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|=yQ=w}O OwHw C}ty= p=L u}a QO "OvDUy Q}eDt |DNU |=Q=O x} wQu=}t
=@ x} wQu=}t |=yu=tr= R= w CU= xDiQo Q=Qk |UQQ@ w xHwD OQwt R}v |v=W}B
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xO=O V}=Ri= =Q =yu; |ak=w |m}v=mt Q=DiQ QDj}kO u=}@ |=Q@ |}=ypOt |xaUwD
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|Q}opmW |r=wD pQDvm =@ ut}y "OW xDiQo Q=mx@ [2]ut}y \UwD sU}v=mt VwQ
xO}UQ sU}v=mt |xrLQtx@ xm |}=yTwk QO =Q VR} QwQi |k}kL Q}Ut =ypYit
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w |Oa@ wO |=ypOt '2005 p=U QO |WywSB QO "Ov=xOW O=yvW}B |ovU |Uwk
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C=a]k |Q=Wi w |m =m]Y= T=tD X=N ẁv s}_vD |=Q@ OwOLt u=tr= R}r=v; QO
u; |wQ R} Qm =N =@ T=tD QO R}v w Qo}Om} =@ Q@ Q=@ Twk |=ylwr@ Q}_v pYivt
'sDU}U |DNU T} QD=t QO \ki =yu=tr= u}= "s}DUy x} wQu=}t |=yu=tr= OvtR=}v

[8]%CW=O s}y=wN =Q 7 |x]@=Q xH}Dv QO w CW=O Ovy=wN syU
keae = F e (7)

|=y|}=H@=H Q=OQ@ ae w �8 |x]@=Q� |U=tD |=yu=tr= |DNUT} QD=t ke 'u; QO xm
w �9 |x]@=Q� x} wQu=}t u=tr= QO T=tD Kw]U x@ \w@ Qt ha=[t |=yxQo |r=kDv=

"CU= u; |=ywQ}v Q=OQ@ F e

ke =
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A
BTDBdA; D =

2664 ks1 0 0
0 ks2 0
0 0 ks3

3775 (8)
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ui
vi
wi

9>>=>>; (9)

|@Uv |}=H@=H Q=OQ@ x@ =Q |}xQo |}=H@=H Q=OQ@ xm CU= |U} QD=t B '\@=wQ u}= QO
x} wQu=}t u=tr= |DNU ?}DQDx@ kn w ks w 'Ovm|t \@DQt T=tD K]U wO u}@
ks '|}=OH uwO@ p=YD= |=Q@ "OvDUy T=tD K]U Q@ Owta w T=tt |=DU=Q QO
'|]N |xOwOLt QO |ak=w p�=Ut p}rLD |=Q@ "OvOwOLt=v |Qw�D CQwYx@ kn w
w ks Q}O=kt ?}DQD u}O@ "OwW|t OwOLt=v Q=Okt u}= u} Ro}=H |oQR@ OOa ,qwtat
=@ xU}=kt QO uOWxDU@ w u=UWm VRer xm OvwW ?=NDv= |}xvwo x@ Ovv=wD|t kn
uDiQoQ_vQO nQR@ =@ "OW=@ |WwBsWJ p@=k T=tD K]U Qw=Ht |=yu=tr= |}=H@=H
|=Q@ 5ha=[t CkO R= ,qwtat "OwW|t |Q}owrH |OOa O@ \}=QW R= =ykn w ks
=@ T=tD Kw]U |]NQ}e Q=DiQ "OwW|t xO=iDU= |QDw}Bt=m |OOa p}rLD QO =yQ}eDt
"OwW h}YwD |DUQO x@ O}=@ p=YD= |xLiY w CU= xOW p=ai |oOW=OH w VRer
xm |v=tR T=tD C=LiY |oOW=OH '|WWm Ctw=kt uwO@ T=tD K]U l} |=Q@
|=Q@ s}rUD `@=D "OyO|t MQ �OwW C@Ft� OwW |WWm T=tD |xLiY p=tQv |wQ}v

%CU= 10 |x]@=Q CQwYx@ Cr=L u}=
Fn = tn (10)

Kr=Yt |Q=DiQ |=ypOt
O=wt |Q=DiQ pOt u=}@ |=Q@ s}rUD |=yQ=}at uOQmxrwtQi Qw_vtx@ |}xOta |=yVqD
l} |=Q@ \ki =yQ=}at ?re= "CU= xDiQo CQwY xDWPo p=U 100 |] hrDNt
|x}=B Q@ OQ=wt |Q=}U@ QO =yl =N |Q}tN |Qw�D "OvDUy ?U=vt X=N |xO=t ẁv
?trwm� Qywt Q=}at T=U=Q@ nvU |Q}tN |Qw�D w 'CU= Qo =QB� Qm =QO s}rUD Q=}at

%OwW|t h} QaD 1 |x]@=Q =@ xm 'CU=
j� j = c� � tan� (1)

=yu; |wO Qy w CU= |rN=O l =m]Y= |x} w=R � w |oOv@UJ c 'x]@=Q u}= QO
u=Wv � � � |xLiY QO =Q Q=}at u}= '1 pmW "Ov};|t CUOx@ V}=tR; R=
|Q=Wi s}rUD VvD f 0c w |QwLtlD VWm QO |WWm s}rUD VvD f 0t Qo = "OyO|t
|=Q@ u}vJty u=wD|t =Q ?trwm� Qywt Q=}at 'OW=@ |QwLtlD Q=Wi uwtR; QO

%CWwv 2 |x]@=Q CQwYx@ j�1j � j�2j � j�3j
f 0t = 2c cos�

1 + sin�
; f 0c = 2c cos�

1� sin�
(2)

CU= RU}t� uw pOt R= xOWKqY= |xO=U pOt l} '�1952� Qo =QB� Qm =QO Q=}at
"OyO|t u=Wv |oDN}Uo |wQ Q@ =Q l}D=DU=wQO}y Q=Wi Q}F-=D xm

f(I1; I2) = �I1 +
p
I2 � k = 0 (3)

I1 = �1 + �2 + �3 (4)

|=Q@ x=ov; "CU= VvD swO Q}eDt=v I2 w O=wt |=yC@=F k w � '3 |x]@=Q QO xm
%CW=O s}y=wN =Q 5 |x]@=Q |QwLtlD Q=Wi w |QwLtlD VWm

f 0t =
p3k

1 +
p3�; f 0c =

p3k
1�p3� (5)

p}rOx@ xm CU= C}ty= R�=L xDmv u}= QmP |ovU |Uwk |=ypB Kr=Yt OQwt QO
CtUk hPL =@ x=Qty |oDN}Uo |=yQ=}at R= O}=@ VWm QO =yu; sm Ctw=kt

[7]"OyO|t u=Wv =Q Qo =QB� Qm =QO Q=}at '2 pmW "�6 |x]@=Q� OQm xO=iDU= VWm
� = c cot� (6)
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4



|Ot
L=

|kD
OtL

tw
|@}

@LR
=Qi=

s}Qt

[7]"|Dr=vB |]NQ}e Pwiv� Q=Wi \@=wQ "4 pmW

"x}wQu=}t |=yu=tr= QO Q}eDt p=tQv |DNU |=yQDt=Q=B "1 pwOH
1 ki ?} Q[

0 001 �
ki
kf

� |}=yv x@ x}rw= |DNU C@Uv
0 003 (d) wO |x@DQt |xOwOLt |q=@ OL QwDm =i ?} Q[
0 1 � e

d
� wO |x@DQt |xOwOLt C@Uv u}}=B OL

0 (c0) QiY |U=tD Q=Wi QO |oOWR=@

'c0 |oOWR=@ R= QDnQR@ Q}O=kt |=Q@ T=tD Q=Wi xm p=aiQ}e T=tD |xOwOLt "1
"Ov=t|t |k=@ QiY

?}W =@ |]N CQwYx@ T=tD Q=Wi xm C@=F |x}rw= |Dr=vB |DNU |xOwOLt "2
u=tr= pw] �1� e =D c0 |xOwOLt QO �p=YD= Qw=Ht p=tQv |DNU u} QDtm � ki

"Ovm|t Q}}eD �p=YD= Qw=Ht
|xOwOLt QO wO |x@DQt `@=D CQwYx@ T=tD Q=Wi xm |oOvwWCNU |xOwOLt "3
100� kf =D |]N Qw]x@ |Dr=vB |DNU w �p=YD= Qw=Ht u=tr= pw] �3� d =D e

"Ovm|t Q}}eD �p=YD= Qw=Ht u=tr= |DNU u} QDtm Q@=Q@
?}W =@ |]N CQwYx@ T=tD Q=Wi xm C@=F |}=yv |Dr=vB |DNU |xOwOLt "4

"Ovm|t Q}}eD kf
|=yu=tr= R= xO=iDU= hOy x@ xHwD =@ =yu; |xR=@ w xOWxDio |=yxOwOLt Q}O=kt
QO QwmPt |=yxOwOLt Q}O=kt ?=NDv= OwW|t O=yvW}B =Pr 'CU= Q}}eD p@=k |U=tD
Qw=Ht |=yu=tr= pw] L w p=YD= Qw=Ht |=yu=tr= |v=UWm pwOt E� 10EL OwOL
xOW xOQw; 1 pwOH QO QwmPt |=yQDt=Q=B |=Q@ |O=yvW}B Q}O=kt [10]"OW=@ �p=YD=
"Ow@ Oy=wNv QiY Qo}O c0 Q=Okt 'OQ=O OwHw x}rw= |oOWR=@ xm |r�=Ut QO "CU=
"OWN@|t Ow@y@ =Q uDw}v VwQ |=yQ=QmD uOW=Qoty 'x}rw= |Dr=vB |DNU uOw@u}}=B
xov T=tD Q=Wi p@=kt QO |rw@k p@=k K]U QO =Q Pwiv q=@ |}=yv |DNU xmv; p=L

R= xm CU= |U=tD Q=Wi tn w CU= T=tD K]U p=tQv |wQ}v Q=OQ@ Fn 'u; QO xm
%OwW|t u}}aD 11 |x]@=Q

tn = kn�n (11)

u=wD|t T=tD K]U |=Q@ "CU= p=tQv |=DU=Q QO |@Uv |}=H@=H �n 'x]@=Q u}= QO
%CiQo Q_v QO 12 |x]@=Q CQwYx@ s}rUD `@=D QOT |WWm Ctw=kt l}

Fn = tn � T (12)

`@=D R= xO=iDU= =@ w 'OyO|t MQ Q}PB=vCWoQ@ VRer 'O@=} V}=Ri= |WQ@ VvD Qo =
%CW=O s}y=wN =Q 14 w 13 \@=wQ ?trwm� Qywt s}rUD

Fs = ts � S (13)

tsi = ksi�si; i = 1; 2 (14)

|}=H@=H xir-wt �si w T=tD K]U QO pm |U=tt |wQ}v Q=OQ@ Fs '\@=wQ u}= QO xm
Ov};Q@ tsw |WQ@ Ctw=kt S"CU= |WQ@ |wQ}v xir-wt tsi w T=tt |=DU=Q QO |@Uv

"OW=@ |t K]U OL=w QO |WQ@ |wQ}v
ts =

q
t2s1 + t2s2 (15)

S =

8<:0 Fn � 0
tn tan� Fn � 0

(16)

x@ u=wD|t =yu; `=wv= R= xm 'OQ=O OwHw =yO}k u}= p=ta= |=Q@ |irDNt |=yVwQ
uOQmO}kt |=yVwQ ?re= QO "OQm xQ=W= xDi=}s}taD Sv=Qo q ?�=Q[ w |Dr=vB VwQ
'Ovvm|t QD|vqw] =Q pL u=tR ?}=Q[ u}= "OQm xO=iDU= Sv=Qo q ?}=Q[ R= u=wD|t
q=@ |=y|DNU QO |OOa ?wr]t=v \}=QW R= pY=L |OOa |=y=]N RwQ@ R= |rw
uOWsQv "CU=?U=vDt Pwiv Q=Okt =@ T=tD |wQ}v |Dr=vB VwQ QO "Ovvm|t |Q}owrH
OyO Vy=m OL R= V}@ =Q T=tD uOWO}kt Ov=wD|t |Dr=vB VwQ =@ \@DQt |OOa
sy w |]N CQwYx@ sy |Dr=vB VwQ "Ovm sm =Q p}rLD R=}vOQwt |=yQ=QmD O=OaD w
xm |]N Cr=L QO '3 pmW j@=]t "Ovm u}t[D =Q 11 |x]@=Q Ov=wD|t |]NQ}e
VwQ =@ "CU= |]N Q=Wi w Pwiv u}@ |x]@=Q 'CU= hwQat C@=F |DNU Cr=L x@
w x}rw= |DNU u} QDtm |xOwOLt QO |]N xU CQwYx@ |DNU '|]NQ}e |Dr=vB

"O@=}|t V}=Ri= C@=F CQwYx@ |}=yv |DNU u} QDW}@
OQ=O XNWt |xOwOLt 4 Pwiv� Q=Wi |vLvt '|]NQ}e |Dr=vB Cr=L QO =Pr

%R= Ov=CQ=@a xm '�4 pmW�
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0 23 0 23 [13]uwU;wB ?} Q[
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37 55 |rN=O l =m]Y= |x} w=R
7 10 [5]`=UD= |x} w=R

0 9 u}@ l =m]Y= ?} Q[
[5] (�s) =yj=] nvU

0 6 u}@ l =m]Y= ?} Q[
[5] (�bf ) R} Qm =N w Twk

"OwwDUQB pB |xUOvy "5 pmW

|v=W}B |=yQ=w}O uDiQoQ_vQO uwO@ pB =OD@= xm CU= xvwou}O@ |R=UpOt OvwQ
10 x@ Q@ Q=@ Twk "OwW|t pOt u; |wQ Q@ xDiQoQ=Qk R} Qm =N w Q@ Q=@ Twk =@ \ki w
|=yu=tr= u}@ xH}DvQO 'CU= xOW xDiQo Q_v QO xJQ=Bm} R} Qm =N w s}UkD nvU
xOW C@=F u}tR x@ hm w Q=vm R= pB "CU= xOWv ZQi x} wQu=}t |=yu=tr= R} Qm =N
|=yu=tr= R= |]NQ}e pOt QO "�CU= xOW O}kt |O=R; C=HQO s=tD |va}� CU=
|xOwD x@ Q@ Q=@ Twk p=YD= u}vJty w Qo}Om} x@ =yj=] nvU p=YD= |=Q@ x} wQu=}t
Q}O=kt u=ty =yu=tr= u}= |=Q@ xDiQQ=mx@ |=yQDt=Q=B xm CU= xOW xO=iDU= R} Qm =N

"CU= 1 pwOH QO OwHwt
7|}xQo 20 |QH; |=yu=tr= R} Qm =N w Q@ Q=@ Twk |=Q@ xDiQQ=mx@ |=yu=tr= ẁv
|Q=PoQ=@ CLD pB u}= [14]"CU= xOW ?=NDv= Twm =@; Q=Ri=sQv |xv=N@=Dm R= xm CU=
Q=}at xm CW=O xHwD O}=@ "CU= xDiQo Q=Qk s=Oyv= |xrLQt =D xv=yO sQ=yJ l} QO
R}v =ypYit uOWR=@ ?}DQD w CU= |rYit 4 sU}v=mt p}mWD 'pB |oDN}Uo
'xv=yO \Uw QO |Oa@ pYit 'Q=@ Q} R QO pYit u}rw= |ak=w uwtR; QO "OQ=O C}ty=
QN; pYit w 'CU= xOW p=ta= Q=@ xm |DtU QO Q@ Q=@ Twk |=B QO swU pYit
Q=Okt p=L u}a QO w OwW|t R=@ Q=@ p=ta= hr=Nt CtU QO Q@ Q=@ Twk |=B QO
uDw}vwr}m 228 Q@=Q@ 'CU= xOt;CUOx@ pLt QO V}=tR; R= xm pB |oDN}Uo Q=@

[1]"CU= xOW VQ=Ro
|=yu=tr= R= w xOW ZQi u=UWm Kr=Yt s=tD |]N ,qt=m Cr=L p}rLD QO
Q=Okt 'OwW|t xO}O hr=6 pmW QO xm xvwou=ty "CU= xOWv xO=iDU= x} wQu=}t
QDt|Dv=U 0 78 R} Qm =N |wQ Q@ |vDw}vwr}m 228 Q=@ |=R= x@ Q=@ Q} R QO s�=k u=mtQ}}eD

j}@]D 'RQO |ak=w Q=DiQ =@ ?D=Qt x@ |R=UpOt |xwLv u}= xm CU=O}B "OQ=O|t
"CW=O Oy=wN |QDW}@
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the quarter point of the bridge span. Despite other mod-
els, the aforementioned modeling strategy could yield a
similar collapse mechanism to that of the prototype, and
the ultimate failure load is achieved with only 1.3 per-
cent error, in respect to the experimental one.

Key Words: stone arch bridge model, interface element,
failure load.
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Abstract
In recent years, great interest has been shown towards
the e�ective modeling of masonry arch bridges. How-
ever, the issue of an e�cient model is a controversy
among researchers with contrasting strategies. The fact
that there are a great number of stone arch bridges
in Iran (about 3300), most of which serve the railway
network, makes the issue very crucial in terms of road
network vulnerability, due to their unknown behavior
against usual and unusual loads. In this paper, a non-
linear 3D �nite element method is employed in order to
determine the ultimate failure load of stone arch bridges.
Most of these bridges are composed of three structural
parts; arch barrel, back�ll and spandrel walls. How-
ever, because of simpli�cation in modeling masonry arch
bridges in some research, spandrel walls are neglected.
An e�cient description of the material properties of these
parts has great in
uence on the accuracy of the result-
ing ultimate failure load. Experience has shown that the
elastic modeling of these systems could not yield a rea-
sonable behavior. Also, even if only nonlinear models of
di�erent contacts are used, in some cases, the analysis
results would not be satisfactory. It is understood that
accurate results could be achieved even by simple Mohr-
Coulomb models for the barrel arch and spandrel walls.
At the same time, the Drucker-Prager material law for
the back�ll, along with appropriate modeling of the con-
tact surfaces of di�erent materials, should be used. It
is shown that hardening sti�ness in the pressure over-
closure of hard contacts should not be neglected. In
addition, the important role of spandrel walls has to be
accounted for in a 3D analysis model. Indeed, the for-
mer improves the bridge's failure mechanism, whereas
the latter restrains the bridge's lateral deformations. To
validate the proposed model, an actual failure test on the
Prestwood Bridge is considered. According to the actual
failure test, the proposed model is subjected to a load at


