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jrat pB l} |=Q@ s}U|@ OQwNR=@ sDU}U
|}xRQr |Q=PoQ=@ CLD |}xmQD

�Q=}O=DU=� |v=N|kD GQwD
�OWQ= |U=vWQ� |wHWv=O� �Kqi xv=o} VQ;

Q}@mQ}t= |DavY x=oWv=O 'CU} R \}Lt w u=Qta |UOvyt |xOmWv=O

V}=Ri= ?Hwt |rQDvm pOt |q=@ |x@DQt 'T=}ktnQR@ |=yxR=U p=aixt}v w p=ai pQDvm QO
QO s}U|@ OQwNR=@ sDU}U "OwW|t |rQDvm MU=B Q}N-=D w C=@U=Lt u=tR '|OOa C=}rta

|Q}PBO=tDa= w V}=Q; Q}}eD CrwyU '?Yv QDsm |xv} Ry |=Q=O xmv}= ut[ '=yxR=U u}=
OQwNR=@ sDU}U u} Ro}=H ?U=vt |rQDvm |=yOQ@y=Q R= |Q}oxQy@ =@ Ov=wD|t 'CU= |QDW}@

.OwW =yOQwNR=@ |v=tR Q}N-=D Vy=m ?@U w OwW |r@=m
sDU}U QO xO=iDU= |=Q@ RmQtDtQ}e |rQDvm |=yOQ@y=Q |xar=]t x@ Q=DWwv u}= '=DU=Q u}= QO
VwQ x@ pB |xDi=}x@DQt Vy=m pOt =OD@= "OR=OQB|t |}xmQD jrat pB l} s}U|@ OQwNR=@
H2=LQG RmQtDtQ}e |xOvvmpQDvm TBU w xOt; CUOx@ |Ot=U@ w |v=tR |xOwOLt

w x�=Q= Sv=Qo q ?}=Q[ T} QD=t j} Q] R= sDU}U H2 sQv |R=Uxv}y@ VwQ x@ pOt u}= |=Q@
"CU= xOW |@=} RQ= u; |}=Q=m '=yOQwNR=@ |v=tR Q}N-=D ZQi =@

ttaghikhany@aut.ac.ir
yeganeh arash@yahoo.com

|x@DQt Vy=m '|}xmQD jrat pB '|v=tR Q}N-=D 'RmQtDtQ}e pQDvm %|O}rm u=oS=w
"T=}ktnQR@ 'pOt

xtOkt "1
p=UQ= xOvvmpQDvm x@ w |Qw;`tH |m}t=v}O |Q=PoQ=@ pw] QO xR=U R= =Q C=aq]=
p=UQ= =yQopta x@ ?U=vt |rQDvm |wQ}v p=ta= QwDUO 'VR=OQB R= TB =D Ovvm|t

"Ovvm pQDvm =Q xR=U C=W=aDQ= w
=yp@=m,qwtat 'xOvvmpQDvm x@ =yQoTL R= 5|k}kL u=tR QO C=aq]= p=kDv= |=Q@
sDU}U ?U=vt O=tDa= C}r@=k OwHw =@ "OvwW|t xO=iDU= |]=@DQ= pY=w |xrRvtx@
QO Q}}eD uOw@CNU '=ysDU}U u}= ?Yv |=Q@ R=}v OQwt |vqw] u=tR =t= '|r@=m
=yu; ?Yv w =yp@=m |q=@ |xv} Ry '=yp@=m |xm@W ?Yv R= TB sDU}U V}=Q;
=@ jrat |=ypB Ovv=t 'T=}ktnQR@ |=yxR=U "OQ@ s=v u=wD|t xm Ov=|@}=at xrtH R=
=yu; QO |}=ysDU}U u}vJ =D OvQ=O p@=m =yQDtwr}m x@ R=}v |v=U; x@ |vqw] |=yxv=yO
6C=@U=Lt |Qw=:vi |x}@aD w s}U|@ \=@DQ= sDU}U uOt;OwHwx@ =@ "OvwW ?Yv
|=yp@=m '=yQoTL |va}� pQDvm G}=Q |=ysDU}U |v} Ro}=H u=mt= '=yQoTL QO
sy=Qi OvtWwy |=yQoTL R= pUv u}= =@ �=yxOvvmpQDvm w OQwNR=@ |xOvyO\=@DQ=
|x}@aD w s}U|@ \=@DQ= sDU}U =@ =yQoTL ?}mQD R= ?}DQD u}O@ [2w1]"CU= xOt;
Ovv=wD|t xm Ov=xOt; O}OB OvtWwy s}U|@ |=yQoTL =yu; QO C=@U=Lt |Qw=:vi
x@ \ki xv =yQoTL u}= "OvQ}o xOyaQ@ =Q =yxOvvmpQDvm w =yQoTL |=yC}rw�Ut
R= |WN@ s=Hv= =@ xmr@ 'OvR=OQB|t x}=Uty |=yQoTL =@ C=aq]= p=UQ= w Ci=} QO
|rQDvm |=yp=vo}U w OvyO|t s=Hv= R}v =Q |rQDvm |=y|Q}os}tYD VR=OQB C=}rta
|=yQoTL w s}U|@ \=@DQ= uOQ@ Q=mx@ "Ovvm|t p=UQ= xR=U pQDvm |=yQ=R@= x@ =Q

=yu; C_=iL |=Q@ =yxR=U |}xRQr pQDvm |=y|Qw=vi |Q}oQ=mx@ 'Q}N= |=yp=U QO
pQDvm "Ov=xOQm ?rH OwN x@ =Q |O=} R xHwD O}OW |=yO=@ =} xrRrR ẁkw u=tR QO
"OwW|t p=aixt}v w 'p=ai 'p=aiQ}e pQDvm |rY= |xDUO xU pt=W =yxR=U |}xRQr
Tmavt =} w '?PH '=yQo =Q}t |xr}Uwx@ |}xRQr |SQv= 'p=aiQ}e |rQDvm |=yOQ@y=Q QO
|wQ}v s}kDUt p=ta= |=Q@ nQR@ |=ylQLt R= p=ai |rQDvm sDU}U QO "OwW|t
p=ta= |=Q@ pQDvm Q=R@= p=aixt}v |rQDvm sDU}U QO =t= 'OwW|t xO=iDU= pQDvm
xm p}rO u}= x@ p=aixt}v |rQDvm sDU}U "OvwW|t xO=iDU= pQDvm |wQ}v s}kDUtQ}e
uO}UQ |=Q@ |QDsm |SQv= R= ?wr]t OL QO xR=U OQmrta pQDvm ut[ Ov=wD|t
|=ylQLt R= "CU= xDiQo Q=Qk |QDW}@ xHwD OQwt 'Ovm xO=iDU= |rQDvm h=Oy= x@
|w=L xm |}=yQo =Q}t w 1�AVS � p=ai Q}eDt |DNU lQLt x@ u=wD|t p=aixt}v
xQ=W= 'OvDUy 3�MR� p=m} Swrw�QwDvot =} 2�ER� p=m} Swrw�QwQDmr= |=yp=}U

"OQm
w =yQoUL '4=yQopta Q@ ptDWt wO Qy xm p=aixt}v w p=ai |=ysDU}U
|}xR=U \}=QW Q}}eD x@ C@Uv |QDxv=OvtWwy OQmrta R= 'Ov=xR=U QO xOvvmpQDvm
=yQoTL sDU}U u}= QO "OvQ=OQwNQ@ p=aiQ}e |=ysDU}U =@ xU}=ktQO |]}Lt w

pw�Ut xOvU} wv �
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L=Q]11�SVD� =yQ=OktlD |x} RHD |x}=B Q@ VwQ u}rw= %OQ=O OwHw x@DQt Vy=m
w CU= 12�TBR� xwQo u}= |=yVwQ u} QDhwQat w u} QDOQ@ Q=mQB R= |m} xm CU=
Q@ VwQ u}= "OvOQm u=}@ =Q u; 80 |xyO QO Q=@ u}rw= |=Q@ pQDvm sra u=QoWywSB
Q=DiQ QO Q}F-=D u} QDsm |=Q=O xm CU= Cr=L |xrO=at R= 13|}=yCr=L hPL |x}=B
Q@ VwQ u}twO "CU= ?U=vt \UwDt |xR=Ov= =@ |}=ysDU}U |=Q@ w Ov=sDU}U
"CU= 15wq} Qm VwQ 'xwQo u}= VwQ u} QDhwQat w CU= 14|k}@]D Qw=DWo |x}=B
Vy=m |xr�Ut x@ 'CU= xDi=} xaUwD w ẁQW 90 |xyO \U=w= R= xm VwQ u}=
|=ysDU}U |=Q@ OwHwt VwQ =yvD w Ovm|t x=ov |[=} Q x=oO}O R= pOt |x@DQt

[6]"CU= �Q=Ry =yOY� q=@ Q=}U@ |x@DQt =@ T=}ktnQR@
|=Q@H2=LQG RmQtDtQ}e sD} Qwor= =@|rQDvm sDU}Ul} |x�=Q= x@ xar=]t u}=
?=NDv= p}rO "CU= xDN=OQB �OQ@|t xQy@ s}U|@ OQwNR=@ R= xm � |}xmQD jrat pBl}
pQDvm uDiQoQ=Qk xHwDOQwt ?@U xm VO=} R Q=}U@ |tQv 'u; nQR@ T=}kt %xR=U u}=
|xOvvmpQDvm sDU}U |=yOQwNR=@ QO x_Lqtp@=k |v=tR Q}N-=D w 'OwW|t u; Q=DiQ
|xOWu}}aD |xR=@ QO T=}kt |oQR@ p}rOx@ pB |rQDvm pOt |x@DQt =OD@= "CU= u;
xO=O Vy=m |}xRQr |Q=PoQ=@ pwtat u=tR COt w pB Q=DiQ Q@ sm =L |=yOwt Ot=U@
sDU}UH2 sQv |R=Uxv}y@ VwQ x@H2=LQG RmQtDtQ}e |xOvvmpQDvmTBU "OW
=@ u; |=yMU=B w |L=Q] |xO=OVy=m pOt |=Q@ Sv=Qo q T} QD=t ?}=Q[ j} Q] R=

"OW xU}=kt xrRrR |Q=PoQ=@ CLD RmQtDt |rQDvm |=ysDU}U pOt
=@ xR=U MU=B w OW p=ta= =yOQwNR=@ QO |v=tR Q}N-=D 'Oa@ |xrLQt QO
CUOx@ |v=tR Q}N-=D uOQm^=Lr w H2=LQG RmQtDtQ}e w RmQtDt |=yxOvvmpQDvm
xDiQo Q_vQO =yu; |L=Q] QO |v=tR Q}N-=D xm p@k Cr=L |xR=U |=yMU=B =@ w Ot;
QO =Q Vy=m u} QDW}@ jwi Cq=L QO xR=U MU=B |xU}=kt "OW xU}=kt 'Ow@ xOWv
QO |v=tR Q}N-=D OwHw \}=QW QO w RmQtDtQ}e |rQDvm |=ypOt QO =yQDt=Q=B QDW}@

"O=O u=Wv OwN R= =yOQwNR=@

|Ot=U@ w |v=tR |xOwOLt QO pOt |x@DQt Vy=m "2
%�1 |x]@=Q� O} Q}o@ Q_vQO =Q |rQDvm sDU}U u}=

X
:

8<:�x(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)
(1)

%s}vm|t u=}@ 2 |x]@=Q CQwYx@ =Q �1 |x]@=Q� u; |oO=U |=Q@
X

=

"
A B

C D

#
2 R(n+p)�(n+m) (2)

%OwW|t u=}@ 3 |x]@=Q pmW x@ u; |xDi=}Vy=m pOt xm
X̂

=

"
Â B̂

Ĉ D̂

#
2 R(r+p)�(r+m) (3)

A '3 =D 1 \@=wQ QO "OW=@ r << n O}=@ �3 |x]@=Q� xOWxO=O Vy=m sDU}U QO
Q_=vDt T} QD=t C 'sDU}U |=y|OwQw Q_=vDt T} QD=t B 'sDU}U Cr=L T} QD=t
'sDU}U |=y|HwQN w =y|OwQw u}@ Q@v=}t T} QD=t D w 'sDU}U |=y|HwQN =@
=@ Q_=vDt m "CU= Â |va} 'A |xDi=}Vy=m T} QD=t Oa@ r w A T} QD=t Oa@ n
|rQDvm sDU}U |=y|HwQN O=OaD =@ Q_=vDt p w '|rQDvm sDU}U |=y|OwQw O=OaD

OQwNR=@ pQDvm sDU}U V}=Q; Q}}eD C}r@=k V}=Ri= w =yxv} Ry Vy=m ?@U OvtWwy
[3]"OvOW xR=U QO

|xR=U pQDvm OQwt QO |irDNt |y=oW}=tR; |=yVywSB |O=} R u=QoWywSB
hrDNt |=ypOt QO s}U|@ OvtWwy |=yQoTL uOQ@ Q=mx@ w 'Ov=xO=O s=Hv= s}U|@
u}= R= pY=L G}=Dv [4]"Ov=xOQm |UQQ@ =Q |k}kL u=tR QO OQwNR=@ w xR=U pQDvm
s}U|@ |]=@DQ= |=yp=v=m |xr}Uwx@ =yp@=m uOQmu} Ro}=H xm O=O u=Wv =y|UQQ@
u=mt= w OQwNR=@ QO Q}N-=D O=H}= '|]=@DQ= C=aq]= sHL QO |}=yC}OwOLt ?@U
sDU}U OQmrta Vy=m ?@U OQwNR=@ QO Q}N-=D xm 'OvwW|t C=aq]= uO=OCUO R=
uwO@ 'T=}ktnQR@ OQwNR=@ pQDvm |=ysDU}U QO |rm Cr=L QO [2]"OwW|t |rQDvm
"CU= |O=a |Qt= |v=tR Q}N-=D '�s}U|@ =} |r@=m � |]=@DQ= sDU}U ẁv x@ xHwD
xO=iDU= RmQtDt pQDvm |=Hx@ RmQtDtQ}e pQDvm OQ@y=Q R= CqmWt u}= pL |=Q@ ,qwtat
OQwNR=@ x@|UQDUO QO xm OwW|t xDiQo Q=mx@|v=tR,qwtat RmQtDtQ}e pQDvm "OwW|t
pQDvm sDU}U QO "OW=@ xDW=O OwHw |rmWt |rQDvm |Q}os}tYD |=Q@ xR=U MU=B
x@ \w@ Qt |xOvvmpQDvm 'sDU}UQ} R Qy w s}UkD |}=yxR=UQ} R x@ xR=U 'RmQtDtQ}e
|xRwL x@ \w@ Qt |=ysDU}UQ} R |=yQoTL R= =yxOvvmpQDvm u}= w OQ=O =Q OwN
OQwt QO =Q |rQDvm s}tYD =D Ovvm|t Ci=} QO p=vo}U x}=Uty sDU}UQ} R =} w OwN
OwHw xOvvmpQDvm l} \ki RmQtDt pQDvm sDU}U QO =t= "OvQ}o@ OwN sDU}UQ} R
OwN w Ovm|t Ci=} QO p=vo}U xR=U |wQQ@ xOW?Yv |=yQoTL s=tD R= xm OQ=O
|]=@DQ= |xm@W ẁv wO Qy |=Q@ "Ovm|t P=ND= =Q ?U=vt |rQDvm s}tYD |}=yvDx@
|=yp=v=m l}i=QD Vy=m ?@U |R=URmQtDtQ}e 'xR=U pQDvm QO �s}U|@ w |r@=m �
R=}v w '=yOQwNR=@ QO QDx=Dwm Q}N-=D u=tR 'C=aq]= Ci=} QO CaQU V}=Ri= '|]=@DQ=
=@ xm RmQtDt pQDvm sDU}U hqNQ@ "OwW|t C=aq]= nQR@ |=ysHL p=kDv= x@ QDsm
RmQtDtQ}e pQDvm sDU}U 'OwW|t Gri |rQDvm sDU}U pm |xOvvmpQDvm uO=Di=Q=m R=

"OQ=O|tQ@ u=}t R= =Q lU} Q u}=
|=ysDU}U|=ysD} Qwor=|xv}tR QOhrDNtu=QoWywSB|wUR=|O=} RC=ar=]t
|=y|UQQ@ x@ u=wD|t C=ar=]t u}= |xrtH R= "CU= xOW s=Hv= RmQtDtQ}e pQDvm
|=yx} Q_v R= xO=iDU= =@ xmH1 'LQR |=ysD} Qwor= OQwt QO '|Q_v w|y=oW}=tR;
[4]"OQm xQ=W= 'CU= xOW s=Hv= |v=tR Q}N-=D uDiQoQ_vQO =@ w 7lHr}U w Rvwr
R= |}=Hty VwQ x@ H1 RmQtDtQ}e |rQDvm sD} Qwor= OQwt QO |WywSB u}vJty
w CU= xOW s=Hv= |v=tR Q}N-=D uDiQoQ_vQO =@ |U} QD=t |]N |=yxrO=at=v j} Q]
|=yVwQ hrDNt u=QoWywSB [3]"CU= xO}UQ xv}tR u}= QO |R}t;C}kiwt G}=Dv x@
xrtH R= "OvDUy |}xS} w C=}YwYN |=Q=O s=Om Qy xm Ov=xOQm |UQQ@ R}v =Q |Qo}O
x@ u=wD|t 'CU= xOW x�=Q= H2=LQG w H2 RmQtDtQ}e pQDvm |=Q@ xm |}=yVwQ
jwi VwQ =} w sDU}U VRQ= `@=D |R=Uxv}tm QO Sv=Qo q ?}=Q[ T} QD=t R= xO=iDU=

[5]"OQm xQ=W= sDU}U |=y?]k |xvt=O |=Q@ OwOL uDiQoQ_vQO =@
'OQ=O OwHw T=}ktnQR@ |=yxR=U pQDvm QO xm |DqmWt R= Qo}O |m}
p}rOx@ xOW|R=Ux}@W pOt VR=OQB |vqw] u=tR w x_i=L QO |}=yC}OwOLt
|R=Ux}@W QO s}v=wD@ xmv}= |=Q@ "CU=yxR=U R= ẁv u}= |rQDvm pOt |q=@ |x@DQt
=D CU= sRq 's}vm pta |DUQOx@ =yu; |=Q@ xOvvmpQDvm |L=Q] w =yxR=U u}= Q=DiQ
s=Hv= =yxR=U xvwou}= pOt |x@DQt Vy=m =} |D=@U=Lt C=}rta Vy=m |=Q@ |WwQ
pOt C=}YwYN xm|r=L QO 'O@=} Vy=m pOt xm OW=@ |}xvwox@ O}=@ VwQ u}= "OwW
?U=vt CkO =@ =Q |rY= pOt Q=DiQ w Ovm ^iL =Q 9|Q=O}=B w 8p=aiv= Q}_v |rY=

[6]"OvR@ u}tND
sDU}Ul} CQwYx@Cr=L |=[i QO T=}ktnQR@ |xR=Ul}CmQL CqO=at
|twta VwQ ẁv wO pOt R= ẁv u}= |=Q@ "OwW|t pOt 10u=tR R= pkDUt |]N
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|v=N
|kD

GQw
D |m}t=v}O |Q=PoQ=@ p=ta= |xR=@ |@} QkD pw] jwi VwQ x@ pOt uO=OVy=m |=Q@

"CU=
j@] =Q |rQDvm sDU}U |x@DQt u=wD|t '12 =} w 11 |=yx]@=Q uDW=O =@ p=L

%s}yO Vy=m OvwQ u}=
"xOWxO=O �A;B;C� |=Q@ 4 |x]@=Q R= Wo w Wc |=yu=}t=Qo u}}aD "1

|xR=@ Qou=}=tv T u; QO xm 8 |x]@=Q R= Wo(T; !) w Wc(T; !) u}}aD "2
"CU= [!1; !2] |Ot=U@ |xR=@ Qou=}=tv 
 w [t1; t2] |v=tR

R= pmvy |=yQ=OktlD ' Wo(T;
) w Wc(T;
) uOQw; CUOx@ =@ p=L "3
=@ =Q �Ar; Br; Cr� |xDi=}Vy=m pOt u=wD|t =Pr &Ov};|t CUOx@ 5 |x]@=Q
"OQw; CUOx@ pmvy |=yQ=OktlD QDlJwm Q}O=kt =@ Q_=vDt |=yCr=L hPL
Q_=vDt T} QD=t Br 'xDi=}x@DQt Vy=m sDU}U Cr=L T} QD=t Ar 'u; QO xm
sDU}U |=y|HwQN Q_=vDtT} QD=tCr w 'xDi=}x@DQtVy=m sDU}U |=y|OwQw

"OvDUy xDi=}x@DQt Vy=m
'OQ=O OwHw xOWxO=OVy=m sDU}U w |rY= sDU}U u}@ xm ?} QkD |=]N
sDU}U p}O@D `@=D w |rY= sDU}U p}O@D `@=D hqDN= R= C}=yv|@ sQv CQwYx@
ẁtHt Q@=Q@ wO CQwYx@ ?} QkD u}= |=]N OL =} RQt "OwW|t u=}@ xO=O Vy=m

[6]%OwW|t u=}@ 9 |x]@=Q pmW x@ w CU= xOv=t|k=@ pmvy |=yQ=OktlD
kG�Gredk1 � 2Xn

i=r+1 �i (9)

"OW=@|t xO=O Vy=m sDU}U |x@DQt r w s=i pmvy Q=Okt lD �i xm

Q_v QO =@ H2=LQG RmQtDtQ}e |rQDvm sD} Qwor= "3
|v=tR Q}N-=D uDiQo

|rQDvm sDU}U QO |v=tR Q}N-=D uDiQoQ_vQO "1"3
x@ CmQL CqO=at p}O@D R= xm O} Q}o@ Q_vQO =Q 10 |x]@=Q QO |rQDvm sDU}U
"CU= xOW h} QaD xDUw}B u=tR QO sDU}U u}= "CU= xOt; CUOx@ Cr=L CqO=at
_x(t) = Ax(t) +B1w(t) +B2u(t)

z(t) = C1x(t) +D11w(t) +D12u(t)

y(t) = C2x(t) +D21w(t) +D22u(t) (10)

u ww '|Q}oxR=Ov= Q}eDt y w 'sDU}U|@=} RQ= Q}eDt z 'Cr=L Q}eDt x 'sDU}U u}= QO
Q_=vDt T} QD=t B1'sDU}U u}= pQDvm |wQ}v w C=m} QLD |OwQw |=yQ=OQ@ ?}DQDx@
|=yT} QD=t C2 w C1 'pQDvm |wQ}v =@ Q_=vDt T} QD=t B2 'C=m} QLD |OwQw =@
u}@ |]=@DQ= |=yT} QD=t D12 wD11 '|Q}oxR=Ov= w |@=} RQ= |=yQ}eDt =@ Q_=vDt
|]=@DQ= |=yT} QD=t D22 w D21 w 'pQDvm |wQ}v w C=m} QLD x@ |@=} RQ= |=yQ}eDt
�t uDiQoQ_vQO =@ "OvDUy pQDvm |wQ}v w C=m} QLD x@ |Q}oxR=Ov= |=yQ}eDt u}@
xDUUo u=tR x@ xDUw}B u=tR R= u=wD|t =Q 10 |xrO=at '|Q}oxR=Ov= |=yxR=@ u=wvax@

[8w3]"OQm p}O@D
x[k + 1] = Adx[k] +B1dw[k] +B2du[k]

z[k] = C1x[k] +D11w[k] +D12u[k]

y[k] = C2x[k] +D21w[k] +D22u[k] (11)

Ov=xO=OVy=m |rQDvm sDU}U |xOvyOp}mWD |=yT} QD=t D̂ w Ĉ 'B̂ 'Â "CU=
"Ov=xDi=}v Vy=m sDU}U |=yT} QD=t =@ Q_=vDt =yT} QD=t u}= xm

CU= sRq |Ot=U@ w |v=tR |xOwOLt QO pOt |x@DQt uO=OVy=m |=Q@
xOWXNWt |Ot=U@ w|v=tR |xOwOLt QO |Q}PBxOy=Wt w |Q}PBpQDvm |=yu=}t=Qo
|=yCr=Lw OvwW x@U=Lt 16pmvy|=yQ=OktlD =yu=}t=Qou}=ltm =@ w Ov};CUOx@
u} QDsm |=Q=O =yCr=L u}= "OvwW hPL pmvy |=yQ=OktlDlJwm Q}O=kt =@ Q_=vDt

[8]"Ov=sDU}U Q=DiQ QO Q}F-=D
I}y uwO@ '17wv=B=}r |xrO=at =@ |Q}PBxOy=Wt w |Q}PBpQDvm |=yu=}t=Qo

[7]%OvwW|t h} QaD 4 |x]@=Q CQwYx@ Ot=U@ w u=tR QO |D}OwOLt
AWc +WcAT +BBT = 0
ATWo +WoA+ CTC = 0 (4)

u}at w C@Ft |}=yT} QD=t Wo w Wc |=yu=}t=Qo 'Q=O}=B CQwYx@ A Cr=L QO
uOw@ Q}PBpQDvm "CU= Q}PBxOy=Wt w Q}PBpQDvm sDU}U Qo}OCQ=@ax@ =} w 'OvDUy
sDU}U QO xOW?Yv |=ylQLt xm CU= |vat u}= x@ p=Owt |=[i QO sDU}U
QO sDU}U uOw@ Q}PB xOy=Wt w Ovm l} QLD =Q �xR=U� sDU}U |=yOwt s=tD '�xR=U�
s=tD �xR=U� sDU}U QO xOW?Yv |=yQoTL xm CU= |vat u}= x@ p=Owt |=[i
w |Q}PBpQDvm |=yu=}t=Qo ?Q[pY=L |xS} w Q}O=kt "Ovvm xOy=Wt =Q xR=U |=yOwt
|xW} Q "Ovv=t|tC@=F sy C=YDNt p}O@D =@ |DL xm Ov=|D@=F Q}O=kt |Q}PBxOy=Wt

[7]%Ov};|t CUOx@ 5 |x]@=Q R= �pmvy |=yQ=OktlD� Q}O=kt u}= swO

i =

p
�i(WcWo); i = 1; :::; N (5)

w |Q}PBpQDvm |=yu=}t=Qo Oa@ N w xS} w Q=Okt u}t)=i Qou=}=tv �i 'u; QO xm
"CU= |Q}PBxOy=Wt

'(Wo) |Q}PBxOy=Wt w (Wc) |Q}PBpQDvm |=yu=}t=Qo uOt;CUOx@ =@ p=L
CQwYx@ Ot=U@ ?ULQ@ =Q |Q}PBxOy=Wt w |Q}PBpQDvm |=yu=}t=Qo `@=D u=wD|t

[7]%OQw; CUOx@ 7 w 6 |=yx]@=Q
Wc(!) = WcS�(!) + S(!)Wc

Wo(!) = S�(!)Wo +WoS(!) (6)

S(!) = j
2� ln((H�1)�H) = j

2� ln((A+ j!I)(A� j!I)�1):

(7)

'OwW|t xO=O u=Wv (A� j!I)�1 =@ w CU= eAt R= x} Qwi p}O@D H 'u; QO xm
"CU= H |xO=yv=QD R= |twywt GwORt H� w

`@=wD R= xO=iDU= =@ u=wD|t =Q Wo(t; !) w Wc(t; !) |QDt=Q=B wO `@=wD p=L
%OQm u=}@ 8 |x]@=Q CQwYx@ 6 |x]@=Q R= Wo(!) w Wc(!)

Wc(t; !) = S(t)Wc(!)ST (t)

Wo(t; !) = ST (t)Wo(!)S(t) (8)

w |v=tR |xOwOLt |xR=@ QO =Q sDU}U =yu=}t=Qo "CU= S(t) = eAt 'u; QO xm
sm =L |=yOwt MU=B ẁtHt =yxR=U QO xmv}= x@ xHwD =@ "Ovvm|t h}YwD |Ot=U@
|m}t=v}O hrDNt |=yQ=@ Q}F-=D CLD |xR=U MU=B =@ |@ wN Q=}U@ CkO =@ xR=U Q@
|=Q@ |Ot=U@ |xR=@ |xrRvtx@ =yOwt u}= =@ Q_=vDt |Ot=U@ |xOwOLt 'Ovm|t |Q@=Q@
xOWxDiQo Q_vQO |v=tR |xR=@ "OwW|t xDiQo Q=mx@ xR=U =@ Q_=vDt pOt uO=OVy=m
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L=Q]

"xk@] xU u=tDN=U QO RmQtDtQ}e ,qt=m |rQDvm sDU}U "1 pmW

"xk@] xU u=tDN=U QO |} RH RmQtDtQ}e |rQDvm sDU}U "2 pmW

"CiQo Q_vQO 14 |x]@=Q CQwYx@ |}xOvvm
_xG = AGxG +BGy

u = CGxG +DGy (14)

CQwY x@ sDU}U u}= |xDU@ xkrL 'Cr=L |=yQ}eDt Q=OQ@ uDiQo Q_vQO =@
%s}yO u=Wv 15 |x]@=Q CQwYx@ =Q u; s}v=wD|t xm CU= ~x = (xT ; xTG)T

_~x = Acl~x+Bclw

z = Ccl~x+Dclw (15)

ZQi =@ =Q 10 sDU}U =OD@= CU= sRq Dcl w Ccl 'Bcl 'Acl |iQat |=Q@
u=Wv G CQwYx@ =Q xOvvmpQDvm w s}vm |iQat 16 |x]@=Q CQwYx@ 'D22 = 0

%�18 =D 16 |=yx]@=Q� s} Qw; CUOx@ =Q =yT} QD=t u}= s}v=wD@ =D s}yO

~A =

"
A 0
0 0nG

#
; ~B1 =

"
B1
0
#
; ~B2 =

" 0 B2
InG 0

#
~C1 =

h
C1 0

i
; ~D11 = D11; ~D12 =

h
0 D12

i
(16)

~C2 =

" 0 InG
C2 0

#
; ~D21 =

" 0
D21

#
G =

"
AG BG
CG DG

#
(17)

Acl = ~A+ ~B2G ~C2; Bcl = ~B1 + ~B2G ~D21;

Ccl = ~C1 + ~D12G ~C2; Dcl = ~D11 + ~D12G ~D21 (18)

Q}eDt xm OQ=O u}= x@ xQ=W= dT} wvQ} R w 'CU= |v=tR s=o |xOvQ=tWk 'x]@=Q u}= QO
"CU= xOW u=}@ xDUUo u=tR QO u; x@ \w@ Qt

=yQoTL \UwD xOW|Q}oxR=Ov= |=yp=vo}U |=Q@ Q}N-=D |v=tR s=o l} OwHw
|v=tR ,qwtat Cr=L u}= "��t =@ Q@=Q@ OQwNR=@ Q}N-=D u=tR |va}� CU= xOW ZQi
Ci=} QO w p=UQ= QO Q}N-=D 'OQwNR=@ |v=tR Q}N-=D |rY= VN@ xm O};|t V}B
"OwW|t |iQat v[k] 2 Rnv�1 CQwYx@ =yQoTL R} wv Q=OQ@ "OW=@ =yp=vo}U
u=tR QO xO=U sDU}U l} '=yQoTL R} wv uDiQoQ_vQO w Q}N-=D |v=tR s=o l} |=Q@

%OwW|t h} QaD 12 |x]@=Q CQwYx@ xDUUo

XTD[k + 1] = ATDXTD[k] +BTD

"
y[k]

v[k]

#
ym[k] = CTDXTD[k] +DTD

"
y[k]

v[k]

#
(12)

%u; QO xm
ATD = 0; BTD = [I 0]

CTD = I; DTD = [0 sV I] (13)

=yQoTL R} wv w y[k] |x}rw= |xOW|Q}oxR=Ov= |=yp=vo}U 'sDU}U u}= |=y|OwQw
R} wv x=Qty x@ Q}N-=D =@ xOW|Q}oxR=Ov= |=yp=vo}U sDU}U |HwQN w OvDUy v[k]

xm CU= |rQDvm |Q}os}tYD |=Q@ OQwNR=@ |=yp=vo}U xm CU= ym[k] =yQoTL
|=Q@ jwi uw}UqwtQi QO |v=U; |=Q@ xm OW=@|t QoTL R} wv K]U ?} Q[ Sv
|xty |=Q@ ?} Q[ u}= xJv=vJ &OW ZQi u=Um} ?} Q[ u}= =yQoTL |xty
T} QD=t QO =yQoTL |=Q@ =Q?}=Q[ u}= Q_=vDt Q=OQ@ s}v=wD|t 'Ow@v u=Um} =yQoTL
sDU}U u}= QO Cr=L |=yQ}eDt O=OaD ?}DQD u}= x@ [3]"s}vm ?Q[ 13 |x]@=Q OL=w
wO Cr=L |=yQ}eDt ẁtHt =@ Q@=Q@ 12 w 11 |=yx]@=Q R= xOWp}mWD R=@ |xkrL
u}tR C=m} QLD pt=W R=@ |xkrL sDU}U u}= |OwQw w OW Oy=wN 12 w 11 |x]@=Q

"CU=yQoTL |xiwv w

RmQtDtQ}e |rQDvm |=ysDU}U |Ov@s}UkD "2"3
sDU}UQ} R |O=OaD x@ =Q xR=U u; QO xm CU= |tDU}U 'RmQtDtQ}e |rQDvm sDU}U
|L=Q] xOvvmpQDvm l} =ysDU}UQ} R u}= R= l} Qy |=Q@ TBU w Ovvm|t s}UkD
sDU}U u}= ẁv CU= sRq =OD@= RmQtDtQ}e |rQDvm sDU}U l} |L=Q] |=Q@ "Ovvm|t
OQwNR=@ sDU}U T=U=Q@ =Q RmQtDtQ}e |rQDvm |=ysDU}U "OwW XNWt RmQtDtQ}e
RmQtDtQ}e sDU}U w RmQtDtQ}e ,qt=m |rQDvm sDU}U |xvwo wO x@ u=wD|t =yu;
|m =QDW= xvwoI}y =ysDU}UQ} R 'RmQtDtQ}e,qt=m |rQDvm sDU}U QO "OQm s}UkD |} RH
RmQtDtQ}e |rQDvm sDU}U QO =t= "OvQ=Ov x}=Uty |=ysDU}UQ} R |=yOQwNR=@ QO
"OvQ=O l =QDW= x}=Uty |=ysDU}UQ} R |=yOQwNR=@ R=|WN@ QO =ysDU}UQ} R '|} RH
pmW w 'xk@] xU u=tDN=U l} |=Q@ RmQtDtQ}e ,qt=m |rQDvm sDU}U l} '1 pmW

"OyO|t u=Wv u=tDN=U u=ty |=Q@ =Q |} RH RmQtDtQ}e |rQDvm sDU}U l} 2

xDU@ xkrL |rQDvm sDU}U "3"3
sDU}U CU= sRq u; |L=Q] |=Q@ 'RmQtDtQ}e |rQDvm sDU}U ẁv u}}aD R= TB
pQDvm u=wD|t sDU}U u}= |=Q@ "OQw; CUOx@ 10 |x]@=Q |=Q@ =Q xDU@ |xkrL

122



Kqi
xv=o

}V
Q;w

|v=N
|kD

GQw
D

O=H}= =@ u=wD|t =Q RmQtDtQ}e OQwNR=@ 'RmQtDtQ}e |xOvvmpQDvm |L=Q] |=Q@
O=H}= DG w CG 'BG 'AG |xOvvmpQDvm |=yT} QD=t QO |r=N |=[i |=ypOt
"OvwW|t s}UkD xwQoN x@ u pQDvm |wQ}v w y OQwNR=@ p=vo}U Qw_vt u}= |=Q@ "OQm
x@ \ki 'OQ}PB|t CQwY xwQo l} |rQDvm |wQ}v OQwt QO |Q}os}tYD xm |v=tR w
l} p=vo}U QOCU= umtt sDU}UQ} R wO "CU= R=}v xwQo u; Q_=vDt OQwNR=@ p=vo}U
"CU= |} RH RmQtDtQ}e ẁv R= pQDvm CQwY u}= QO xm OvW=@ lQDWt QoTL OvJ =}
'OwQ|t Q=mx@ xOvvmpQDvmV}=Q; QO|mwr@ |Q]k pOt RmQtDtQ}e|xOvvmpQDvm u=}@ |=Q@
(GI ; GII ; :::; andGN ) pkDUt |xOvvmpQDvm N x@ xOvvmpQDvm ?}DQD u}= x@

[3]"OwW|t p}O@D
AG = diag(AGI ; AGII ; :::; AGN )

BG = diag(BGI ; BGII ; :::; BGN )

CG = diag(CGI ; CGII ; :::; CGN )

DG = diag(DGI ; DGII ; :::; DGN ) (24)

%O=O u=Wv 25 \@=wQ CQwYx@ u=wD|t =Q pkDUt |xOvvmpQDvm N u}vJty8<: _xGI = AGIXGI +BGI yI

uI = CGIxGI +DGI yI

:::;8<: _xGN = AGNXGN +BGN yN

uN = CGNxGN +DGN yN
(25)

CUOx@ trace(BTclKBcl)\UwD xDU@ |xkrL sDU}UH2 sQv '1 |Qw�D T=U=Q@
"Ovm|t jOY Q} R |x]@=Q QO w CU= uQ=kDt |U} QD=t K xm 'O};|t

K( ~A+ ~B2G ~C2) + ( ~A+ ~B2G ~C2)K

+( ~C + ~D12G ~C2)T ( ~C1 + ~D12G ~C2) = 0 (26)

xOvvmpQDvm u}= xm s} Q}o@ Q_vQO|W}=Q; |=yO}k =@ =QG|xOvvmpQDvmT} QD=t xJv=vJ
H2 sQv ?}DQD u}= x@ 'Ovm p}O@D(Gd) u=tQ_v OQwt RmQtDtQ}e |xOvvmpQDvm x@ =Q

[9]"s}vm p}O@D O}kt |R=Uxv}y@ |xr�Ut l} x@ s}v=wD|t =Q sDU}U
min J(Gd) = kHzwk22 = trace( ~BT1 K ~B1) and Gd 2 Sf (27)

p�=Ut u}= QDW}@ QO =Q} R 'OW xO=iDU= Bcl |=Hx@ ~B1 R= 27 |x]@=Q QO xD@r=
R= |}xawtHt Sf '27 |x]@=Q QO "OwW|t ~B1 Q@=Q@ Bcl w CU= QiY Q@=Q@ D21
=Q xDU@ |xkrL sDU}U |Q=O}=B xm OvDUy xOWu}}aDV}B R= V}=Q; =@ |}=yT} QD=t

%s}vm|t h} QaD =Q 28 |x]@=Q QO |Sv=Qo q `@=D "Ovvm|t ^iL
`(Gd;K; L) = tracef( ~BT1 K ~B1)

+[K( ~A+ ~B2Gd ~C2) + (A+ ~B2Gd ~C2)TK

+( ~C1 + ~D12Gd ~C2)T ( ~C1 + ~D12Gd ~C2)]Lg (28)

|Sv=Qo q `@=D u=}O=Qo s}v=wD|t 28 |x]@=Q QO |U} QD=t C=@U=Lt R= xO=iDU= =@ p=L

sDU}U H2 sQv "4"3
sQv 'O} Q}o@ Q_vQO =Q 19 |x]@=Q �LTI� u=tR R= pkDUt |]N sDU}U l} |=Q@

[9]%OwW|t h} QaD 20 |x]@=Q CQwYx@ sDU}U H2

_x = Ax+B1w +B2u

z = C1x+D12u (19)

y(t) = C2x+D12w

kHk22 =
Z 1

0
trace

�
h0zw(t)hzw(t)

�
dt =

1
2�
Z 1
�1

trace [H�zw(j!)Hzw(j!)] d! (20)

Qo = "CU= p}O@D T} QD=t GwORt H�zw w sDU}U p}O@D T} QD=t Hzw 'u; QO xm
21 |x]@=Q CQwYx@ 'OW=@ OL=w O}iU R} wv 'w(t) sDU}U |OwQw C=W=WDe=

%OwW|t h}YwD
E [w (t)] = 0
E [w(t)w(t� �)] = I�(�) (21)

|x]@=Q s}v=wD|t 20 |x]@=Q R= ?}DQD u}= x@ 'CU= l =Q}O |=DrO `@=D � 'u; QO xm
%s} Qw; CUOx@ =Q 22

lim
T!1E

� 1
T

Z T

0
z(t)T z(t)dt

�
= kHk22 (22)

|HwQN Tv=} Q=w |xR=Ov= ?v=Ht sDU}U H2 sQv xm OwW|t xOy=Wt ?}DQD u}= x@
|OwQw =@ �sDU}U |HwQN �RMS� C=a@ Qt \UwDt |xW} Q Q=Okt |va}� sDU}U

%s} Q=O 19 |x]@=Q R= xm "CU= OL=w O}iU R} wv
z0(t)z(t) = x0C01C1x+ 2x0C01D12u+ u0D012D12u

sQv Qo}O hQ] R= w OwW|t u=Um} LQG w H2 VwQ x@ |R=Uxv}y@ ?}DQD u}= x@
|iQat 1 |Qw�D CQwYx@ u=wD|t =Q OW |iQat 20 |x]@=Q QO xm p}O@D `@=D H2

"OQm
Q@=Q@ 15 sDU}U 'xDU@ |xkrL LTI sDU}U |=Q@ w ! z R= H2 sQv %1 |Qw�D
CQwYu}= Q}e QO 'OW=@ Dcl 6= 0 =} w OW=@ Q=O}=B=v Acl Qo = &OwW|t C}=yv|@

%CW=O s}y=wN =Q 23 |x]@=Q
kHk22 = trace(CclPCTcl) = trace(BTclKBcl) (23)

sDU}U |=Q@ |Q}PBxOy=Wt w |Q}PBpQDvm |=yu=}t=Qo ?}DQDx@ K w P 'u; QO xm
"OvDUy xDU@ |xkrL

VwQ x@ H2=LQG RmQtDtQ}e |xOvvmpQDvm |L=Q] "5"3
Sv=Qo q T} QD=t ?}=Q[ j} Q] R= sDU}U H2 sQv |R=Uxv}y@

Q_vQO 17 |x]@=Q Ovv=t |}xOvvmpQDvm u=wD|t 19 |x]@=Q |]N sDU}U |=Q@
R=@ |xkrL sDU}U Cr=L |=yQ}eDt O=OaD u=ty |=Q=O G |xOvvmpQDvm "s} Q}o@
T} QD=t ?}DQD u}= x@ w "� AG 2 RnG�nGandnG = noL |va}� 'CU=

"OwW|t G 2 R(nG+nu)�(nG�ny) O=a@= |=Q=O xOvvmpQDvm
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L=Q]C=a=iDQ= |=Q=O �peir 2� swO |x}=B "CU= 27 3 m |rm ZQa |=Q=O ẁtHt QO
R= l} Qy "OvDUy QDt 108 5 `=iDQ= |=Q=O �peir 3� swU |x}=B w QDt 102 4

"Ovvm|t |Q=Oyov =Q p@=m 64 GQ@ wO u}=
|}=H@=H QoTL Q=yJ w GvU?=DW 14 pm O=OaD pB u}= OQwNR=@ sDU}U QO
u=Wv pB QO =Q =yQoTL u}= pLt 4 pmW "OW xDiQo Q_vQO |rQDvm sDU}U |wQ Q@

"Ov=xOW XNWt `@ Qt =@ GvU?=DW w xQ}=O =@ |}=H@=H |=yQoTL "OyO|t
QO� |rw] |=ywQ}v p=ta= |=Q@ pB |xR=U QO l}rwQO}y Qopta 24 O=OaD
Qopta 8 'swO |x}=B w xWQa u}@ Qopta 8 "CU= xOW xDiQo Q=mx@ �x QwLt CyH
u}@ Qopta Q=yJ w pw= x=ox}mD w xWQa u}@ Qopta 4 O=OaD 'swU |x}=B w xWQa u}@
QO =yQopta |Q}oQ=Qk |xwLv '5 pmW QO "OW xDiQo Q_vQO sQ=yJ |x}=B w xWQa

"OyO|t u=Wv =Q |]Uw |=yx}=B R= |m}
w OvDUy 1500 kN C}iQ_ |=Q=O xOWxDiQo Q=mx@ l}rwQO}y |=yQopta
l}t=v}O R= |rQDvm pOt u}= |L=Q] QO "Ov};|t Q=tWx@ p=ai |=yQopta ẁv R=
"Ov=xOW xDiQo Q_vQO p=xO}= CQwYx@ =yQopta w CU= xOW Q_vhQY =yQopta
33 |x]@=Q CQwYx@ l}rwQO}y |=yQopta u}= R= l} Qy |=Q@ sm =L |xrO=at

"uwUQt= p}@ Ow@O=} pB "3 pmW

"pB |wQQ@ =yQoTL |Q}oQ=Qk pLt "4 pmW

"=yGQ@ R= |m} |=yQopta |Q}oQ=Qk |xwLv "5 pmW

%s} Qw; CUOx@ K w L 'Gd V}=yQ}eDt x@ C@Uv =Q
@`=@Gd = 2( ~DT12 ~D12Gd ~C2 + ~DT12 ~C1 + ~BT2 K)L ~CT2 (29)

@`=@L = K( ~A+ ~B2Gd ~C2) + ( ~A+ ~B2Gd ~C2)TK

+( ~C1 + ~D12Gd ~C2)T ( ~C1 + ~D12Gd ~C2) (30)

@`=@K = L( ~A+ ~B2Gd ~C2)T + ( ~A+ ~B2Gd ~C2)L+ ~B1 ~BT1
(31)

=@ =yu; uO=OQ=Qk Q@=Q@ =@ |R=Uxv}y@ |=Q@ |QwQ[ |=y\QW R= xDUO l} 'u}=Q@=v@
%�32 |x]@=Q� OvQ=Qk u}= R= xm Ov};|t CUOx@ 31 =D 29 |=yx]@=Q R= QiY

@`=@Gd = 0; @`= = 0; @`=@K = 0 (32)

CqO=at u}= s}kDUt pL "OW=@ Q=O}=B O}=@ R}v ~A+ ~B2Gd ~C2 \wQW u}= Q@ xwqa w
w @`=@L = 0 \wQW C}=aQ =@ xmv}= uDUv=O =t= 'CU}v |v=U; Q=m |]NQ}e
Ov=wD|t 'CU= @J=@Gd = 0 u=}O=Qo u=ty @`=@Gd = 0 '@`=@K = 0
wO \ki @`=@K = 0 w @`=@L = 0 XNWt Gd l} |=Q@ "OwW `k=w O}it
pLp@=k |v=U;x@ xm OvDUy L w K |=Q@ ?}DQD x@ sy R= pkDUt wv=B=}r |xrO=at
|x}=B Q@ |OOa |=yVwQ R= xO=iDU= =@ =Q sDU}U H2 sQv s}v=wD|t u}=Q@=v@ "OvDUy

%CU= CQwY u}=x@ Q=m VwQ [9]"s}vm xv}y@ u=}O=Qo
@`=@L = 0 %�30 |x]@=Q� 'wv=B=}r CqO=at 'Gd R=UQ=O}=B |xOvvmpQDvml} =@ "1
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x@U=Lt =Q O}OH Gd '20uDw}v |R�wm FBGS VwQ =} w 19GwORt u=}O=Qo

[10]"s}vm|t
w s}vm|t |UQQ@ =Q u; =@ sDU}U uOw@ Q=O}=B =OD@= 'O}OH Gd |x@U=Lt =@ "4
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"CU= xOW
C@Uv QO Oa@ x@ s=30 pmvy |=yQ=OktlD Q}F-=D xm O}O u=wD|t Q=Owtv u}= QO
x@ �G� |rY= sDU}U |x@DQt Vy=m =@ ?}DQD u}= x@ "CU= |} RH Q=}U@ =y ẁtHt
"s} Qw; CUOx@ =Q �Gr� xOWxO=O Vy=m sDU}U s}DUv=wD '�r = 30� x@DQt |U
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"=yu; pm ẁtHt x@ pmvy |=yQ=OktlD |atHD C@Uv "2 Q=Owtv

%CU=
yf = Dd � v (33)

Qy |=Q@ pQDvm |wQ}v =@ Q_=vDt S=Drw |OwQw v 'Dd = 150 kN/V 'u; QO xm
OwW|t xOy=Wt xm Qw]u=ty "CU= Qopta Qy QO xOWO}rwD |wQ}v yf w 'Qopta

"OvUQ|t OwN `=@W= |wQ}v x@ 10 v S=Drw QO =yQopta u}=
|xrO=at xm CU= |O=R; |xHQO 419 |=Q=O pB |m}D=DU= |xDi=}Vy=m pOt

%OwW|t h} QaD 34 |x]@=Q CQwYx@ u; |twta CmQL
M �U + C _U +KU = �M��xg + �f (34)

|}=Q}t 'sQH |=yT} QD=t K;C;M 'sDU}U |}=H@=H MU=B Q=OQ@ U 'u; QO xm
� w 'u}tR |rw] ?=DW �xg 'pQDvm |wQ}v |OwQw Q=OQ@ f 'OvDUy xR=U |DNU w
"OR=U|t \w@ Qt pB |O=R; C=HQO x@ =Q u}tR ?=DW xm CU= l} w QiY R= |Q=OQ@
pB |O=R; C=HQO x@ =Q pQDvm Q=R@= =@ xOWO=H}= |rQDvm |=ywQ}v xm CU= |Q=OQ@ �

|rQDvm pOt QO Cr=L Q}eDt 838 |=Q=O pOt u}= ?}DQD u}= x@ "OR=U|t \w@ Qt
"CU= OwN

pOt |=Q@ xOvvmpQDvm xmv; R= V}B [12]'Vv=Q=mty w l}=O |rQDvm pOt QO
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|rQDvm |=ysDU}UVHvU |=Q@ |}xU}=ktXN=W u}= QO 'Vv=Q=mty wl}=O
J1�J6 |}=OD@= Q=}at VW xm [12]'OvOQm |iQat =Q |@=} RQ= Q=}at 18 O=OaD hrDNt
Q=}at VW u}= s=tD 'OvwW|t hrDNt |=yQDt=Q=B |xv}W}@ |=yMU=B x@ \w@ Qt
Cr=L QO xO=Di=j=iD= |xv}W}@ Q}O=kt x@ xv}W}@ Q}O=kt u}= C@Uv CQwYx@ |}=OD@=
pB |=yMU=B sQv Q}O=kt J7 � J11 |@=} RQ= |=yQ=}at "OvwW|t u=}@ xOWvpQDvm
pB |=yMU=B Q_=vDt |=ysQv x@ C@Uv =ysQv x@ \w@ Qt |=yQ=}at s=tD xD@r= "OvDUy
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|}xmQD pB |rQDvm sDU}U pOt |wQQ@ |r=ta= C=Q}}eD "5
w |v=tR |xOwOLt QO |}xmQD jrat pB pOt |x@DQt Vy=m "1"5

|Ot=U@
'pB pOt |x@DQt Vy=m |=Q@ Vv=Q=mty w l}=O \UwD xOWxDiQo Q=mx@ VwQ QO
xrY=i xDi=}vVy=m pOt p}O@D `@=D R= q=@ |=yOt=U@ QO xDi=}Vy=m pOt p}O@D `@=D
3 |x]@=Q QO Cr=L |=yT} QD=t QO xm |D=Q}}eD ?@Ux@ hqDN= u}= 'OQ}o|t
=yp}O@D `@=D QO hqDN= u}= "O};|t O}OB 'CU= xOWO=H}= D T} QD=t XwYNx@
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125



"""=@
H

2=
L

Q
G

RmQt
DtQ}

e|
xOvv

mpQD
vm|

L=Q]|OwQw C=m} QLD 'OvO=O s=Hv= |Q}oxR=Ov= |=yxiwv w sDU}U |OwQw C=m} QLD OQwt
CQwYx@ w '(Sw = SwwI) OvW=@ xDW=O |v=Um} `} RwD xmv}= ZQi =@ sDU}U
=@ xOW|Q}oxR=Ov= |=yxiwv w &OvOW pOt 'OvwW VR=OQB Q}}eD uwO@ O}iU |xiwv
C@Uv w OvOW VR=OQB |Uwo O}iU pkDUt |=yxiwv CQwYx@ 'u=Um} `} RwD ZQi
OW ZQi 25 xOW|Q}oxR=Ov= |=yxiwv COW x@ sDU}U |OwQw C=m} QLD COW
utr=m QDr}i xm OwW|t u}}aD |DQwYx@ C@Uv u}= "�Sww=Svivj = 
 = 25�
COW C@Uv xm ODi=|t j=iD= u}= |v=tR w Ovm pta xv}y@ CQwYx@ 25|Uw}@

"OW=@ �4 =@ Q@=Q@ sDU}U |OwQw |=yxiwv COWx@ xOW|Q}oxR=Ov= |=yxiwv
|x]@=Q CQwYx@ w OW |L=Q] Cr=L Q}eDt 30 =@ |}xOvvmpQDvm ?}DQD u}= x@

%OW |iQat Q} R
_̂x(t) = AGx̂(t) +BGy(t)

u(t) = CGx̂(t) (38)

w '=yQoTL |=yp=vo}U =@ Q_=vDt BG 'xOvvmpQDvm Cr=L T} QD=t AG 'u; QO xm
"CU= pQDvm |wQ}v p=vo}U =@ Q_=vDt CG

H2=LQG RmQtDtQ}e |xOvvm pQDvm |L=Q] "3"5
j@=]t sDU}UQ} R wO x@ =Q |rQDvm pOt =OD@= 'RmQtDtQ}e |xOvvmpQDvm |L=Q] QO
|rY= |xv=yO \Uw QO |v=WwBsy |=Q=O sDU}UQ} R wO u}= "s}OQm s}UkD 6 pmW
wO xH}DvQO 'OvDUy pB |wQ xOW?Yv QoTL 18 R= QoTL 10 |=Q=O l} Qy w
|wLvx@ ?=DW QoTL wO |v=WwBsy pLt QO "CW=O Oy=wN OwHw lQDWt QoTL

"Ovvm |Q}oxR=Ov= =Q pB CyH Q@ Owta w |rw] ?=DW xm OvDiQo Q=Qk
"OvQopta 24 R= l}rwQO}y Qopta 12 |=Q=O =ysDU}UQ} R u}= R= l} Qy
u}= QO "OwW|t xO=O u=Wv 7 pmW CQwYx@ sDU}U u}= |xOvvmpQDvm |mwr@ V}=Q;
Q@=Q@ |O=a@= 'AG2 w AG1 |xOvvmpQDvm Cr=L |=yT} QD=t R= l} Qy xOvvmpQDvm
18 R= QoTL 10 =@ Q_=vDt s=Om Qy BG2 w BG1 |=yT} QD=t 'OvQ=O 15�15 =@
CLD uwDU wO QO T} QD=t wO u}= xH}DvQO 'OvDUy pB |wQ xOWxDW=Po Q=m QoTL
wO xm BG2 w BG1 |=yT} QD=t R= |}x}L=v 7 pmW QO "OvQ}o|t Q=Qk sy |x}=U
xm OyO|t u=Wv xOvvmpQDvm QO =Q QoTL wO l =QDW= pLt 'CU= xOQwN QwW=y Q=@
Q@=Q@ |O=a@=T} QD=t wO u}= wCU= RmQtDtQ}e |=yxOvvmpQDvm |v=WwBsy u=wvaCLD
|rQDvm p=vo}U Q=yJ =@ Q_=vDt s=Om Qy CG2 w CG1 |=yT} QD=t "OvQ=O 15�10
s=Om Qy DG2 w DG1 |=yT} QD=t C}=yvQO w 'OvQ=O 4�15 Q@=Q@ |O=a@= w OvDUy
Q=Qk sy Q} R QO R}v T} QD=t wO u}= R= uwDU wO xH}DvQO xm OvQoTL 10 =@ Q_=vDt

"pB |xR=U QO xOWu}}aD |=ysDU}UQ} R |v=WwBsy w =ysDU}UQ} R "6 pmW

x@DQt Vy=m pOt wO |}=H@=H p}O@D `@=D |tD} Q=or |=oQR@ Q=Owtv "3 Q=Owtv
"x}rw= pOt w xDi=}

3 Q=Owtv QO u}vJty "CU= �0 7 =]N u}= |xOWp=tQv Q=Okt xm CU= R}J=v Q=}U@
Gz3d17 |=yp}O@D `@=D |=Q@hrDNt |=yOt=U@ QO =Qp}O@D `@=D|tD} Q=or |xR=Ov= xm
GQ@ w xWQa pLt QO |}=H@=H x@ l} QLD u}twU p}O@D `@=D ?}DQDx@ 'OyO|t u=Wv
VwQ x@ xDi=}x@DQtVy=m sDU}U xmCU=XNWt|@ wNx@ Q=Owtv u}= QO "CU= swO
w CUq=@ |=yOt=U@ QO =yp}O@D `@=D QO |O=} R hqDN= |=Q=O Vv=Q=mty w l}=O
w |v=tR |xOwOLt VwQ x@ xDi=}Vy=m sDU}U ?wN j=@]v= =yQ=Owtv u}= u}vJty
=@ Q} R |=yQ=Owtv QO xm |tD} Q=or |=oQR@ "OvyO|t u=Wv x}rw= sDU}U =@ =Q |Ot=U@
hrDNt |=yOt=U@ QO p}O@D `@=D |xR=Ov= sD} Q=or Q@=Q@ 20 'OW |iQat dB OL=w

"CU=
|U} wvR=@ 35 |x]@=Q CQwYx@ 10 |x]@=Q R= xO=iDU= =@ xDi=}x@DQt Vy=m pOt

%OW
_xr = Arxr +B1rug +B2ru

z = Cz1rxr +Dz11ug +Dz12u

ym = Cy2rx
r +Dy

21ug +Dy
22u (35)

w CaQU pt=W u}tR C=m} QLD |va} 'CU= ug =

"
�Ug
_Ug
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x]@=Q u}= QO xm

"CU= ?=DW

H2=LQG RmQtDt |xOvvmpQDvm |L=Q] "2"5
|rQDvm sDU}U OQmrta XN=W H2=LQG RmQtDt |xOvvmpQDvm |L=Q] |=Q@

%OwW|t u=wva 36 |x]@=Q CQwYx@
J = lim

�!1
1
�
E[
Z �

0

�
zT (t)Qz(t) + u2(t)

�
dt] (36)

Q@=Q@ |@} Q[ =@ =Q =yGQ@ T-=Q ?=DW |OQmrta XN=W ?=NDv= =@ xOvvmpQDvm u}=
"Ovm|t |yOuRw q = 1 7� 102

Q = C1acc �

2666664
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

3777775� q � C1acc (37)

=yGQ@ T-=Q ?=DW =@ Q_=vDt xm CU= C1 R= |}=yQ]U pt=W C1acc 'u; QO xm
QO Vv=Q=mty w l}=O xm |D=}[Qi x@ xHwD =@ "OvDUy |@=} RQ= |=yQDt=Q=B QO
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OwW|t xO}O =yQ=Owtv u}= |xty QO xm |R}J "CU= xOW xDiQo Q_vQO =yu; |L=Q]
|xDUO |=yxOvvmpQDvm =@ |}=ypOt QO 'xR=U MU=B QO Vy=m u} QDW}@ xm CU= u}=
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R= RmQtDt |xOvvmpQDvm =@ |rOt x@ \w@ Qt Vy=m u} QDsm w CU= II |xDUO R=
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"swO |x}=B |rw]
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�"5"3� VN@ QO xOWxO=O K}[wD sD} Qwor= R= xO=iDU= =@ w OwW|t s=Hv= �7 pmW�

"O};|t CUOx@ RmQtDtQ}e |xOvvmpQDvm

w RmQtDt |=yxOvvmpQDvm QO |v=tR Q}N-=D uDiQoQ_vQO "4"5
H2=LQG RmQtDtQ}e

CU= x}v=F |r}t 10 =D 5 OwOL QO s}U|@ |=yxOvQ}o w =yxOvDUQi u}@ |v=tR Q}N-=D
u; Q=Okt xm OwW|t xOwRi= xOvvmpQDvm x@ =yxO=O p=kDv= R= |W=v Q}N-=D u; x@ xm
wO u}= ẁtHt "CU= Q}eDt |xO=O p=kDv= CaQU w |Qw@a C=aq]= sHL T=U=Q@
Q}N-=D u=tR R= |W=v u; s_a= VN@ xm OwW|t |rQDvm sDU}U |v=tR Q}N-=D pm Q@=Q@

"CU= \=@DQ= QO
sHL xmv}= p}rO x@ RmQtDt |rQDvm sDU}U QO Q}N-=D u=tR 'Q[=L Q=DWwv QO
7 ms =@ Q@=Q@ RmQtDtQ}e Cr=L QO w 10 ms =@ Q@=Q@ OQ=O OwHw =yxO=O R= |QDnQR@
"OW |iQat |rQDvm |=ysDU}U QO 12 |x]@=Q R= xO=iDU= =@ TBU "OW xDiQo Q_vQO
Cr=L Q}eDt 18 w 38 |x]@=Q O}OH Cr=L |=[i Q}eDt 30 Q=m u}= =@
TBU "Ot; CUOx@ =yQoTL p=vo}U QO |v=tR Q}N-=D |=Q@ 12 |x]@=Q O}OH
p@k CtUk wO QO xm |DQwYx@ H2=LQG RmQtDtQ}e w RmQtDt |=yxOvvmpQDvm
QO |v=tR Q}N-=D w OW x@U=Lt xOt; CUOx@ |rQDvm sDU}U |=Q@ 'OW xO=O K}[wD

"OW xDiQo Q_vQO u; |rQDvm sDU}U

|L=Q] |rQDvm |=ysDU}U R= pY=L G}=Dv |xU}=kt "6
xOW

RmQtDtQ}e w RmQtDt |=yxOvvmpQDvm =@ pB pOt p}rLD R= pY=L G}=Dv CtUk u}= QO
|=yp=vo}U |}x}v=F|r}t 7 w 10 |v=tR |=yQ}N-=D xm |]}=QW QO H2=LQG

|xrRrR CLD 'OW=@ xOW xDiQo Q_vQO =yxOvvmpQDvm u}= |L=Q] QO =yQoTL OQwNR=@
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L=Q]

QO |vwoS=w Qovr QO II w I |xDUO |xOWpQDvm |=ypOt |xU}=kt "7 Q=Owtv
"swO |x}=B |rw] QwLt pwL

pQDvm \UwD xOW pQDvm |=ypOt =@ xOWv pQDvm pOt |xU}=kt "6 Q=Owtv
"swO|x}=B |rw] QwLt pwL QO |vwoS=w Qovr QO I |xDUO |=yxOvvm

"�1940� wQDvUr= |xrRrR CLD xOW|L=Q] |rQDvm |=ysD} Qwor= |=Q@ |@=} RQ= |=yQ=}at |xU}=kt "1 pwOH
|xOvvmpQDvm |xOvvmpQDvm |xOvvmpQDvm |xOvvmpQDvm

|@=} RQ= Q=}atI RmQtDt I RmQtDtQ}e II RmQtDt II RmQtDtQ}e
H2=LQG H2=LQG H2=LQG H2=LQG

0 3605 0 3348 0 3389 0 3344 J1 �X �x� x}=B VQ@ |xv}W}@
1 1126 1 0333 1 0378 1 0322 J1 � Z �z� x}=B VQ@ |xv}W}@
1 2303 1 1425 1 1397 1 1375 J2 �X �x� xWQa K]U QO VQ@ |xv}W}@
1 0462 0 9716 0 9778 0 9707 J2 � Z �z� xWQa K]U QO VQ@ |xv}W}@
0 3302 0 3066 0 3086 0 3045 J3 �X �x� x}=B Qovr |xv}W}@
1 1920 1 1072 1 1106 1 1064 J3 � Z �z� x}=B Qovr |xv}W}@
0 6346 0 5849 0 5961 0 5864 J4 �X �x� xWQa K]U QO Qovr |xv}W}@
1 0980 1 0197 1 0142 1 0187 J4 � Z �z� xWQa K]U QO Qovr |xv}W}@
0 3091 0 2871 0 2886 0 2855 J5 p@=m QO VWm hqDN= |xv}W}@
1 0573 0 9819 0 9881 0 9665 J6 xWQa QO |}=H@=H |xv}W}@
0 3034 0 2818 0 2836 0 2706 J7 �X �x� x}=B VQ@ sQv
1 1030 1 0244 1 0328 1 0233 J7 � Z �z� x}=B VQ@ sQv
1 4922 1 3858 1 3876 1 3263 J8 �X �x� xWQa K]U QO VQ@ sQv
1 0636 0 9876 0 9918 0 9868 J8 � Z �z� xWQa K]U QO VQ@ sQv
0 2910 0 2702 0 2720 0 2616 J9 �X �x� x}=B Qovr sQv
1 0940 1 0160 1 0124 1 0150 J9 � Z �z� x}=B Qovr sQv
0 6463 0 6002 0 6040 0 5991 J10 �X �x� xWQa K]U QO Qovr sQv
1 0895 1 0118 1 0182 1 0108 J10 � Z �z� xWQa K]U QO Qovr sQv
0 0286 0 0256 0 0262 0 0264 J11 p@=m QO VWm hqDN= sQv
0 0026 0 0025 0 0024 0 0023 J12 �X �x� |rQDvm |wQ}v |xv}W}@

0 0 0 0 0 0 0 0 J12 � Z �z� |rQDvm |wQ}v |xv}W}@
0 6771 0 6288 0 6328 0 6139 J13 �X �x� Qopta |x@ Q[ |xv}W}@

0 0 0 0 0 0 0 0 J13 � Z �z� Qopta |x@ Q[ |xv}W}@
0 0033 0 0031 0 0031 0 0029 J14 �X �x� |iQYt u=wD |xv}W}@

0 0 0 0 0 0 0 0 J14 � Z �z� |iQYt u=wD |xv}W}@
0 0005 0 0004 0 0004 0 0004 J15 �X �x� |iQYt u=wD pm

0 0 0 0 0 0 0 0 J15 � Z �z� |iQYt u=wD pm
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|Q}oxH}Dv "7
|=Q@ H2=LQG RmQtDtQ}e sD} Qwor= =@ |rQDvm sDU}U l} |}=Q=m Q=DWwv u}= QO
p}rOx@ w OW |@=} RQ= 'OQ@|t xQy@ s}U|@ OQwNR=@ R= xm |}xmQD jrat pB l}
u=Wv G}=Dv "OW xO=O Vy=m R}v |rQDvm sDU}U |x@DQt 'xR=U uOw@T=}ktnQR@
|=Q@ |Ot=U@ w |v=tR |xOwOLt QO pOt |x@DQt Vy=m VwQ R= xO=iDU= xm O=O
pOt Q@ sm =L |=yOwt w CU= \UwDt =yu; |O=R; |=yxHQO O=OaD xm |}=ypOt
CkO |=Q=O w OW=@ |@U=vt VwQ Ov=wD|t 'OvDUy |YNWt |Ot=U@ |xR=@ |=Q=O

"CU= |@ wN
=@ T=}ktnQR@ |xR=U l} |=Q@ H2=LQG RmQtDtQ}e |xOvvmpQDvm |L=Q]
H2 sQv |R=Uxv}y@ VwQ R= xO=iDU= xm O=O u=Wv s}U|@ |=yQoTL OQwNR=@ sDU}U
|xOvvmpQDvmuOQw;CUOx@|=Q@|@U=vtVwQ Sv=Qo qT} QD=t?}=Q[j} Q]R=sDU}U
sDU}UH2 |xv}y@ sQv uOQw;CUOx@ =@ s=o Qy QO =Q} R 'CU=H2=LQG RmQtDtQ}e
w OwW|t QDl}ORv RmQtDtQ}e |xOvvmpQDvm x@ sDU}U |Q=O}=B |UQQ@ Qw]u}ty w
QO RmQtDtQ}e |xOvvmpQDvm uOQw;CUOx@ |=Q@ |mwr@ hrDNt |=yV}=Q; u}vJty
uDiQoQ_vQO =@ xOvvmpQDvm |L=Q] u}vJty "CU= |vOWp=ta= |DL=Qx@ sD} Qwor= u}=
xm |Qo}O Cq=L x@ C@Uv =yMU=B QO |QDW}@ Vy=m =yOQwNR=@ QO |v=tR Q}N-=D
"OyO|t u=Wv OwN R= 'OW=@ xOWv xDiQo Q_vQO =yxOvvmpQDvm |L=Q] QO |v=tR Q}N-=D

sDU}U |=Q@ =yOQwNR=@ QO xOWxDiQo Q_vQO |v=tR Q}N-=D 'OW xDio xmQw]u=ty
sDU}U |=Q@ =yOQwNR=@ QO xOWxDiQoQ_vQO |v=tR Q}N-=D R= QDnQR@ RmQtDt |rQDvm
|}=yxOvvmpQDvm |va} 'I |xDUO |=yxOvvmpQDvm =@ pOt MU=B 'Ow@ RmQtDtQ}e |rQDvm
pOt xm O=O u=Wv 'CU= xOWvxDiQo Q_vQO =yu; |L=Q] QO OQwNR=@ QO|v=tR Q}N-=D xm
|xOvvmpQDvm =@ pOt R= QDW}@ =Q xR=U |=yMU=B I |xDUO RmQtDtQ}e |xOvvmpQDvm =@
|v=tR Q}N-=D uDiQoQ_vQO =@ =yxOvvmpQDvm |L=Q] "OyO|t Vy=m I |xDUO RmQtDt
|xU}=kt =@ R}v ?r]t u}= xm OW =yMU=B Ow@y@ ?@U R}v OQwNR=@ QO OwHwt
|xDUO H2=LQG RmQtDtQ}e w RmQtDt |xOvvmpQDvm R= pY=L |@=} RQ= |=yQ=}at
H2=LQG RmQtDtQ}e w RmQtDt |xOvvmpQDvm R= pY=L |@=} RQ= |=yQ=}at =@ I
|xOvvmpQDvm R= xOt;CUOx@ |=yMU=B ẁtHt QO "CU= xOy=Wtp@=k II |xDUO
=yxOvvmpQDvm Qo}OMU=B x@C@Uv |QDW}@Vy=m II |xDUOH2=LQG RmQtDtQ}e
1 pwOH R= Q=}at u}twU QO |@=} RQ= |=yQ=}at QO |@ wNx@ xm O=O u=Wv OwN R=

"CU= xOy=Wtp@=k �J-x,J-z�
OwOL QO lJwm |v=tR |=yQ}N-=D |=Q@ |DL xm OW XNWt ?}DQD u}= x@
QO |QDlJwm |v=tR Q}N-=D xm RmQtDtQ}e |xOvvmpQDvm R= xO=iDU= R}v x}v=F|r}t 10
Qw]u}ty w 'OW=@ |@U=vt OQm} wQ Ov=wD|t 'OyO|t X=YDN= OwN x@ =yOQwNR=@
Ov=wD|t =yxOvvmpQDvm |L=Q] QO =yOQwNR=@ QO OwHwt |v=tR Q}N-=D uDiQoQ_vQO

"OW=@ xR=U |=yMU=B QDW}@ Vy=m QO |QF-wt pt=a

=yDWwv=B
1. active variable sti�ness
2. Elecroheological
3. Maghnetoheological
4. actuators
5. real-time
6. embedded computing technology
7. Siljak, D.D. and Lunze, J.
8. passivity
9. stability
10. linear time-invariant (LTI)
11. singular value decomposition
12. truncation balance realization
13. states
14. moment matching based methods
15. Krylov
16. hankel singular values
17. Lyapanov
18. steepest-descent
19. conjugate gradient
20. quasi-Newton
21. Bill Emerson
22. Missouri, USA
23. bench mark
24. singular perturbation approximation
25. Kalman-Bucy �ltering
26. El Centro
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