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[21]"OwW|t u=}@ un+' u=mtQ}}eD Q=Okt R=
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|v=}t Q}O=kt w 0 < ' � 1 '|HQ=N |wQ}v F 'sQH M '?=DW �u 'x]@=Q u}= QO
%OvwW|t u}}aD 15 |x]@=Q R= |HQ=N Q=@ w u=mtQ}}eD

un+' = (1� ') un + 'un+1

Fn+' = (1� ') Fn + 'Fn+1 (15)

"OQm x@U=Lt lQ=tw}v \@=wQ R= xO=iDU= =@ u=wD|t =Q ?=DW w CaQU |=yu=O}t
'OwW|t x@U=Lt VvD u=O}t R= OwOLt |=RH= |=yVwQ QO P xm u; p}rOx@

"OwW|t KQ]t CQwY u}= x@ �[19]Twvi w |r� VvD |x@U=Lt |xr�Ut
xm|r=L QO f"n+' ; "pn ; ~"png |xOW xO=O |=yQ}eDt |xawtHt |=Q@
O}=@ f�n+'; "pn+1; ~"

p
n+1g |=yQ}eDt |xawtHt '"n+' = r(s)un+'

u=}@ 16 |x]@=Q CQwYx@ tn+' s=o QO VvD '5 |x]@=Q x@ xHwD =@ "OvwW x@U=Lt
%OwW|t

�n+' = ��n+' (1� dn+') (16)

%OwW|t |U} wvR=@ 17 |x]@=Q CQwYx@ QF-wt VvD w
��n+' =E0 :

�
"n+' � "pn+'

�
= 2G �"n+' � "pn+'

�
+ �

�
�n+' � �pn+'

�
I (17)

|xm} QwUv=D Qov=Wv I w � = tr " '16xtr C@=F � w |WQ@ pwOt G 'x]@=Q u}= QO
18 |x]@=Q R= |Q}tN VvQm |v=}t Q=Okt '15 |x]@=Q x@ xHwD =@ "CU= wO |xHQO

%O};|t CUOx@
"pn+' = (1� ') "pn + '"pn+1 = "pn + ' (�"p) (18)

VvQm w 'VvQm 'x}rw= |a=HDQ= |DNU QwUv=D ?}DQD x@ "p w " 'E0 'x]@=Q u}= QO
|xQwLtlD |@=QN Q}eDt wO T=U=Q@ d Q}eDt "CU= |@=QN Qr=mU= Q}eDt d w |Q}tN

"�6 |x]@=Q� OwW|t u}}aD dc |Q=Wi w dt |WWm

d = 1� [1� dc (~"pc)]
�1� r ��̂�� dt (~"pt )

�
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1� �

h
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%O};|t CUOx@ 9 |x]@=Q R= xm CU= pOt C@=F 
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�
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(1� �)� (1 + �) (11)
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xO=iDU= 10xDU@=wQ}e u=} QH `@=D R= pOt u}= QO "CU= C@Ft xQ=wty =yu; Q=Okt xm
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%OwW|t

_"p = _� @�
@��

= _�
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�s
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!
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2

�sn+1
k�sn+1k + �pI

3
!

���p = ���p (25)

|x]@=Q u=wD|t '���p = ��p w �� = � |}xLiY VvQm =} w |Oa@xU Cr=L QO
%OQm |U} wvR=@ 26 |x]@=Q CQwYx@ =Q 19

��n+1 = �trn+1 ���
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2
�sn+1
k�sn+1k + �pI
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Q@Dat |}xLiY VvD p�=Ut |=Q@ 28 \@=wQ xm CW=O xHwD O}=@ "OvDUy uwtR;
Q}O=kt 'CU= xOW xO=O K}[wD [23]u}W}B |=yVywSB QO xm |OvwQ Q=QmD =@ "CU}v
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w |Q=QmD C=}rtal} |] '~"p |oOvwWCNU Q}eDt H = h�r�̂�� 'x]@=Q u}= QO
x@U=Lt 'CU= �̂� w �� '~"p R=|a@=D xm �30 |x]@=Q�|]NQ}e |xrO=atl}pL R=
20|Q}tN |Q=oR=U \QW |=RHt Cr=L '|Q=QmD C=}rta u}= pw] QO "OwW|t

%�31 |x]@=Q� OwW|t p=ta= O}k l} u=wvax@
F
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xO=iDU= �� |=H x@ � R= '\@=wQ QO |WQ=ov |=y|oO}J}B R= |Q}oW}B CyH
|x@U=Lt |=Q@ 'CU= |]NQ}e |xrO=at l} 30 |x]@=Q xm u; p}rO x@ "CU= xOW
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�̂�n+' w ~"pn+� R= |a@=D dn+' xm u; p}rO x@ "O=O V}=tv (�dn+'��n+')

|@=QN KqY= 'OvwW|t u}}aD |Q}tN KqY= |xrLQt QO pt=mQw]x@ xm CU=
QO �"p |x@U=Lt |=Q@ "OQ}PB|t s=Hv= |Q}tN KqY= R= xv=o =OH CQwYx@
x]kv |rm VwQ R= xO=iDU= =@ '13 |xrO=at QO |Q}tN VvQm MQv R= '18 |xrO=at

"�21 |x]@=Q� OwW|t |Q}op=QoDv= '|v=}t�
�"p = �� @'
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CQwYx@ ("pn+1) |v=tR s=o |=yDv= QO |Q}tN VvQm Q=Okt '18 |x]@=Q x@ xHwD =@
%O};|t CUOx@ 22 |x]@=Q

"pn+1 = "pn+' + (1� ') �"p (22)

~"pn+� '3 |x]@=Q R= xO=iDU= w |v=}t� x]kv |rm VwQ R= xO=iDU= =@ 'x@=Wt CQwYx@
"OwW|t x@U=Lt

|xr�Ut w CmQL |xrO=at pL |=Q@ |v=}t� x]kv |rm VwQ xm u; x@ xHwD =@
|=Q@ 18Qrw= |xOvwQTB |xOW=H@=H VwQ R= 'CU}v Xkv uwO@ VvD |x@U=Lt
xm u; |=H x@ 'VwQ u}= QO [21]"OwW|t xO=iDU= VvD |x@U=Lt |xr�Ut pL
tn+' QO 'OvwW x@U=Lt tn+1 u=tR QO Qo}O |rN=O |=yQ}eDt w |Q}tN VvQm
|v=tR |xR=@ QO Qrw= |xOvwQTB |xOW=H@=H VwQ 'u}=Q@=v@ "OvwW|t x@U=Lt
|xr�Ut xm OwW|t Qrw= |xOvwQTB |rY= VwQ l} x@ p}O@D [tn+'�1; tn+']

%OwW|t KQ]t CQwY u}= x@ u; QO VvD |x@U=Lt
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p
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u; w [22]'CU= Q=O}=B |O}k I}y uwO@ |]NQ}e p�=Ut pL QO Qrw= |xOvwQTB
'CU}v Qrw= |xOvwQTB |xOW=H@=H w |rY= |=yVwQ u}@ |}x}=B Cw=iD I}y xm
"OW=@ Q=O}=B |O}k I}y uwO@ R}v Qrw= |xOvwQTB |xOW=H@=H VwQ xm OwQ|t Q=_Dv=
Qrw= |xOvwQTB |rY= VwQ VQ=ov |xwLv R= '\@=wQ G=QNDU= QO CrwyU CyH
'p=Ft |=Q@ "CU= xOW xO=iDU= xOW=H@=H w |rY= VwQ wO Qy |=Q@ (' = 1)

%OwW|t |U} wvR=@ 23 |x]@=Q CQwYx@ �"p

�"p = �� @'
@��n+1
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%O};|t CUO x@ 24 |x]@=Q R= QF-wt VvD
��n+1 = �trn+1 � �2G�"p + �����pI
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"OwW s=Hv= u; |wQ Q@ Q=QmD C=}rta O}=@ |]NQ}e |xrO=at pL QO xm CU= |Q}eDt
OwW|t x@U=Lt |}xvwo x@ QF-wt VvD 'ZwQit |oOvwWCNU Q}eDt l} |=Q@
|x]@=Q� s}rUD `@=D |xOW=RHt Cr=L "Ovm =[Q= =Q 31 |Q}tN |Q=oR=U \QW xm

%OwW|t u=}@ 43 |x]@=Q CQwYx@ �7
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= �
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�
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�� �
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|x]@=Q QO 29 w 28 \@=wQ |Q=Po|=H =@ "CU= 22O}=U} wy `@=D H x]@=Q u}= QO
%OwW|t u}}aD 44 |x]@=Q CQwYx@ � Q=Okt '43
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�
�
Itr1
�
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� �
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H((��̂�max)n+1) w �� = �n+1H((�̂�max)n+1) x]@=Q u}= QO
"OyO|t V}=tv =Q C=@U=Lt s=Hv= |xwLv CQ=Jwri '6 pmW

|HvUCLY "6
Cr=L QO CQ=UN� |Q}tN pOt |R=UxO=}B |HvUCLY Qw_vtx@ 'CtUk u}= QO
8 u=tr= l} QO Twm =@; Q=Ri=sQv w xOWx}yD |xt=vQ@ R= xOt;CUOx@ G}=Dv '|Oa@xU
xU}=kt Qo}Om} =@ hrDNt |=y|Q=PoQ=@ CLD �|Uwo |x]kv 8 =@� |@amt |}xQo
|r Q=DWwv swO p=Ft QO xOWh} QaD C=}YwYN x@=Wt 'uD@ C=}YwYN "OvwW|t
w |WWm |xQwLtlD |=y|vLvt sUQ Qw_vtx@ w xOW xDiQo Q_v QO [12]Twvi w
"�4 pwOH� CU= xOW xO=iDU= Q=DWwv u; QO xOWx�=Q= Q}O=kt w \@=wQ R= |Q=Wi
QO x}rw= s}rUD VvD ?}DQDx@ fc0 w ft0 'x}rw= |a=HDQ= pwOt E0 'pwOH u}= QO
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Abstract
In the present paper, the detailed mesostructure of con-
crete is geometrically generated and its compressive
strength is numerically estimated using the 3D �nite ele-
ment method. The models contain two phases of mortar
and coarse aggregates. The FE models of concrete are
cubic in shape, with a side length of 80 mm. Aggregates
are assumed to be spherical and behave in a linear elastic
manner. The famous Fuller formula is utilized for the
aggregate grading curve, and the simple sequential in-
hibition (SSI) technique is employed to �ll the concrete
cubes with the particles. Only aggregates bigger than
4.75 mm in diameter (gravel) are modeled, i.e., the par-
ticles smaller than 4.75 mm in diameter (sand) are not
considered individually and assumed to be part of the
homogenized nonlinear cement paste. A modi�ed ver-
sion of the plastic-damage model, proposed by Lee and
Fenves [J. Lee, G.L. Fenves, International Journal for
Numerical Methods in Engineering 50 (2001) 487-506],
has been adopted to simulate the inelastic response of
the mortar. This constitutive model incorporates two in-
dependent hardening variables, namely; equivalent ten-
sile and compressive plastic strains, and, thus, is capable
of tracing damage evolution due to both tensile crack-
ing and compressive crushing. In the �rst stage, the
numerical implementation of the plastic-damage model
is presented and then its validity is examined in a 3D
FE element. Next, the e�ects of aggregate volume frac-

tion, aggregate maximum diameter, and aggregate elas-
tic modulus on concrete compressive strength are stud-
ied. It is shown that: (1) compressive strength remains
constant for specimens with aggregate volume fractions
of up to 50%, and then increases signi�cantly with grain
content, (2) for the range of aggregate volume fractions
studied in this paper, the maximum aggregate size has
little in
uence on compressive strength, and (3) any in-
crease in the elastic modulus of aggregates accentuates
stress concentration near the aggregates, and, thus, re-
duces the compressive strength of concrete samples. Fi-
nally, the results are satisfactorily compared with those
presented by other researchers.
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