE |xrO=at |r}rLD pL "7"2
'OW=@ Q}osWJ |@v=H pt=m \qDN= pw] xH}Dv QO w Z} Qa xv=NOwQ xm|DQwY QO
VN@ QO "OwW xO=iDU= |oOwr; p=kDv= w u=} QH CqO=at |Oa@ 2 CQwY R= O}=@
`@=D VwQ R= xO=iDU= =@ |Oa@ 2 Cr=L QO p=kDv= |xrO=at pL |rm OvwQ 'Q[=L
xOW xO=iDU= =ypL ?Q[pY=L uwv=k R= =DU=Q u}= QO "CU= xOW xO=O KQW u} Qo
u} Qo `@=D |k=Lr= |RQt \}=QW Qo = 'u} RDQ=m sDU}U QO uwv=k u}= T=U=Q@ "CU=

"OwW xO=iDU= u} Qo `@=D 20x=Dwm u=tR sQi R= �0 25 R= QDlJwm R OOa� CQwY
|xr�Ut |=Q@ u} Qo `@=D x=Dwm u=tR CQwY G=QNDU= u} Qo `@=D x=Dwm u=tR sQi G=QNDU=
ẁv |RQt \QW =@ 21|oO}WNB |xrO=at x@ \w@ Qt u} Qo `@=D R= xO=iDU= =@ R}vX12

�XDiffusion13 |xr�Ut�CUOu}}=B QO swU ẁv |RQt \QW wCUOq=@ QO pw=
\@=wQ� X12 |xr�Ut |wQ 31 |x]@=Q p=ta=� ?U=vt p}O@D l} R= xO=iDU= w

%CU= Q}PBu=mt= �24 |r= 22

� = �k � u2

4D; � = u
2D;

c(x; t) = w(x; t) exp (�t+ �x) (31)

|RQt \}=QW =@ |oO}WNB |xrO=at x@ �24 |r= 22 \@=wQ� X12 |xr�Ut =Pr
%OW Oy=wN p}O@D (XDiffusion13) 35 |r= 32 \@=wQ QO xOWx�=Q=

@w
@t

= D@2w
@x2 + exp(��t� �x)�(x; t) (32)

IC : w(x; 0) = f(x) exp(��x) (33)

BC1 : w(0; t) = exp(��t)h1(t) (34)

BC2 : �w(l; t) + wx(l; t) = exp(��t� �l)i2(t) (35)

Q}PBu=mt=XDiffusion13|xr�UtpLx=Qu}}aD =@X12|xr�UtpL?}DQDu}=x@
\@=wQ� R= Ow@ Oy=wN CQ=@a =@XDiffusion13 Q_=vDt|k=Lr= |xr�Ut "Ow@ Oy=wN

%�38 |r= 36
�GDiffusion �DGDiffusio�� = �(� � x; � � t) (36)

BC1� : GDiffusion(0; t) = 0 (37)

BC2� = �GDiffusion(l; t) +GDiffusion� (l; t) = 0 (38)

\}=QW CLD |oO}WNB |xrO=at x@ \w@ Qt u} Qo `@=D GDiffusion '=yu; QO xm
'QwmPt CqO=at x@ xHwD =@ "CU= 38 w 37 |=yx]@=Q QO xOWxO=O u=Wv |RQt
"O};|t QO GDiffusion13 CQwYx@ XDiffusion13 =@ Q_=vDt |k=Lr= xr�Ut

[17]%O};|t CUOx@ 39 |x]@=Q R= GDiffusion13 x=Dwm u=tR |@} QkD CQwY
GDiffusion(�; � ;x; t) = 1p4�D(t� �)

:
�

exp
�
� (x� �)2

4D(t� �)

�
� exp

�
� (x+ �)2

4D(t� �)

�
+ exp

�
� (2l � x� �)2

4D(t� �)

��
�� exp(�(2l � x� �) + �2D(t� �)

�
:erfc

� 2l � x� �p4D(t� �)
+ �

p
D(t� �)

�
(39)

u=tR sQi T=U=Q@ X12 |}=yv pLx=Q "OQ=O s=v =]N ptmt `@=D erfc(:) 'u; QO xm
%Ow@ Oy=wN 40 |x]@=Q CQwYx@ R}v u} Qo `@=D x=Dwm

c(x; t) = exp(�t+ �x)
� tZ

0

1Z
0
GDiffusion� exp(��� � ��)d�d�

+
tZ

0

�
DGDiffusion(l; �) exp(��� � �l)i2(�)

+DGDiffusion� (0; �) exp(���)h1(�)d�
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u=DU
@=D�

h}
QW

u=Qt
a|

UOv
yt Cr=L QO pL |xvt=O CUOu}}=B w CUOq=@ QO |RQt \}=QW Cw=iDt C=@}mQD <=R= x@ OwOLt |xvt=O QO ADRE |xrO=at |=Q@ xOt;CUOx@ |r}rLD |=ypL "2 pwOH

"|Oa@ l}
|}=yv |r}rLD pL u} Qo `@=D |k=Lr= |RQt \}=QW |rY= |xr�Ut xvt=O

c(x; t) =
tR
0

lR
�1

G(�; �)�(�; �)d�d� +
lR

0
G(�; 0)f(�)d� 1 G(0; �) = 0

D �D(X11)

OwOLt

� tR
0

[DG�(l; �)h2(�)�DG�(0; �)h1(�)]d� G(l; �) = 0

c(x; t) =
tR
0

lR
0
G�d�d� +

lR
0
G(�; 0)f(�)d� 2 G(0; �) = 0

D �N(X12)

� tR
0

[�DG(l; �)i2(�)�DG�(0; �)h1(�)]d� uG(l; �) +DG�(l; �) = 0

c(x; t) =
tR
0

lR
0
G�d�d� +

lR
0
G(�; 0)f(�)d� 3 uG(0; �) +DG�(0; �) = 0

N �N(X22)

+
tR
0

[DG(l; �)i2(�)�DG(0; �)i1(�)]d� uG(l; �) +DG�(l; �) = 0

c(x; t) =
tR
0

lR
�1

G(�; �)�(�; �)d�d� +
lR

0
G(�; 0)f(�)d� 4

(u+ �1D)G(0; �) +DG�(0; �) = 0
R�N(X32)

+
tR
0

[DG(l; �)i2(�)� D
�1G(0; �)h1(�)]d�

uG(l; �) +DG�(l; �) = 0;
�1 = �1

�1

c(x; t) =
tR
0

lR
0
G�d�d� +

lR
0
G(�; 0)f(�)d� 5 G�(0; �) = 0 N �N(X22)

+
tR
0

[DG(l; �)i2(�)�DG(0; �)i1(�)]d� G�(l; �) = 0 (diffusion)

|r=QoDv= sQi QO |rY= |xr�Ut |RQt \}=QW uO=OQ=Qk =@ R}v |k=Lr= |RQt \}=QW
|rY= |xr�Ut |}=yv pL |r=QoDv= sQi "O};|t CUO x@ |rY= |xr�Ut |}=yv pL

%O};|t CUOx@ 48 |x]@=Q R= |Oa@ 2 Cr=L QO '|Q@H C=}rta s=Hv= =@

c(x; y; t) =
tZ

0

�2Z
�1

�2Z
�1

G�d�d�d� +
�2Z
�1

�2Z
�1

(Gc)j�=0d�d�

+
tZ

0

�2Z
�1

[D(Gc� �G�c)� uGc]
�����2

�1
d�d�

+
tZ

0

�2Z
�1

[D(Gc� �G�c)� �Gc]
�����2

�1
d�d� (48)

`@=D "OvDUy =yC@=F <RH t w y 'x w |Q}op=QoDv= |=yQ}eDt � w � '� 'u;QO xm
?Q[ uwv=k x@ xHwD =@ "CU= G(�; �; � ;x; y; t) CQwYx@ Cr=L u}= QO u} Qo
CUOx@ 49 |x]@=Q R= |Oa@2 Cr=L QO u} Qo `@=D 'u} RDQ=m sDU}U QO =ypLx=Q

%O};|t
G(�; �; � ;x; y; t) = X(�; � ;x; t)Y (�; � ; y; t) (49)

u} Qo `@=D Y (�; � ; y; t) w |rw] CyH QO u} Qo `@=D X(�; � ;x; t) 'u; QO xm
|Oa@1 Cr=L QO |RQt \QW x@ xHwD =@ "CU= |Oa@1 Cr=L QO |[Qa CyH QO
QO xOWx�=Q= |}xv=N@=Dm `@=wD u}@ R= u; =@ ?U=vDt u} Qo `@=D 'y w x CyH QO
|x]@=Q� Qo}Om} QO pY=L u} Qo `@=wD ?Q[ =@ TBU 'u}}aD 3 w 1 |=ypwOH
xOW xO=O Q=Qk 48 |x]@=Q QO w xOQw; CUOx@ |Oa@2 Cr=L QO u} Qo `@=D '�49

"O}; CUOx@ |}=yv pL =D CU=

xOWu}}aD u} Qo `@=wD ?Q[pY=L R= |Oa@ OvJ Cr=L QO u} Qo `@=D 'OvW=@ uoty
|rm |r}Uv=Qi}O CQwY [21w17'16]"O};|t CUO x@ Qo}Om} QO |Oa@ 1 Cr=L QO
|r}]DUt |xvt=O QO |RQt \}=QW x=Qty x@ |Oa@ 2 Cr=L QO ADRE |xrO=at

%CU= 44 w 43 \@=wQ CQwYx@ R=@ wQ |Q=Ht QO
Lc = ct + ucx + �cy �D(cxx + cyy) = �(x; y; t) (43)

BC : �c+ �cn = f (44)

%O};|t CUOx@ 45 |x]@=Q R= xm CU= |rY= |r}Uv=Qi}O Qorta L 'u; QO xm
L = @

@t
+ u @

@x
+ � @

@y
�Dr2 + k;

r2 = @2

@x2 + @2

@y2 (45)

"CU= Q_vOQwt |xvt=O QO |RQt \QW |rm Cr=L Qou=}@ '44 |xrO=at u}vJty
`@=D w Q_v OQwt RQt Q@ Owta CyH QO C_re `@=D jDWt cn 'C@=F ?}=Q[ � w �
QO u} Qo |Qw�D T=U=Q@ "CU= RQt R= |HwQN w |OwQw C_re |wor= x@ \w@ Qt f

%CU= 46 |x]@=Q CQwYx@ |k=Lr= |xr�Ut R}v Cr=L u}=
L�G = �(� � x; � � y; � � t) (46)

47 |x]@=Q CQwYx@ xm 'CU= |Oa@2 |xvt=O QO |k=Lr= QwD=QB= L� u}vJty
%OwW|t h} QaD

L� = � @
@t
� u @

@x
� � @

@y
�Dr2 + k;

r2 = @2

@x2 + @2

@y2 (47)
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"""<
=R=x@

|oO
wr;p

=kDv=
|xr

O=at
|r}

rLD
pL"|Oa@ l} Cr=L QO |RQt \QW Cw=iDt C=@}mQD <=R= x@ 'OwOLt |xvt=O QO ADRE |xrO=at |r}rLD |=ypL x@ \w@ Qt u} Qo `@=wD "3 pwOH

u} Qo `@=D O=} R u=tR sQi u} Qo `@=D x=Dwm u=tR sQi |rY= |xr�Ut h}OQ
H(t� �)

1P
n=1

2
l exp

�
�D(n

2�2
l2 + �2 + k

D )(t� �) H(t��)
2p�D(t��)

:
1P

n=�1
exp

��� u2
4D � k

�
(t� �)

D�D(X11) 1��(� � x)
�
: sin

�n�
l x
�

sin
�n�
l �
� � u

2D (� � x)
�
:
�

exp
�� (x��+2nl)2

4D(t��)
�

� = u
2D � exp(� (x+�+2nl)2

4D(t��)

�
; n = 1; 2; :::

H(t� �)
1P
n=1

2(�n+�2)
l(�n+�2)+� : exp

�
�D(�n + �2 + k

D ) 1p4�D(t��)
:
�

exp
�
� (x��)2

4D(t��)

�
D�N�(X12) 2(t� �)� �(� � x)

�
sin(
p
�n�) sin(

p
�nx) �exp

�
� (x+�)2

4D(t��)

�
+ exp

�
� (2l�x��)2

4D(t��)

��
Eigen Value : tan(l

p
�) = �p�� �� exp(�(2l � x� �) + �2D(t� �))

erfc( 2l�x��p4D(t��)
+ �

p
D(t� �))

G(�; � ;x; t) = H(t� �)
1P
n=1

2l
l2�2+n2+�2

1p4�D(t��)
:
�

exp
�
� (x��)2

4D(t��)

�

N�N��(X22) 3

: exp
��D�n2�2+l2�2

l2 + k
D

�
(t� �)��(� � x)

�
+ exp

�
� (x+�)2

4D(t��)

�
+ exp

�
� (2l�x��)2

4D(t��)

��
:
�n�
l cos

�n�
l �
�� � sin

�n�
l �
��

+� exp
���2(x+ �) + �2D(t� �)

��n�
l cos

�n�
l x
�� � sin

�n�
l x
��

:erfc
�

x+�p4D(t��)
� ��pD(t� �)

��
Eigen Value : tan(l

p
�) = 0) �n = n2�2

l2 ; �� exp(�(2l � x� �) + �2D(t� �))

n = 1; 2; 3; ::: erfc( 2l�x��p4D(t��)
� �pD(t� �))

H(t� �)
1P
n=1

2 1n
 2n+ 3n exp

��D(�n + �2 + k
D )(t� �) 1p4�D(t��)

:
�

exp
�
� (x��)2

4D(t��)

�

R�N���(X32) 4

��(� � x)
�
:
�p
�n cos(

p
�nx)� (�+ �1) + exp

�
� (x+�)2

4D(t��)

�
+ exp

�
� (2l�x��)2

4D(t��)

��
sin(
p
�nx)

�
:
�p
�n cos(

p
�n�)� (�+ �1) +(�1 + �) exp

�� (�1 + �)�(x+ �)

sin(
p
�n�)] +(�1 + �)2D(t� �)

�
 1n = [�n + �(�+ �1)]2 + �n�21 :erfc

�
x+�p4D(t��)

� (�1 + �)(
p
D(t� �))

�
 2n = l[�n + �(�+ �1)]2: 1n �� exp(�(2l � x� �) + �2D(t� �))

 3n = ��1[�2
n + �n�1(�+ �1)� �(�+ �1)3] erfc( 2l�x��p4D(t��)

+ �
p
D(t� �));

Eigen Value : tan(l
p
�) = �p��1

�+�(�+�) �1 = �1
�1

H(t� �)
�

1
l +

1P
n=1

2
l exp

�
� n2�2

l2 D(t� �)
�

H(t��)
2p�D(t��)

:
1P

n=�1

�
exp
��(x��+2nl)2

4D(t��)

�
N�N(X22) 5

cos
�n�

1 �
�

cos
�n�
l x
��

+ exp(� (x+�+2nl)2
4D(t��) )

�
(diffusion)

%Ot; Oy=wN CUOx@ CQwY u}= x@ |}=yv MU=B 'OwW xO=iDU= X12 |xr�Ut QO u} Qo `@=D sm u=tR sQi R= xm |]}=QW CLD �
c(x; t) = exp(�t+ �x)f tR

0

lR
0
GDiffusion� exp(��� � ��)d�d� +

lR
0
GDiffusion(�; 0) exp(���)f(�)d�

+
tR
0

[DGDiffusion(l; �) exp(��� � �l)i2(�) +DGDiffusion� (0; �) exp(���)h1(�)]d�g
%Ot; Oy=wN CUOx@ CQwY u}= x@ |}=yv MU=B 'OwW xO=iDU= X22 |xr�Ut QO u} Qo `@=D sm u=tR sQi R= xm |]}=QW CLD ��

c(x; t) = exp(�t+ �x)f tR
0

lR
0
GDiffusion� exp(��� � ��)d�d� +

lR
0
GDiffusion(�; 0) exp(���)f(�)d�

+
tR
0

[DGDiffusion(l; �) exp(��� � �l)i2(�)�DGDiffusion(0; �) exp(���)i1(�)]d�g
%Ot; Oy=wN CUOx@ CQwY u}= x@ |}=yv MU=B 'OwW xO=iDU= X32 |xr�Ut QO u} Qo `@=D sm u=tR sQi R= xm |]}=QW CLD ���

c(x; t) = exp(�t+ �x)f tR
0

lR
0
GDiffusion� exp(��� � ��)d�d� +

lR
0
GDiffusion(�; 0) exp(���)f(�)d�

+
tR
0

[DGDiffusion(l; �) exp(��� � �l)i2(�)� D
�1GDiffusion(0; �) exp(���)h1(�)]d�g
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QW
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UOv
yt w 1 Cq=L QO MIKE21 w MIKE11 |OOa |=ypOt R= pY=L |=ypLx=Q

"CU= xOW xO=iDU= |Oa@ 2
|OOa |wor= =@ MIKE11 Q=Ri=sQv QOADRE |xrO=at xm CU= QmP x@ sRq
Vy=m hOy =@ 25u=mt QO |RmQt jDWt ?} QkD =@ 24OwOLt p[=iD 23|vt[ s=tD
QO |OOa pL |wor= u}vJty "OwW|t pL xOWO}rwD |OOa |oOvm =QB Q=Okt
|@=} RQ= Qw_vt x@ u}vJty [25w24]"CU= 26wQ |wor= T=U=Q@ MIKE21 Q=Ri=sQv
xOW xO=iDU= |ak=w |=yxO=O R= |ak=w Cq=L QO xOWx�=Q= |r}rLD |=ypL OQmrta
u}ov=}t QPH '(R2) |oDU@ty ?} Q[ pt=W |Q=t; |=yXN=W 'xt=O= QO "CU=
|@Uv |=]N u}ov=}t w (MAE) jr]t |=]N u}ov=}t '(RMSE) =y=]N `@ Qt
OQmrta uOw@ VN@C}=[Q '=yXN=W u}= G}=Dv xm 'CU= xOW x@U=Lt (MRE)

QO xOWs=Hv= |=y|@=} RQ= R= |}xYqN "OvyO|t u=Wv =Q pY=L |r}rLD |=ypL
"CU= xOW x�=Q= 5 pwOH

X22Y 22 w �|Oa@1 OwOLt |xvt=O� X12 |@=} RQ= G}=Dv xvwtv u=wvax@
xOW x�=Q= |ak=w |=yxO=O w |OOa |=ypOt R= xO=iDU= =@ �|Oa@2 OwOLt |xvt=O�

"CU=

X12 |xr�Ut |r}rLD pL |@=} RQ= %pw= p=Ft "1"3
xDiQo Q_v QO 0 0005 ?}W =@ |r}]DUt p=v=m l} QO xOv}q; `@vt 5 'pw= p=Ft QO
u=Wv |rY= p=v=m |=OD@= x@ C@Uv =Q xOv}q; `@=vt C}akwt '2 pmW "CU= xOW

"(X12) xr�Ut QO xOv}q; `@=vt C}akwt "2 pmW

|=ywor= =@ xOv}q; `@vt OvJ C}r=ai <=R= x@ pLx=Q s}taD "8"2
|Oa@2 Cr=L QO x=wNrO |v=tR

'W (�) COW =@ p=ai |}x]kv |xOv}q; `@vt ns |=Q@ |Oa@2Cr=L QO `@vt CQ=@a
[23]%OwW|t h} QaD 50 |x]@=Q CQwYx@

�(x; y; t) =
nsX
i=1

Wi(t)�(x� xi)�(y � yi) (50)

|xOv}q; `@vt R= |W=v C_re OwQw pLt x@ \w@ Qt C=YDNt yi w xi 'u; QO xm
w 48 |x]@=Q QO 50 |x]@=Q |Q=Po}=H =@ '|Oa@1 Cr=L =@ x@=Wt "OvDUy s)=i

%CWwv =Q 51 |x]@=Q u=wD|t 'l =Q}O |=DrO `@=D p=kDv= C}Y=N R= xO=iDU=

c(x; y; t) =
nsX
i=1

Z t

0
Wi(�)G(xi; yi; � ;x; y; t)d�| {z }

Source Term

+IC:T erm

+ BC: T erms (51)

|v=tR |wor= w xOv}q; `@=vt OwQw pLt j}kO C=YDNt uDW=O =@ ?}DQD u}= x@
?}mQD Qy |=Q@ =Q C_re |v=mt w |v=tR `} RwD u=wD|t =yu; R= l} Qy |x}rND
\QW R= Cw=iDt C=@}mQD 'xt=O= QO "OQm u}}aD 51 |x]@=Q R= xO=iDU= =@ |RQt \QW

"CU= xOW x�=Q= 4 pwOH QO =yu; OQ@ Q=m x=Qty x@ |RQt

EL@ w G}=Dv "3
u=QoWywSB |xOWx�=Q= |=ypL R= 'xOWpY=L |r}rLD |=ypL |@=} RQ= Qw_vt x@
"CU= xOW xO=iDU= |OOa |=yVwQ w |ak=w |=yxO=O '|[Qi |=yp=Ft 'u}W}B
|@=} RQ= |=Q@ =Pr 'OQ=Ov OwHw |r}rLD pLx=Q |Dq=L u}vJ QO xmv}= x@ xHwD =@

"R=@ wQ |Q=Ht QO =yu; OQ@ Q=m w |RQt \}=QW ?}mQD "4 pwOH
OQ@ Q=m |RQt \QW h}OQCUOu}}=B CUOq=@

"CU= xOW |Q}oxR=Ov= CUOq=@ RQt QO C_re Q=Okt xm |]}=QW QO w OwOLtxt}v |xvt=O QO C}=yv|@ CrW} Q}O 1
C}ty= �|oO}WNB |xO}OB QF= QO� CUOq=@ RQt R= CUOq=@ CtU x@ xDi=} p=kDv= C_re Q=Okt xm |Dkw 'OwOLtxt}v |xvt=O QO C}=yv|@ u}@=Q 2"OwW OQ=w RQt R= |OwQw Xr=N C_re Q=Okt w QUm xOW|Q}oxR=Ov= C_re Q=Okt R= u; Q=Okt w OW=@ xDW=O

"OW=@ swrat w OwW |Q}oxR=Ov= CUOu}}=B w CUOq=@ QO C_re xm |]}=QW QO 'OwOLt |xvt=O QO CrW} Q}O CrW} Q}O 3
"OQ=Ov OwHw CUOu}}=B QO |YNWt C_re Q=Okt |rw 'OwW |Q}oxR=Ov= CUOq=@ RQt QO C_re Q=Okt xm |Dkw 'OwOLt |xvt=O QO utw}v CrW} Q}O 4"CU= C@=F CUOu}}=B QO C_re C=Q}}eD 'Qo}O CQ=@a x@

"CU= C@=F CUOu}}=B w CUOq=@ RQt QO C_re C=Q}}eD =} w OwWv |Q}oxR=Ov= CUOu}}=B w CUOq=@ QO C_re Q=Okt xm |Dkw utw}v utw}v 5
C_re Q=Okt R= '|oO}WNB |xO}OB QF= QO CUOq=@ RQt R= CUOq=@ CtU x@ xDi=}p=kDv= C_re Q=Okt xm |Dkw 'OwOLt |xvt=O QO

utw}v u}@=Q 6C_re Q=Okt u}vJty "OwW|t ^=Lr CUOq=@ |RQt \QW u=wvax@ |OwQw Xr=N C_re Q=Okt u}=Q@=v@ w OwW QUm xOW|Q}oxR=Ov=
"CU}v XNWt R}v CUOu}}=B QO

R}v |oO}WNB |xO}OB QF= QO CUOq=@ x@ xDi=}p=kDv= C_re Q=Okt =t= 'CU= XNWt CUOu}}=B w CUOq=@ QO C_re Q=Okt |Dkw u}@=Q u}@=Q 7"OwW|t OQ=w =yRQt QO Xr=N C_re Q=Okt ,=D}=yv w QUm =yRQt QO xOW|Q}oxR=Ov= C_re Q=Okt R= w CU= syt
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11. dirichlet
12. Neumann
13. Robin
14. initial condition (IC)
15. boundary condition (BC)
16. Dirac Delta function
17. image method

%R= CU= CQ=@a h} QaD j@] w xOW |Q=Pos=v O}=U} wy Qw}r= s=v x@ `@=D u}= "18

H(x� a) =

8><>:0; if x < a

1; if x > a

19. large time
20. small time
21. di�usion

22.
cR
b
f(x)�(x� a)dx = f(a); b < a < c

23. fully implicit
24. �nite di�erence
25. central space
26. Roe scheme
27. Athabasca
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