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"ii = "11 + "22 = 0 (32)

Q=DiQ '|OL |=yp}rLD QO xm CU= |QwQ[ xDmv u}= QmP 'jwi ?r=]t Q@ xwqa
MQv 'Q=DiQ u}= x@ xHwD =@ "OwW|t xDiQo Q_v QO |Q}tN � ?rY CQwYx@ Kr=Yt
u=wD|t xr�UtC}rm uDiQu}@ R= uwO@ u}=Q@=v@ w OQ=Ov xr�Ut pL QO |Q}F-=D =yCaQU

%OwW Q=QkQ@ 33 |x]@=Q xm OQm ?=NDv= |wLv x@ =Q =yCaQU MQvZ



f :ud
 +
Z
�

T:ud� = 1 (33)

^=Lr |Q}tN |Q=oR=U <=[Q= |=Q@ 31 |x]@=Q x@ \w@ Qt O}k sy CQwY u}= QO
"OwW|t QDxO=U |@=}xv}y@ |xr�Ut |yOpmW sy w CU= xOW

|[=} Q |@=}xv}y@ |xr�Ut p}mWD "6"2
'|HQ=N pO=at Q=@ R= |@} Q[ \UwD p=wR O=H}= ZQi =@ '1 |xrO=at x@ xHwD =@

%CW=O s}y=wN =Q 34 |x]@=Q

�(
Z
�

T:u d� +
Z



f :u d
) �
Z



�T :" d
 (34)

=Q 35 |x]@=Q u=wD|t u}=Q@=v@ "CU= |HQ=N |=yQ=@ ?} Q[ � 'x]@=Q u}= QO xm
%CWwv

� �
R


�T :" d
R

�
T:u d� +

R



f :u d

(35)

'CU= xOW u=wva 33 |x]@=Q QO xm |[Qi =@ w xr�Ut C}rm uDiQu}@ R= uwO@
%CW=O s}y=wN =Q 36 |x]@=Q

� �
Z



�T :" d
 (36)

|=yu=O}t R= |m} R= xm |rN=O |iqD= u=wD Q=Okt u} QDtm xm Ovm|t u=}@ 36 |x]@=Q
OL u}=Q@=v@ "CU= p=wR |ak=w Q=@ ?} Q[ u=ty 'OwW|t pY=L Q=oR=U CaQU
CUOx@ |[=} Q |@=}xv}y@|xr�Ut l} pL =@ u=wD|t =Q p=wR Q=@ ?} Q[ |=Q@ q=@
'xr�Ut Ow}k w CU= |rN=O |iqD= u=wD |@=}xv}y@ |xr�Ut u}= QO hOy `@=D "OQw;
x@ u=wD|t =Q |@=}xv}y@ |xr�Ut u}= "OvDUy CaQU u=O}t |Q=oR=U |=Q@ sRq Ow}k

%CWwv 37 |x]@=Q CQwY8>>>>>>>>>>>>><>>>>>>>>>>>>>:

� = min
R


�T :" d


subject to :
Z



f :u d
 +
Z
�

T:u d� = 1

"ii = "11 + "22 = 0 on 


" = Lu on 


u = 0 on �

(37)

%OQm xDU@=w us

u(x) = �(x)us (23)

"(x) = B(x)us (24)

B (x) =

2664
@�1
@x1 0 @�2

@x1 0 � � � @�N
@x1 0

0 @�1
@x2 0 @�2

@x2 � � � 0 @�N
@x2

@�1
@x2

@�1
@x1

@�2
@x2

@�2
@x1 � � � @�N

@x2
@�N
@x1

3775 (25)

|OOa |x@U=Lt |=Q@ 'CU= xOW xO=iDU= Q=DWwv u}= QO xm |}xm@W uwO@ VwQ QO
Tw=o |Q}op=QoDv= VwQ w xv}tRTB |xm@W l} R= '\@=wQ QO OwHwt |=yp=QoDv=
|xUOvy hQat |=yxQo w xv}tRTB |xm@W u}@ |]=@DQ= xvwoI}y w OwW|t xO=iDU=

"OQ=Ov OwHw xr�Ut

CaQU u=O}t |Q=oR=U |=Q@ sRq Ow}k u}}aD "5"2
Q=oR=UCaQU u=O}t |=Q@ q=@ OL |Qw�D 'CU= xOW QmP "1"2VN@ QO xm Qw]u=ty
|=y|Q=oR=U xm OwW|t xO}t=v Q=oR=U |DaQU u=O}t 'h} QaD j@] "CU= Q=QkQ@
|v=tR CaQU u=O}t l} |m}D=tv}m |Q=oR=U "Ovm <=[Q= =Q |Q}tN w |m}D=tv}m
\@=wQ� u=O}t u; |=Q@ |m}D=tv}m |RQt\}=QW w 1|R=Uty\}=QW xm OwW|t <=[Q=

%Qo}O CQ=@ax@ "OW=@ Q=QkQ@ �27 w 26
" = Lu xr�Ut |xvt=O pm QO (26)

u = 0 CaQU ^=Lr x@ xOWxDU@ |=yRQt QO (27)

|=[i QO w CU= |Q}tN VvQm MQv " w CaQU |v=O}t Q}eDt u '\@=wQ u}= QO xm
30 |r= 28 \@=wQ CQwYx@ u=wD|t =Q L T} QD=t R}v w " w u |=yQ=OQ@ '|Oa@ wO

%OQm h} QaD
uTs = fu1 u2g (28)

"T = f"11 "22 
12g (29)

LT =

"
@
@x1 0 @

@x2
0 @

@x2
@
@x1

#
(30)

|=yQwLt |=DU=Q QO CaQU |=yxir-wt Qov=}@ ?}DQD x@ u2 w u1 '\@=wQ u}= QO xm
"OvDUy x2 w x1

x@ jraDt '|Q}tN VvQm MQv Q=OQ@ O}=@ |Q}tN |Q=oR=U \}=QW |Q=QkQ@ |=Q@
"�Ovm <=[Q= =Q Ot=aD uwv=k 'Qo}O CQ=@ax@� OW=@ s}rUD K]U Q@ Owta |=yQ=OQ@ xDUO
%�31 |x]@=Q� |[=} Q u=@ R x@ =} 'OW=@ C@Ft O}=@ |HQ=N |=ywQ}v u=wD u}vJtyZ



f :u d
 +
Z
�

T:u d� � 0 (31)

"CU= xOW xO=O K}[wD "1"2 VN@ QO x]@=Q u}= |=yQDt=Q=B xm
xm CU= sRq 'Q=oR=U CaQU u=O}t |xv}tR QO xOWu=wva \}=QW x@ xHwD =@
Q_v QO |Ow}k 'OwW|t pY=L 1 |x]@=Q R= xm |@=}xv}y@ |xr�Ut p}mWD |=Q@
|=Q@ 24 |x]@=Q uOQm^=Lr =@ |m}D=tv}m |Q=oR=U x@ \w@ Qt \}=QW "OwW xDiQo
QiY |=yCaQU |=Q@ |RQt \}=QW uDiQoQ_vQO R}v w CU= xOW =RHt CaQU u=O}t
O}=@ |Q}tN |Q=oR=U \}=QW <=[Q= |=Q@ |iQ] R= "OwW|t <=[Q= Q=mOwN CQwYx@
'T=U= u}= Q@ "Ovvm <=[Q= =Q s}rUD K]U Q@ Ot=aD \}=QW '|Q}tN |=yVvQm MQv
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Vv
}@O

tLt
O}U

w|
a=Q

O}aU %OwW|t |U} wv R=@ 43 |x]@=Q

L(us; q; �) =
NGX
i=1

�i
uTs BTP�1Bus

Wicp
+ q(FTus � 1)

+ �(DvBus) = 0 (43)

%OwW|t h} QaD 44 |x]@=Q CQwYx@ w xO}t=v Q=QmD QDt=Q=B Wicp'u; QO xm
Wicp =

p
uT

s BTP�1Bus (44)

Q=QmD sD} Qwor= "OvwW|t u}}aD Q=QmD s=o Qy QOWicp Q=Okt u}}aD =@ Q}PB=vjDWt \=kv
ẁQW |UQQ@ OQwt |L=wv |t=tD QO |Q}tN |=yVvQm uOw@ QiY hr=Nt ZQi =@
Q}PB=vjDWt |L=wv 'Two |x]kv Qy QO Wicp Q=Okt u}}aD =@ |Oa@ |=ys=o QO w
Q@=Q@ |Q}tN VvQm MQv |L=wv u}= QO "OvwW|t u}}aD �?rY |L=wv� hOy `@=D
sD} Qwor= q=@ EL@ j@] Q@ "CU= QiY Q@=Q@Wicp Q=Okt u}=Q@=v@ w OwW|t QiY

%OwW|t O=yvW}B CQwY u}= x@ |Q}tN Q=@ |x@U=Lt |=Q@ Q=QmD

?=wH QO |}xQo CaQU u=O}t |x}rw= Q=Okt uOw@ QF=|@ x@ xHwD =@ %pw= s=o
xm s}vm|t ZQi xr�Ut ẁQW QO [30]'u=QoWywSB |NQ@ O=yvW}B j@] [29]'xr�Ut
|U} wv R=@ 45 |x]@=Q CQwYx@ 43 |xrO=at ZQi u}= j@] "OW=@ (Wicp)1 = 1

%OwW|t

L(us; q; �) =
NGX
i=1

�iuT
s BTP�1Bus + q(FTus � 1)

+ �(DvBus) = 0 (45)

@L=@q = 0 '@L=@us = 0 p=ta= w u} Sv=Qo q |R=Uxv}y@ |Qw�D R= xO=iDU= =@
%OwW|t pY=L 46 |x]@=Q CQwYx@ |]N CqO=at sDU}U @L=@� = 0 w2664 2BTP�1B F (DvB)T

FT 0 0
DvB 0 0

3775
2664 us

q

�

3775 =

2664 0
1
0

3775 (46)

pw= s=o QO (us)1 Q=Okt '46 |x]@=Q QO xOWQmP |]N CqO=at x=oDUO pL =@
%OwW|t pY=L 47 |x]@=Q R= �1 Q=Okt u; R= xO=iDU= =@ w u}}aD

�1 =
X

�i
q

(usT )1 BTP�1B(us)1 (47)

xOt;CUOx@ CaQU Q=Okt R= xO=iDU= =@ =OD@= QO %(k = 1; 2; :::) s=k+ 1 s=o
=@ "OwW|t u}}aD Two |x]kv Qy QO Wicp Q=Okt s)=k s=o R= 'Two |x]kv Qy QO
�Q}PB=vjDWt�?rY |x}L=v wO x@ 
 |x}L=v 'Wicp |=Q@ xOt;CUOx@ Q=Okt x@ xHwD

%�48 |x]@=Q� OwW|t s}UkD �Q}PBjDWt� |Q}tN w
I = (Ind)k+1 [ (Id)k+1 (48)

|L=wv |xOvvmXNWt Ind w Q}PBjDWt |L=wv |xOvvmXNWt Id 'u; QO xm
%OvwW|t h} QaD 49 \@=wQxawtHt CQwYx@ xm CU= Q}PB=vjDWt8<:Ind =

�
i 2 I;p(uTs )k BTP�1B (us)k = 0	

Id =
�
i 2 I;p(uTs )k BTP�1B (us)k 6= 0	 (49)

'Ovm|t u=}@ =Q |Q}tN VvQm MQv w VvD u}@ \=@DQ= xm '12 |x]@=Q uDiQoQ_vQO =@
38 |x]@=Q CQwYx@ u=wD|t =Q 37 |x]@=Q QO xOWu=wva |@=}xv}y@ |xr�Ut

%OQm |U} wvR=@8>>>>>>>>>>>>><>>>>>>>>>>>>>:

� = min
R



p
"TP�1" d


subject to :
Z



f :u d
 +
Z
�

T:u d� = 1

"ii = "11 + "22 = 0 on 


" = Lu on 


u = 0 on �

(38)

|R=Uxv}y@ |xrO=at '24 w 23 CqO=at w Two |Q}op=QoDv= VwQ R= xO=iDU= =@
%OwW|t |U} wvR=@ 39 |x]@=Q CQwYx@ xOW=RHt CaQU u=O}t |=Q@ 388>>><>>>:

� = min
NGP
i=1

�i
p

uT
s BTP�1Bus

subject to : Ftus = 1
DvBus = 0

(39)

Q=OQ@ u}vJty "OvDUy Two \=kv uRw w O=OaD ?}DQD x@ �i w NG 'x]@=Q u}= QO xm
%OvwW|t h} QaD 41 w 40 |=yx]@=Q CQwYx@ Dv w F

F =
Z

�
�TTd� +

Z



�Tfd
 (40)

Dv = [1 1 1 0] (41)

|[=} Q |@=}xv}y@ |xr�Ut pL "7"2
"CU= |w=UD O}k wO =@ |]NQ}e |@=}xv}y@ |xr�Ut l} '39 |@=}xv}y@ |x]@=Q
"CU= Q}PB=vjDWt \=kv |[a@ QO xm CU= xDUw}B w |]NQ}e |a@=D hOy `@=D
Q=JO =Q pL '|@=}xv}y@ |xr�Ut pL OvwQ QO Ov=wD|t hOy `@=D uOw@ Q}PB=vjDWt
QO xOWO=yvW}B Q=QmD sD} Qwor= R= pmWt u}= Q@ uOt;j�=i Qw_vt x@ "OR=U pmWt
u}= QO |Q}tN w ?rY |x}L=v wO |R=U=OH |x}=B Q@ [26]'1991 p=U QO |WywSB
|Q}PB=vsm =QD \QW p=ta= Qw_vt x@ |Qo}O VywSB QO "CU= xOW xO=iDU= Q=DWwv
x@ VwQ u}= [27]"OW xO=iDU= Q}eDt |}xt} QH ?} Q[ ZQi =@ |}xt} QH VwQ R=
C}U=UL 'CU= |}xOQDUo |xOwOLt |=Q=O xm 'xt} QH ?} Q[ ?U=vt ?=NDv=
p=ta= =@ 'Q=DWwv u}= QO =Pr "OR=U|t pmWt Q=JO =Q|@=}xv}y@ |xr�Ut w OQ=O |O=} R
|] QO xm � �XNWt=v u} Sv=Qo q ?} Q[ R= xO=iDU= =@ DvBus = 0 \QW
VwQ R= xO=iDU= =@ "CU= xOW hQ] Q@ Xkv u}= '�OwW|t u}}aD xr�Ut pL OvwQ
[28]%OvwW|t p=ta= hOy `@=D x@ 42 |x]@=Q CQwYx@ 39 |x]@=Q Ow}k 'u} Sv=Qo q

L(us; q; �) =
NGX
i=1

�i
p

uT
s BTP�1Bus + q(FTus � 1)

+ �(DvBus) = 0 (42)

xr�Ut pL OvwQ |] QO xm 'OvDUy u} Sv=Qo q XNWt=v ?}=Q[ � w q 'u; QO xm
CQwYx@ 42 |xrO=at '|@=}xv}y@ Q=QmD sD} Qwor= R= xO=iDU= Qw_vt x@ "OvwW|t u}}aD
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"""u
wO@

Vw
QR=

xO=i
DU=

=@q
=@RQ

t|
OL

p}rL
D

|WQ@ Ctw=kt =@ xOv@UJ l =N |wQ Q@ xOWv|WmyR |Q=PoQ=@ "1"3
jta x@ C@Uv C@=F

xt}v \}Lt l} QO xOv@UJ l =N l} |wQ Q@ |DN=wvm} |Q=PoQ=@ 'p=Ft u}= QO
w xOW ZQi uRw uwO@ l =N "CU= xOW xDiQo Q_v QO 2 pmW j@=]t C}=yv|@
|OL Q=@ j}kO Q=Okt "CU= Su C@=F Q=Okt j=ta= |t=tD QO u; |WQ@ Ctw=kt
x@ "CU= (2 + �) Su Q@=Q@ xm [31]'CU= xOW x�=Q= |WywSB QO xr�Ut u}= |=Q@
CU= sRq 'Q=DWwv u}= QO |O=yvW}B VwQ \UwD |OL Q=@ |=Q@ q=@ RQt u}}aD Qw_vt
|i=m |xR=Ov= x@ O}=@ xOwOLt u}= "OwW xDiQo Q_v QO xr�Ut pL |=Q@ |}xOwOLt xm
|=y?=wH QO w OQ}o Q@ QO =Q xOWO=H}= |Q}tN |x}L=v pm =D OwW Q=}DN= nQR@
OQwt |xOwOLt (H0) ZQa w (L0) pw] Qw_vt u}= |=Q@ "OW=@v QF-wt xr�Ut
|x}L=v ZQa hQat B xm 'CU=xOW xDiQo Q_v QO 4B w 16B ?}DQD x@ |UQQ@

"CU= |Q=PoQ=@
=yxQo V}=Q; Q}F-=D |UQQ@ R}v w |OL Q=@ |=Q@ q=@ RQt u}}aD Qw_vt x@
|=yV}=Q; =@ xm@W uwO@ pOt xU ?}DQD x@ 'xOt;CUOx@ |=y?=wH CkO QO
u=}=W "�3 pmW� CU= xOW xDiQo Q_v QO =yxQo |a=aW w |k=iD= 's_vt
xOW |R=UpOt xr�Ut R= |t}v 'uQ=kD p}rO x@ =ypOt |t=tD QO xm CU= QmP

"CU=
QO Su = 1 uDiQoQ_vQO =@ |OL Q=@ |=Q@ pOt xU |=yp}rLD x@ \w@ Qt G}=Dv

"CU= xOW x�=Q= 1 pwOH
QO w CU= T=UL =yxQo V}=Q; pmW x@ |O=yvW}B VwQ xm OwW|t xOy=Wt
"CU= xO=O CUOx@ =Q xH}Dv u} QDy@ =yxQo |=Q@ |a=aW V}=Q; 'X=N p=Ft u}=
=yxQo V}=Q; |v=wNsy R}v w VvD RmQtD j]=vt QO =yxQo QDW}@ |r=oJ Qt= u}= Cra
=@ "CU= |Q=PoQ=@ pLt |xWwo QO |ov}mD |x]kv pwL VvD VNQJ |xwLv =@
|a=aW V}=Q; 'VwQ |}=Qosy |UQQ@ |=Q@ '�1 pwOH� xOt; CUOx@ G}=Dv x@ xHwD
'=yxQo O=OaD V}=Ri= =@ xm OwW xO=O u=Wv O}=@ T=U= u}= Q@ "CU= xOW xO} RoQ@ =yxQo
|=ywor= =@ pOt 4 =Pr "Ovvm|t p}t j}kO pL CtU x@ xOt;CUOx@ |=y?=wH

"CN=wvm} |Q=Wi |Q=PoQ=@ CLD C}=yv|@ xt}v pOt "2 pmW

"xm@W uwO@ |wor= xU R= pY=L G}=Dv "1 pwOH
q=@ RQt pL xr�Ut j}kO pL xm@W uwO@ pOt
8 7701 5 14 xQo 120 |a=aW pOt
15 024 5 14 xQo 120 s_vt pOt
10 699 5 14 xQo 120 |k=iD= pOt

s=o QO CaQU u=O}t Q=Okt 'Q}PB=vjDWt w Q}PBjDWt |L=wv |R=U=OH x@ xHwD =@
%OwW|t u}}aD 50 |@=}xv}y@ |xr�Ut pL =@ s)=k + 18>>>>>>>><>>>>>>>>:

� = min
NGP
i=1

�i uTs BTP�1Bus
Wicp

FTus = 1
DvBus = 0 onV

us
TBTP�1Bus = 0 on Ind

(50)

51 |x]@=Q CQwYx@ 49 |xrO=at u} Sv=Qo q |R=Uxv}y@ |Qw�D R= xO=iDU= =@ xm
%OwW|t |U} wvR=@

L(us; q; �) =
X

�ius
TBTP�1Bus + qFTus � 1)

+ �(DvBus) + �(us
TBTP�1Bus) = 0 (51)

"OwW|t h} QaD Q}PB=vjDWt |L=wv |=Q@ xt} QH ?} Q[ u=wvax@ � 'x]@=Q u}= QO xm
|r}N Q=Okt l} Q@ hOy `@=D s}UkD |=H x@ ?} Q[ u}= R= xO=iDU= =@ `k=w QO
?} Q[ u}= 'Q=DWwv u}= QO "s}vm|t ?Q[ nQR@ |r}N Q=Okt l} QO =Q u; lJwm
w @L=@q = 0 '@L=@us = 0 p=ta= =@ "CU= xOW xDiQo Q_v QO 1012 Q@=Q@

%OwW|t pY=L 52 |x]@=Q CQwYx@ |]N CqO=at sDU}U '@L=@� = 02664 2BTP�1B + 2�BTP�1B F (DvB)T

FT 0 0
DvB 0 0

3775
2664 us

q

�

3775
2664 0

1
0

3775
(52)

�k+1 Q=Okt u; R= xO=iDU= =@ w (us)k+1 Q=Okt '52 |]N CqO=at x=oDUO pL =@
%OwW|t u}}aD 53 |x]@=Q R= xO=iDU= =@ Q=QmD s=o Qy QO

�k+1 =
X

�i
q

(usT )k+1 BTP�1B(us)k+1 (53)

<=[Q= 55 w 54 |}=Qosy |=yQ=}at xm O@=}|t xt=O= |}=H =D q=@ Q=QmD sD} Qwor=
%OvwW

j�k � �k+1j
�k+1

� �1 (54)����(us)k+1 � (us)k
��������(us)k+1

���� � �2 (55)

xDiQo Q_v QO 10�4 =@ Q@=Q@ Q=DWwv u}= QO xm 'OvDUy ptLD OwOL �2 w �1 Q=Okt
"CU= xOW

OQ@ Q=m "3
w C@=F |WQ@ Ctw=kt =@ xOv@UJ |=yl =N |=Q@ p=Ft wO pL =@ CtUk u}= QO
xDiQo Q=Qk |UQQ@ OQwt |OL Q=@ |q=@ RQt u}}aD |=Q@ pL VwQ |Ot;Q=m 'Q}eDt
O=OaD xm CU= xOW x}yD |}xvwo x@ |}xv=}=Q |xt=vQ@ 'xOWpL |=yp=Ft QO "CU=
xDiQo Q_v QO OvtWwy CQwYx@ |y=ox}mD |=yxvt=O R= l} Qy QO =yxQo ?U=vt

"OwW
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O}aU

"xm@W uwO@ pOt "4 pmW

"xm@W uwO@ |=ywor= "3 pmW

s}_vD =@ =OD@= '=ypOt u}= QO "CU= xOW xDiQo Q_v QO 4 pmW QO xOWxO=O u=Wv
O}rwD |=Q@ TBU "CU= xOW |R=Ux}@W Q_vOQwt |xvt=O RQt '=yxQo u}@ |xrY=i
|wQQ@ =yxQo u}@ |xrY=i Vy=m =@ '|a=aW V}=Q; uDiQoQ_vQO =@ |rN=O |=yxQo
'RmQtsy Q}=wO O=OaD V}=Ri= R}v w '|B RmQt C} RmQt x@ =yxQ}=O R= l} Qy \}Lt
|a=aW V}=Q; x@ xHwD =@ "OvwW|t O}rwD Q=mOwN CQwYx@ xt=vQ@ l} j} Q] R= =yxQo
=Q =yxQo O=OaD u=wD|t \ki w OQm h} QaD =yxQo u}@ |]UwDt |xrY=i u=wD|tv
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wO@

Vw
QR=

xO=i
DU=

=@q
=@RQ

t|
OL

p}rL
D

"|a=aW |xm@W uwO@ pOt |}=Qosy R= pY=L G}=Dv "2 pwOH
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