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�un = �uen + �upn (52)

|va} 'OW=@ QiY Q@=Q@ |Q}tN |=yu=mt Q}}eD xm OwW|t ZQi =OD@=
w |WQ@ VvD V}=Ri= xH}Dv QO &Ovm pta |v=UWm CQwYx@ xRQO

%Ow@ Oy=wN Q} R ?}DQDx@ |Owta
��s = ks�us (53)

��n = kn�un (54)

CUOx@ 56 w 55 \@=wQ R= O}OH |Owta w |WQ@ |=yVvD u}=Q@=v@
%Ot; Ovy=wN

� Is = �s + ��s (55)

�In = �n + ��n (56)

Q=Qk Q_v OQwt |oDN}Uo Q=}at QO =Q jwi |=yVvD Q}O=kt TBU
%s}W=@ xDW=O Qo = "s}vm |UQQ@ =Q u; uOW |Q=H u=mt= =D s}yO|t

f(�In; �
I
s ) < 0 (57)

=@ '|}=yv pO=aD |xrO=at 45 |xrO=at |wQQ@ sRq C=}rta s=Hv= =@
%R= Ow@ Oy=wN CQ=@a '|QwQ[ |RQt \QW p=ta=

[K + K�]U = P + P� (46)

VwQ x@ |QwQ[ |RQt \QW p=ta= R= P� w K� |=yxrtH u; QO xm
%Ov};|t CUOx@ Q} R \@=wQ |=yp=QoDv= R= w Ov=xOW pY=L |Dr=vB

K� = �
Z

�u
NTN d� (47)

P� = �
Z

�u
NTu d� (48)
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u} QDnQR@ � ?} Q[ |=Q@ xm OwW|t |aU u}=Q@=v@ "O=O X=YDN=
,qwtat u; w 'OwW ?=NDv= 'Ot=Hv}v |}xv=}=Q pmWt RwQ@ x@ xm |OOa
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CyH wO Qy QO 'CU= ZQa w pw] CyH wO Qy QO C}=yv|@ RQt
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QO ẁ[wt u}= "CU= x QwLt |=DU=Q QO |@v=H |=yRQt QO |Q=OQ}o
|=yRQt pt=W xm l =N w nvU =@ \@DQt |UOvyt |=yKQ] |x}rm
|vat u}= x@ RQt l} uOQm Q=OQ}o "OwW|t Qw_vt OvwW|t C}=yv|@
s}yOv xR=H= =} 's} Q}o@ Q_v QO QiY =Q RQt u; u=mt Q}}eD xm CU=
|xrO=at QO |QwQ[ |RQt \QW u}= p=ta= "OW=@ xDW=O |}=Hx@=H
CU= RQt |wQ 'swrat u=mt Q}}eD u xm |Qw]x@ "OwW|t xOy=Wt 45
QiY Q@=Q@ |ovU |xOwD RQt R= |}=yCtUk u=mt Q}}eD s}y=wN@ Qo = w

"s}vm|t QiY CqO=at QO =Q u; u Q=Okt OW=@

Q=DiQ =@ xRQO Kw]U Q=DiQ x@ \w@ Qt CqO=at "6
|Q}tN

w |Q=Wi '|WQ@ CQwYx@ =yxRQO uOQm pOt x@ Ovtxkqa ,qwtat =t
VvD 'OQ}o@ Q=Qk |WWm Cr=L QO xRQO Q=DiQ Qo = "s}DUy |WWm =}
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""" xO=iDU= =@ Q=OxRQO |ovU |=yxOwD |m}v=mt p}rLD

p=Ft OvJ |UQQ@ "7
"OwW|t x�=Q= p=Ft OvJ xm@WuwO@VwQ R=pY=LG}=Dv uO=O u=Wv |=Q@
OwHwt u; j}kO pL xm �2 pmW� |}xQ] Q}D l} p=Ft u}= QO "1 p=Ft
pY=L G}=Dv =@ j}kO pL R= pY=L G}=Dv w OwW|t |UQQ@ CU=
xm P Q=@ '|}xQ] Q}D |=yDv= QO "OwW|t xU}=kt xm@W uwO@ VwQ R=
|x]@=Q =@ j@=]t xm CU= xOW p=ta= 'CU= pmW |tyU CQwYx@
"O};|tCUOx@ Q}D |=yDv= R= x]kv Qy QO �xy = Py(D�y)=(2I)

\@=wQ j} Q] R= [17]Q}=Owo w wmv}Wwt}D \UwD |}xQ] Q}D l} j}kO pL
%CU= xOW xO=O 67 w 66

ux = �(p=6EI)(y �D=2)[3x(2L� x)+

(2 + v)y(y �D)] (66)

uy = (p=6EI)[x2(3L� x) + 3v(L� x)(y �D=2)2+

(4 + 5v)D2x=4] (67)

%xm
I = D3=12

E =

8><>:E |}xLiY VvD Cr=L |=Q@
�
E=(1� �2) |}xLiY VvQm Cr=L |=Q@

�� =

8><>:� |}xLiY VvD Cr=L |=Q@
�=(1� �) |}xLiY VvQm Cr=L |=Q@

xOW pL Q} R \}=QW |=Q@ w |}xLiY VvQm Cr=L |=Q@ xr�Ut u}=
%CU=

P = 1000N; E = 2e7Pa; D = 4m; L = 8m; v = 0 3

\=kv O=OaD w OwW|t ?=NDv= 29xU xHQO |}xrtHOvJ uRw `@=D
pm O=OaD "CU= (6 � 6) pwrU Qy QO |Q}op=QoDv= |=Q@ |@=NDv=
'p=QoDv= |x@U=Lt |=Q@ pwrU pm O=OaD wCU= xQo 60 |@=NDv= |=yxQo

"u; QO |@=NDv= |=yxQo w wmv}Wwt}D Q}D "2 pmW

\@=wQ R= pY=L |=yVvD w OQ=O Q=Qk |v=UWm Cr=L QO xRQO x=ou;
Q=Okt Qo = =t= "Ov=|}=yv |=yVvD R= |L}LY |=yOQw;Q@ 56 w 55
R= pY=L |=yVvD x=ov; OwW QiY R= QDnQR@ =} '|w=Ut s}rUD `@=D
"OvwW K}LYD O}=@ w OvDU}v |L}LY |=yVvD 56 w 55 \@=wQ
xwqa O}=@ w CU= xDiQo Q=Qk |Q}tN Cr=L QO xRQO 'Qo}O CQ=@ax@
R= |W=v |=yu=mt Q}}eD '|v=UWm Q=DiQ R= |W=v |=yu=mt Q}}eD Q@
|Q}tN u=mt Q}}eD V}=Ri= uDi=} |=Q@ "OvwW x@U=Lt R}v |Q}tN Q=DiQ

%R= CU= CQ=@a xm s}vm|t xO=iDU= u=} QH `@=D R= �upn w �ups

g =
����s���+ �n tan (58)

MQv w VvD |x]@=Q |twta pmW "CU= \=U@v= |x} w=R  u; QO xm
u}vJ 'O};|t CUOx@ s}rUD `@=D =@ j@=]t 'xD}r=tQv \QW R= xm =Q VvQm

[16]%OvU} wv|t

"Iij = �
@f
@�ij

(59)

'|Owta w|WQ@ |Q}tN |=yu=mt Q}}eD?ULQ@ u=wD|t =Q 59 |x]@=Q
%CWwv u}vJ 'u=} QH uwv=k |oDUw}B=v uDiQo Q_v QO =@ w

�ups = �
@g
@�s

= � sgn(�s) (60)

�upn = �
@g
@�n

= � tan( ) (61)

'xOW O=} \@=wQ R= xO=iDU= =@ w (f = 0) s}rUD `@=D <=[Q= Qw_vtx@
%R= Ow@ Oy=wN CQ=@a � ?} Q[ |x]@=Q

� =
f(�In; � Is )

ks + kn tan� tan 
(62)

%OW Oy=wN u}vJ =yVvD |xOW K}LYD Q}O=kt u}=Q@=v@
�s = � Is � ks�ups (63)

�n = �In � kn�upn (64)

'OUQ|t |Q}tN Cr=L x@ xRQO R= |}x]kv |Dkw xm CU= xHwD p@=k
xOW KqY= |DNU T} QD=t "OwW KqY= O}=@ R}v u; |DNU T} QD=t

%O};|t CUOx@ u}vJ

Dep = De �
�
De: @g@�n

��
De: @f@�n

�T�
@f
@�n

�T
:De:

�
@g
@�n

� (65)

`@=D g '|v=UWm T} QD=t De 'xOW KqY= T} QD=t Dep u; QO xm
"CU= s}rUD `@=D f w u=} QH
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"y = 2 QO j}kO pL w xm@W uwO@ VwQ |xU}=kt "5 pmW

1e+ 5 |Dr=vB ?} Q[ w 1 955 Q@=Q@ Q}F-=D |xRwL "CU= pwrU 44
xOW x�=Q= 7 =D 3 |=ypmW QO pY=L G}=Dv "CU= xOW xDiQo Q_v QO
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O=OaD 'uDw}v 1000 Q@=Q@ xOQ=w |ki= |wQ}v "CU= xOW xDiQo Q_v QO
"CU= xQo 24 Q@=Q@ =yxQo pm O=OaD w '(2 � 2) lwr@ Qy |=ypwrU
QO 1 5 Q@=Q@ QF-wt `=aW w CU= xU xHQO |}xrtHOvJ l} 'uRw `@=D
w CU= xOW pL K]Ut VvQm Cr=L QO xr�Ut "CU= xOW xDiQo Q_v
|OOa VwQ =@ xr�Ut u}= u}vJty "CU= 1000E Q@=Q@ |Dr=vB?} Q[

9 ! sryJ |xQ=tW � h} QW



""" xO=iDU= =@ Q=OxRQO |ovU |=yxOwD |m}v=mt p}rLD

"Ov=\@DQt sy@ xRQO wO \UwD xm |ovU lwr@ xU "13 pmW

"y = 1 QO x QwLt |=DU=Q QO u=mt Q}}eD "14 pmW
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