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u=O}t l} w w(x; t) Ovv=t s�=k |=DU=Q QO |}=H@=H u=O}t l} CQwYx@ Q}D
'|m}t=v}O |=yT} QD=t G=QNDU= |=Q@ "OwW|t ^=Lr �(x; t) pmW x@ |WNQJ
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=aDQ=
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RQ=13 \@=wQ xawtHt CQwYx@ |m}t=v}O QiY Q}e |=yT} QD=t � Q} R '=yu; QO xm
%OvwW|t G=QNDU=

[Mww]ij =
Z L

0
(I0'i'j + �2I6 '0i'0j) dx

+MM'i (xM )'j (xM )H(L� xM )h
Mw	

i
ij

=
Z L

0
(�2I6 � �I4)'0i j dxh

M	w
i
ij

= �
Z L

0
(�2I6 � �I4) 0i'jdxh

M		
i
ij

=
Z L

0
(I2 � 2�I4 + �2I6) i j dx

[Cww]ij = 2MMV 'i (xM )'0j (xM )H(L� xM )

[Kww]ij =
Z L

0
(k'0i'0j + �2J6 '00i '00j ) dx

+MMV 2'i (xM )'00j (xM )H(L� xM )h
Kw	

i
ij

=
Z L

0
�
k'0i j + (�2J6 � �J4)'00i  0j

i
dxh

K	w
i
ij

= �
Z L

0
�
k 0i'j + (�2J6 � �J4) 00i '0j

i
dxh

K		
i
ij

=
Z L

0
[(J2 � 2�J4 + �2J6) 0i 0j + k i j ]dx

[fw]j = MMg'j (xM )H(L� xM ) (13)

pmW `@=wD u}}aD "2"2
|=y|}xrtHOvJ Q@ |vD@t |WwQ R= xr�Ut pmW `@=wD u}}aD |=Q@ 'VN@ u}= QO
'j(x) pmW `@=wD u}}aD |=Q@ 'VwQ u}= j@] [21]"CU= xOW xO=iDU= QUit Ot=aDt
pmW`@=D l} O}=@ 'QDq=@ � x@DQt w wmvWwt}D '|rwvQ@ � Qrw= |=yQ}D QO  j(x) w
 1(x) w '1(x) CQwYx@ Q}D |a}@] w |UOvy |RQt \}=QW |xOvvm<=[Q= |x}rw=
CLD w QwmPt |=yQ}D |=Q@  1(x) w '1(x) pmW `@=wD '2 pwOH QO "OR TOL
xOW x�=Q= xO=U � Q=OQ}o w Q=OQ}o � Q=OQ}o 'xO=U � xO=U pw=ODt |y=ox}mD \}=QW
|}xrtHOvJ `@=D CQwYx@ ''1(x) |}=Hx@=H pmW `@=wD 'QwmPt pwOH QO "CU=
=@ Q=oR=U |D=FrFt `@=D CQwYx@ ' 1(x) |WNQJ pmW `@=wD w Q=yJ |x@DQt R=
?=wH pwYL 'QUit Ot=aDt |=y|}xrtHOvJ VwQ |=v@t Q@ "OvDUy |RQt \}=QW
Q=m u}= '=Hv}= QO "OQ}o|t CQwY Q}D pmW `@=wD O=OaD V}=Ri= j} Q] R= xr�Ut j}kO
� x@DQt pmW `@=wD 'VwQ u}= T=U=Q@ "CU= xDiQo s=Hv= 14C}tW= � s+Q*o OvwQ =@

[21]%OwW|t O}rwD 15 w 14 \@=wQ j@=]t Q}D QDq=@
'2(x) = (x�B2)'1(x)

'N (x) = (x�BN )'N�1(x)� CN'N�2(x) (14)

xr�Ut ?=wH QO R=}vOQwt CkO O=H}= |=Q@ sRq |=y|}xrtHOvJ O=OaD N 'u; QO xm
%u}vJty "CU=

BN =
R L

0 x ['N�1(x)]2 W (x) dxR L
0 ['N�1(x)]2 W (x) dx

CN =
R L

0 x'N�1(x)'N�2(x) W (x) dxR L
0 ['N�2(x)]2 W (x) dx

(15)

QDq=@ � x@DQt |WQ@ Q}D |x} Q_v "3"1"2
|rwvQ@ � Qrw= Q}D |x} Q_v C=}[Qi x@ \w@ Qt |=yC}OwOLt ?re= 'x} Q_v u}= QO
Q=JO |}=Hx@=H |xLiY 'Q}D pmWQ}}eD R= Oa@ 'Qo}O CQ=@ax@ "CU= xOW hQ]Q@
� x@DQt |WQ@ Q}D p}rLD QO "CU}v Q}D |rw] QwLt Q@ s�=k Qo}O w OwW|t G=Hwa=
x@ C@Uv |QDq=@ CkO =@ |v=QwO |UQv}= w |WQ@ VvQm R= |W=v C=Q}}eD 'QDq=@
`@=wD =@ Q}D |QwLt |}=Hx@=H 'Cra u}ty x@ "OwW|t p=ta= wmvWwt}D |x} Q_v
[20]"OwW|t u=}@ swU =} swO |x@DQt `@=wD =@ |@v=H |}=Hx@=H w sHvB =} swU |x@DQt
pmW x@ s�=k |=DU=Q QO |}=H@=H u=O}t l} pt=W R}v Q}D pmWQ}}eD 'x} Q_v u}= QO
Qw_vtx@ R}v =Hv}= QO "CU= 	(x; t) CQwYx@ |WNQJ u=O}t l} w w(x; t)

xawtHt QO xOt;CUOx@ |SQv= CqO=at R= '|m}t=v}O |=yT} QD=t x@ |@=}CUO
%CU= xOW xO=iDU= 9 \@=wQ

�k = 1/2
Z L

0

h
I0 _w2 + I2 _	2 � 2�I4 _	 ( _	 + _w0)

+�2I6 ( _	 + _w0)2i dx
�s = �1/2

Z L

0

h
J2 	02 � 2�J4 	0( 	0 + w00)

+�2J6 ( 	0 + w00)2 + k(	 + w0) 2i dx
�1/2

Z
�

h
Kzw2 +Ky	2i d�

�f =
Z L

0
MM

h
g � ( �w + 2V _w0 + V 2w00)

i
x=xM

�w(xM ; t)�(x� xM )H(L� xM ) dx (9)

xawtHt R= u}= Q@ h=[t "CU= Q}D `]kt Ct=N[ h w � = 4=3h2 u; QO xm
%OwW|t xO=iDU= R}v 10 \@=wQ

k =
Z
A
G (1� 3�z2)dA

In =
Z
A
�zndA ; n = 0; 2; 4 ; 6

Jn =
Z
A
EzndA ; n = 2; 4 ; 6 (10)

%OvDUy x} RHDp@=k 11 \@=wQ CQwYx@ 	 w w 'u}vJty
w(x; t) =

XN

j=1 'j(x)wj(t)

	(x; t) =
XN

j=1  j(x)	j(t) (11)

"2"2 VN@ QO xOWx�=Q= VwQ j@=]t  j(x) w 'j(x) pmW `@=wD '=yu; QO xm
'Ov};|t CUOx@ 3 p}Uv=Qi}O |xrO=at pL R= 	j(t) w wj(t) "Ov};|t CUOx@
|=yT} QD=t '|iQ] R= "CU= xOW u=}@ p}YiD x@ "3"2 VN@ QO pL VwQ xm
h} QaD 12 \@=wQ xawtHt CQwYx@ QDq=@ � x@DQt Q}D QO 3 |xrO=at |m}t=v}O

%OvwW|t

M =

"
Mww Mw	

M	w M		

#
; C =

"
Cww Cw	

C	w C		

#
K =

"
Kww Kw	

K	w K		

#
; f =

"
fw

f	

#
; [x]j =

(
wj(t)

	j(t)

)
(12)
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xOvR

=Qi|
ra'

|Qi
aH

u=tL
Q "hrDNt |y=ox}mD \}=QW CLD �QDq=@ � x@DQt w wmvWwt}D� |WQ@ Q}PBpmW w |rwvQ@ � Qrw= |=yQ}D  1(x) w '1(x) pmW `@=wD "2 pwOH

Q=OQ}o � xO=U Q=OQ}o � Q=OQ}o xO=U � xO=U
'1 = 11 517p

L

h1 5 � xL �2� 2 5 � xL �3+
� x
L
�4i '1 = 25 1p

L

h� x
L
�2�2 � xL �3+

� x
L
�4i '1 = 4 5081p

L

h� x
L
��2 � xL �3+

� x
L
�4i

 1 =
q 2
L sin(�x2L )  1 =

q 2
L sin

� 2�x
L

�
 1 =

q 2
L cos(�xL )

%O};|t CUOx@ 22 |x]@=Q '20 |xrO=at QO =yu; |Q=Po|=H w
X(t) = U (t) X(t0) (22)

%OwW|t xO=iDU= �23 |x]@=Q� �|r=kDv= T} QD=t R= U(t) |x@U=Lt |=Q@ w
�(t; �) � U (t) U�1 (�) (23)

%O};|t CUOx@ 24 |x]@=Q xH}Dv QO w
X (t) = � (t; �) X (�) (24)

|}=tv T} QD=t l} \UwD � Q=Okt [23]'`@vt QO xOWx�=Q= |@} QkD pL R= xO=iDU= =@
%OwW|t |Q=Po|=H �25 |x]@=Q�

� (tk+1; tk) = eA (tk) �(tk) (25)

"OwW|t xDiQo Q_v QO lJwm |v=tR s=o l} �tk = tk+1 � tk 'u; QO xm
p}O@D 26 |x]@=Qx@ A�1(tk) uOw@OwHwt ZQi =@ 18 |xrO=at 'u}=Q@=v@

%OwW|t
X(tk+1) = A1(tk) X(tk) + F1(tk) (26)

%OvwW|t x@U=Lt 27 |x]@=Q R= F1(tk) w A1(tk) xm |Qw]x@
A1(tk) �= eA(tk)�(tk)

F1(tk) �= [A1(tk) � I] A�1(tk) F(tk) (27)

u=tR R= |}x_Lr Qy QO =Q X(t) Q=Okt u=wD|t '26 |xrO=at |OOa pL =@ ,=D}=yv
|rY= pwyHt u=ty =} x(t) u}}aD x@ QHvt Q=Okt u}= uDi=} '`k=w QO "OQw; CUOx@

"OwW|t ��j(t) w 	j(t) 'wj(t)� "1"2 VN@ QO xOWQmP

|QDt=Q=B C=ar=]t "3
"1 p=Ft "1"3

CN=wvm} |xv=yOlD Q=OQ}o QU wO Q}D l} w xO=U QU wO Q}D l} 'p=Ft u}= QO
=yQ}D |a}@] |=yOt=U@ |x@U=Lt QO xOWx�=Q= VwQ |}=Q=m w CkO |UQQ@ Qw_vtx@
QO Q[=L VwQ |}=Qoty MQv =OD@= 'T=U= u}= Q@ "CU= xOW xDiQo Q_v QO (!)

QDq=@ � x@DQt w wmvWwt}D '|rwvQ@ � Qrw= |=yQ}D (�n) Oa)@ uwO@ |=yOt=U@ u}}aD
0 01 |w=Ut Q}D |xv=yO pw] x@ `=iDQ= C@Uv w QwmPt |y=ox}mD \}=QW CLD
'G}=Dv |HvUCLY Qw_vtx@ TBU w xDiQo Q=Qk V}=tR; OQwt '(h=L = 0 01)

|xv=yO pw] x@ `=iDQ= hrDNt |=yC@Uv <=R= x@ wmvWwt}D Q}D Oa)@ uwO@ |=yOt=U@
VwQ s=v x@ |r}rLDxt}v VwQ l} |=v@t Q@ xm '[24]`@vt QO Q_=vDt Q}O=kt =@ 'Q}D
Oa)@ uwO@ |=yOt=U@ |x@U=Lt |=Q@ "Ov=xOW xU}=kt 'CU= xOt; CUOx@ |i}]x@W

|}xrtHOvJ `@=wD xm CU= sRq QmPD u}= "CU= uRw `@=D l} W (x) 'u; QO xm
%�16 |x]@=Q� OvDUy Ot=aDt OvwQ u}= \UwD xOWO}rwD

LZ
0
'i(x)'j(x)W (x) dx

8<:= 0 if i 6= j

6= 0 if i = j
(16)

xm CU= u}= ' 1(x) `@=D QDq=@ � x@DQt pmW `@=wD CN=U QO C}ty= R�=L |xDmv
CUOx@ `@=wD u}= uQwrlt \U@ CU= sRq =OD@= 'C}tW= � sQo OvwQ |Q}oQ=mx@ |=Q@
pmW `@=wD '15 w 14 \@=wQ R= xO=iDU= =@ TBU '�CU= |i=m pw= |xrtH VW� O};

"OwW O}rwD 'N (x) `@=wD Ovv=ty  N (x) QDq=@ � x@DQt

u=tR |xRwL QO p}Uv=Qi}O CqO=at pL "3"2
|WNQJ w |}=Hx@=H |=yu=O}t uDi=} |=Q@ 'OW QmP "1"2 VN@ QO xm Qw]u=ty
|rm |xrO=at Qo = "CU= CmQL p}Uv=Qi}O |xrO=at pL x@ R=}v 'u=tR |xRwL QO Q}D

%OwW ZQi 17 |x]@=Q CQwYx@ CmQL
M(t)�x(t) + C(t) _x(t) + K(t)x(t) = f(t) (17)

xrO=at TBU w OvyO|t p=kDv= Cr=L |=[i x@ =Q u; 'pL CrwyU |=Q@ x=ou;
[22]%OwW|t |U} wvR=@ 18 |x]@=Q CQwYx@

_X(t) = A(t) X(t) + F(t) (18)

%Ov};|t CUOx@ 19 \@=wQ R= F(t) w A(t)' X(t) 'u; QO xm

X(t) =

"
x(t)

_x(t)

#
;

A(t) =

" 0 I

�M�1K �M�1C

#
;

F(t) =

" 0
�M�1f

#
(19)

w Q}D pmWQ}}eD |xvt=O x@ u=wD|t 'X(t) Cr=L Q=OQ@ Q=Okt u}}aD =@ Ck}kL QO
=@ x]@=Q QO |r}tmD C=L}[wD 'Q} R QO "Ci=} CUO u; =@ Q_=vDt CaQU u}vJty
%OW=@ 20 |x]@=Q CQwYx@ X(t) Qo = "CU= xOW x�=Q= X(t) uOt;CUOx@ |xwLv

X(t) = U(t) U�1(t0) X(t0) +
Z t

t0

n
U(t) U�1(�) [F(�)]

o
d�

(20)

%21 x]@=Q R= xO=iDU= =@ w CU= |O=}v@ p}O@D T} QD=t l} U(t) 'x=o u;
_U(t) = A(t)U(t); U(t0) = I2N : (21)
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"""|
=y|

}xrt
HOv

JR
=xO

=iDU
==@

=yQ}
DV

=aDQ=
|@=}

RQ="QDq=@ x@DQt Q=OQ}oQUwO Q}D � pw= �n GvB |}=Qoty uwtR; "5 pwOH
pmW `@=wD O=OaD

�n15 13 10 7 5
4 729 4 729 4 729 4 729 4 729 (�n)1
7 849 7 849 7 849 7 849 7 873 (�n)2
10 987 10 986 10 987 10 991 11 160 (�n)3
14 119 14 119 14 120 14 248 15 696 (�n)4
17 250 17 248 17 257 18 410 52 299 (�n)5

"|rwvQ@ � Qrw= xO=UQUwO Q}D � pw= �n GvB |}=Qoty uwtR; "6 pwOH
pmW `@=wD O=OaD

�n15 13 10 7 5
3 142 3 142 3 142 3 142 3 142 (�n)1
6 283 6 283 6 283 6 283 6 285 (�n)2
9 423 9 423 9 423 9 423 9 457 (�n)3
12 562 12 562 12 562 12 716 15 631 (�n)4
15 700 15 700 15 719 16 132 21 306 (�n)5

"wmvWwt}D xO=UQUwO Q}D � pw= �n GvB |}=Qoty uwtR; "7 pwOH
pmW `@=wD O=OaD

�n15 13 10 7 5
3 141 3 141 3 141 3 141 3 141 (�n)1
6 282 6 282 6 282 6 282 6 291 (�n)2
9 421 9 421 9 421 9 422 9 550 (�n)3
12 558 12 558 12 558 13 217 36 953 (�n)4
15 690 15 690 15 736 17 693 47 635 (�n)5

"QDq=@ x@DQt xO=UQUwO Q}D � pw= �n GvB |}=Qoty uwtR; "8 pwOH
pmW `@=wD O=OaD

�n15 13 10 7 5
3 141 3 141 3 141 3 141 3 141 (�n)1
6 283 6 283 6 283 6 282 6 290 (�n)2
9 424 9 424 9 424 9 423 9 531 (�n)3
12 564 12 564 12 564 13 113 34 979 (�n)4
15 600 15 600 15 760 17 391 45 082 (�n)5

CLD [24]'|i}]x@W VwQ QO 15h *W}@ *J pmW `@=D 35 |Q}oQ=mx@ R= pY=L G}=Dv
x�=Q= 10 w 9 |=ypwOH QO ?}DQDx@ Q=OQ}o QU wO w xO=U QU wO |y=ox}mD \}=QW
`@=wD O=OaD |Q}oQ=mx@ seQ|ra 'G}=Dv u}= 'CU= XNWt xm xvwou=ty "CU= xOW
[24]'QwmPt |xar=]t G}=Dv =@ |rw@k p@=k j@=]D '|i}]x@W VwQ p@=kt QO QDtm pmW

"OQ=O

"2 p=Ft "2"3
w wmvWwt}D '|rwvQ@ � Qrw= |=yQ}D |m}t=v}O Q=DiQ p}rLD w |UQQ@ x@ p=Ft u}= QO
'xv=yOlD |Q}D 'wQu}=R= "CU= xOW xDN=OQB lQLDt sQH l} QF= CLD QDq=@ � x@DQt
r� h = r

p12 w b = 0 1 m O=a@= x@ pmW |r}]DUt `]kt =@ 'QDt 10 pw] x@

|x]@=Q R= u=wD|t =DU=Q u}= QO xm CU= Q}D |a}@] |=yOt=U@ u}}aD x@ R=}v =OD@= 'Q}D
|xrO=at QO x]@=Q u}= |Q=Po|=H =@ 'Qw_vt u}= x@ "OQm xO=iDU= x(t) = ~x0ei!t

28 |xS} w � Q=Okt |xrO=at '|}=Q}t uwO@ Q}D O=R; V=aDQ= ZQi =@ u}vJty w 3
%CU= xOW pY=L

(K� !2M) ~x0 = 0 (28)

Q_=vDt xS} w |=yQ=OQ@ w xS} w Q}O=kt 'swUQt |=yVwQ j} Q] R= 28 |xrO=at pL =@
|=yQ=OQ@ w OvDUy xR=U|a}@] |=yOt=U@ Qou=}@ xS} w Q}O=kt xm 'Ot; Ovy=wNCUOx@
=@ 'C}=yv QO "OvDUy |a}@] |=yOt=U@ Q_=vDt O=R; V=aDQ= |=yOwt hQat 'xS} w
Oa)@ uwO@ Ot=U@ Q}O=kt '29 |x]@=Q QO xOt;CUOx@ |a}@] |=yOt=U@ |Q=Po|=H

%O};|t CUOx@ Q}D |W=aDQ= Owt u}t)=i =@ Q_=vDt
(�n)i =

�
!iL2

r
m
EI

�1=2
(29)

%R= CU= CQ=@a 30 |xrO=at pL |=Q@ R=}v OQwt C=}[Qi Qo}O
m = �bh w G = 8 0769� 1010 N:m�2 'E = 2 1� 1011 N:m�2

Q=Okt Qy Q@=Q@ Ov=wD|t xm CU= `]kt ZQa �b� w � = 7800 kg:m�3 u; QO xm
|=Q@ �Ks� wmvWwt}D Q}D |WQ@ KqY= ?} Q[ '=Hv}= QO u}vJty "OW=@ |y=wNrO

"OwW|t ZQi 0 833 Q@=Q@ |r}]DUt `]kt
� Qrw= |=yQ}D pw= Oa)@ uwO@ Ot=U@ 5 x@ \w@ Qt G}=Dv '5 =D 3 |=ypwOH QO
O=OaD |=Q@ Q=OQ}o � Q=OQ}o |y=ox}mD \}=QW CLD QDq=@ � x@DQt w wmvWwt}D '|rwvQ@
� xO=U|y=ox}mD\}=QW |=Q@ G}=Dv u}= 'u}vJty "CU= xOW x�=Q=hrDNt pmW `@=wD
'OwW|t xOy=Wt xm Qw]u=ty "CU= xOt; CUOx@ 8 =D 6 |=ypwOH QO xO=U
?wr]t Q[=L xar=]t QO xOW x�=Q= VwQ j@] xOt;CUOx@ G}=Dv |}=Qoty CaQU
CUOx@ �Q=Wa= skQ xU =D� sRq |}=Qoty 'pmW `@=D 13 R= xO=iDU= =@ =Q} R &CU=

"CU= xOt;
Oa)@ uwO@ Ot=U@ 5 |=Q@ pmW `@=D 13 \UwD xOt;CUOx@ G}=Dv 'u}= Q@ h=[t
=@ xU}=kt CyH 'Q}D |xv=yO pw] x@ `=iDQ= Cw=iDt |=yC@Uv =@ wmvWwt}D Q}D pw=

"|rwvQ@ � Qrw= Q=OQ}o QU wO Q}D � pw= �n GvB |}=Qoty uwtR; "3 pwOH
pmW `@=wD O=OaD

�n15 13 10 7 5
4 730 4 730 4 730 4 730 4 730 (�n)1
7 852 7 852 7 852 7 852 7 854 (�n)2
10 993 10 993 10 993 10 993 11 004 (�n)3
14 132 14 132 14 132 14 177 14 891 (�n)4
17 269 17 269 17 274 17 404 17 790 (�n)5

"wmvWwt}D Q=OQ}oQUwO Q}D � pw= �n GvB |}=Qoty uwtR; "4 pwOH
pmW `@=wD O=OaD

�n15 13 10 7 5
4 729 4 729 4 729 4 729 4 729 (�n)1
7 849 7 849 7 849 7 849 7 864 (�n)2
10 985 10 985 10 985 10 989 11 158 (�n)3
14 117 14 117 14 117 14 264 15 885 (�n)4
17 244 17 244 17 254 18 405 55 298 (�n)5
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"""w
xOvR

=Qi|
ra'

|Qi
aH

u=tL
Q

"h=L hrDNt Q}O=kt |=Q@ wmvWwt}D |xO=U QU wO Q}D pw= Oa)@ uwO@ Ot=U@ 5 |xU}=kt "9 pwOH
h=L

�n0 1 0 05 0 01 0 005
Q[=L |xar=]t LS Q[=L |xar=]t LS Q[=L |xar=]t LS Q[=L |xar=]t LS�

3 128 3 116 3 138 3 135 3 141 3 141 3 142 3 142 (�n)1
6 174 6 091 6 256 6 231 6 282 6 281 6 283 6 283 (�n)2
9 059 8 841 9 332 9 255 9 421 9 418 9 424 9 423 (�n)3
11 724 11 343 12 349 12 181 12 558 12 549 12 564 12 562 (�n)4
14 141 13 613 15 282 14 993 15 690 15 675 15 704 15 700 (�n)5

� Lee & Schultz (LS) [24]

"h=L hrDNt Q}O=kt |=Q@ wmvWwt}D Q=OQ}o QU wO Q}D pw= Oa)@ uwO@ Ot=U@ 5 |xU}=kt "10 pwOH
h=L

�n0 1 0 05 0 01 0 005
Q[=L |xar=]t LS Q[=L |xar=]t LS Q[=L |xar=]t LS Q[=L |xar=]t LS

4 599 4 580 4 696 4 690 4 729 4 728 4 730 4 730 (�n)1
7 429 7 331 7 738 7 704 7 848 7 847 7 852 7 852 (�n)2
10 076 9 856 10 734 10 640 10 985 10 980 10 993 10 992 (�n)3
12 511 12 145 13 650 13 461 14 117 14 106 14 132 14 129 (�n)4
14 731 14 232 16 470 16 159 17 244 17 225 17 270 17 265 (�n)5

CLD xO=�U QU wO Q}D |xv=yO \Uw xOWp=tQv |}=H@=H |v=tR |xJN} Q=D "2 pmW
"Mn = 0 15 w Vn = 0 5 <=R= x@ lQLDt sQH |Q=PoQ=@

\Uw |x]kv pmWQ}}eD 'Q}D |Qeq Q=Okt V}=Ri= =@ '3 w 2 |=ypmW j@=]t
Q}D QO xHwD?r=H |xDmv "O@=}|t Vy=m Q=OQ}o QU wO Q}D ,=YwYN =yQ}D |xv=yO
|v=OvJ Q}}eD |Qeq V}=Ri= =@ =yMU=B 'Q=_Dv= j@=]t xm CU= u}= |rwvQ@ � Qrw=
^=Lr Q}D `]kt QO VQ@ R= |W=v C=QF= 'OW xQ=W= xm xvwou=ty =Q} R 'Ov=xDW=Ov
xOy=Wt hrDNt |=yx} Q_v |xv}W}@ |=yMU=B u=}t xU}=kt =@ '|iQ] R= "OwW|tv
|xv=yO \Uw xOWp=tQv |}=Hx@=H |xv}W}@ Q}O=kt '|Qeq V}=Ri= =@ xm OwW|t
uOWnvQsm R= |W=v Qt= u}= Cra "OvwW|t QDl}ORv Qo}Om} x@ �WN

max� =yQ}D

'E Q}O=kt "CU= xOW xDiQo Q_v QO "�CU= |FvN Q=D pwL `]kt uw}U=Q} S `=aW
|=yQDt=Q=B '|iQ] R= "CU= xOW ZQi "1 p=Ft QO Q_=vDt Q}O=kt x@=WtKs w � 'G
xOW h} QaD Oa)@ uwO@ w xOWp=tQv CQwYx@ lQLDt sQH C=YNWt x@ \w@ Qt
C@=F |D@Uv CQwYx@ sUH |xOWp=tQv CaQU w sQH xm CQwY u}= x@ "CU=
&OwW|t u=}@ sDU}U |v=QL@ CaQU w pm sQH x@ sUH |ak=w CaQU w sQH R=
Vn w Mn %=yu; QO xm Vn = V=V 0 w Mn = MM=�AL 'Qo}OCQ=@ax@
|v=QL@ CaQU 'u}vJty "OvDUy xOWp=tQv CaQU w xOWp=tQv sQH pO=at ?}DQDx@

[19]%OwW|t x@U=Lt 30 |x]@=Q j@] xm CU= |D@=F Q=Okt |=Q=O V 0

V 0 = �
L

r
EI
�A

(30)

pmWQ}}eD |v=tR |xJN} Q=D |=yQ=Owtv '=yQ}D |m}t=v}O Q=DiQ u=}@ Qw_vtx@ '=Hv}= QO
xDiQo Q=Qk|UQQ@ OQwt Vn = 0 5 wMn = 0 15 =@ lQLDt sQH Qw@a QF= QO =yQ}D
'=yQ}D pmWQ}}eD QO umtt Cr=L u} QD|v=QL@ uDiQoQ_vQO u=wvax@ 'wQu}=R= "CU=
wO w xO=U QU wO |=yQ}D �WN � |xv=yO \Uw |xOWp=tQv |}=Hx@=H |=yQ=Owtv
�� = L=r� |=y|Qeq <=R= x@ w hrDNt |=yx} Q_v |=Q@ u=tR ?ULQ@ Q=OQ}o QU
'QwmPt |=ypmW QO "CU= xOW x�=Q= 3 w 2 |=ypmW QO ?}DQDx@ 'Q}D Cw=iDt

%OwW|t Oa)@ uwO@ w h} QaD 31 |x]@=Q CQwYx@ WN

WN = W dyn

W st
max

(31)

lQLDt sQH Qw@a QF= QO Q}D |xv=yO \Uw |m}t=v}O |}=H@=H W dyn 'u; QO xm
MMg RmQtDt Q=@ QF= Q@ |rwvQ@ � Qrw= Q}D |m}D=DU= |}=H@=H |xv}W}@ W st

max w
QU wO w xO=U QU wO |=yQ}D |=Q@ Q}O=kt u}= xm 'CU= Q}D |xv=yO \Uw pLt QO

"OvDUy MMgL3=192EI w MMgL3=48EI Q@=Q@ ?}DQDx@ Q=OQ}o
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DV

=aDQ=
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RQ="Cw=iDt |=y|Qeq <=R= x@ xO=U QU wO Q}D |xv=yO \Uw (WN
max) |xOWp=tQv |}=H@=H |xv}W}@ Q}O=kt |xU}=kt "11 pwOH

QDq=@ � x@DQt wmvWwt}D |rwvQ@ � Qrw=
� = L=rhqDN= |xar=]t

RKPM
hqDN= |xar=]t

RKPM
hqDN= |xar=]t

[19]RKPM
��� Q[=L ��� Q[=L ��� Q[=L

3 27 1 988 1 925 0 83 1 909 1 925 0 28 1 800 1 795 20
0 48 1 869 1 860 1 40 1 829 1 855 0 28 1 800 1 795 30
0 48 1 829 1 820 0 72 1 802 1 815 0 39 1 802 1 795 50

"Cw=iDt |=y|Qeq <=R= x@ Q=OQ}o QU wO Q}D |xv=yO \Uw (WN
max) |xOWp=tQv |}=H@=H |xv}W}@ Q}O=kt |xU}=kt "12 pwOH

QDq=@ � x@DQt wmvWwt}D |rwvQ@ � Qrw=
� = L=rhqDN= |xar=]t

RKPM
hqDN= |xar=]t

RKPM
hqDN= |xar=]t

[19]RKPM
��� Q[=L ��� Q[=L ��� Q[=L

0 70 2 155 2 140 0 38 1 832 1 825 0 17 1 188 1 190 20
0 06 1 674 1 675 1 32 1 530 1 510 0 34 1 186 1 190 30
1 61 1 402 1 425 3 43 1 294 1 340 0 08 1 186 1 185 50

wO w xO=U QU wO |y=ox}mD \}=QW CLD QDq=@ � x@DQt w wmvWwt}D '|rwvQ@ � Qrw=
u=tr*= uwO@ |xOWxDN=vW w |OOa VwQ R= xOt;CUOx@ Q_=vDt G}=Dv =@ Q=OQ}o QU

"CU= xOW x�=Q= 12 w 11 |=ypwOH QO ?}DQDx@ [19]'16 RKPM

|=yMU=B |xv}W}@ 'CU= XNWt 12 w 11 |=ypwOH G}=Dv R= xm xvwou=ty
|OOa VwQ R= pY=L G}=Dv =@ |yHwDp@=k |v=wNsy xar=]t u}= QO xOt;CUOx@
w Q[=L |xar=]t G}=Dv u=}t hqDN= OYQO '=ypwOH u}= j@=]t "OQ=O RKPM

ẁ[wt u}= xm 'CU= �4 R= QDtm |Q=Okt pO=at RKPM VwQ R= pY=L G}=Dv
lQLDt sQH QF= CLD =yQ}D |m}t=v}O |=yMU=B u}}aD QO Q[=L VwQ CkO Qou=}@
u}= R= xO=iDU= =@ =yQ}D |m}t=v}O p}rLD QO QmP u=}=W |xDmv 'Qo}O |wU R= "CU=
?wr]t MU=B x@ u=wD|t pmW `@=D OwOLt O=OaD |Q}oQ=mx@ =@ xm CU= u}= VwQ
`@=D 3 R= xO=iDU= =@ \ki '12 w 11 |=ypwOH QO xOWx�=Q= G}=Dv xm |Qw]x@ "O}UQ
|O=yvW}B VwQ |oO=U w |}=Q=m Q@ |r}rO OwN 'xr�Ut u}= "Ov=xOt; CUOx@ pmW

"CU=

|Q}oxH}Dv "4
|=yQ}D |m}t=v}O Q=DiQ w V=aDQ= |UQQ@ |=Q@ |r}rLDxt}v VwQl} R= xar=]t u}= QO
'|rwvQ@ � Qrw= |=yQ}D V=aDQ= Q@ sm =L CqO=at 'wQ u}= R= "CU= xOW xO=iDU=hrDNt
CUOx@ uwDr}ty pY= |=v@t Q@ lQLDt sQH QF= CLD QDq=@ � x@DQt w wmvWwt}D
VwQ l} R= ?}DQDx@ 'CqO=at |v=tR w |v=mt |x} RHD Qw_vtx@ TBU "CU= xOt;
OvtDQOk |OOa VwQ l} w QUit Ot=aDt |=y|}xrtHOvJ s=v x@ Ot;Q=m w xO=U
|xU}=kt w |UQQ@ =@ "CU= xOW xO=iDU= |}=tv T} QD=t s=v x@ Cr=L |=[i QO
G}=Dv =@ x} Q_v 3 Qy QO Q}D O=R; V=aDQ= Oa)@ uwO@ |=yOt=U@ |=Q@ xOt;CUOx@ G}=Dv
CaQU 'Q[=L VwQ xm CU= xOW x_Lqt u=QoWywSB Qo}O \UwD xOW x�=Q= x@=Wt

CLD Q=OQ}o QU wO Q}D xv=yO \Uw xOWp=tQv |}=H@=H |v=tR xJN} Q=D "3 pmW
"Mn = 0 15 w Vn = 0 5 <=R= x@ lQLDt sQH |Q=PoQ=@

=QJ CU= �QDq=@ � x@DQt w wmvWwt}D� |WQ@ Q}PBpmW |=yQ}D QO |WQ@ VvQm C=QF=
w xDi=} Vy=m uw}U=Q} S `=aW 'Q}D pw] uOw@C@=F ZQi w Q}D |Qeq V}=Ri= =@ xm
u} QDW}@ xm OwW|t x_Lqt wQ u}ty R= "CU= xOW QDlJwm Q}D `=iDQ= 'u; `@D x@
CU= xO=O MQ � = 50 QO hrDNt |=yx} Q_v |xv}W}@ |=yMU=B u=}t j=@]v=

"�G3 w G2 |=ypmW�
|=yQ}D |m}t=v}O p}rLD R= pY=L G}=Dv |HvUCLY Qw_vtx@ 'u}= Q@ xwqa
|=yQ}DWN

max x@ \w@ Qt Q}O=kt |xU}=kt 'lQLDt sQH |Q=PoQ=@CLD |UQQ@ OQwt
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u=tL
Q

'xar=]t u}= QO |O=yvW}B VwQ 'Cio u=wD|tC}=yv QO "OQ=O |yHwD p@=k |v=wNsy
|m}t=v}O Q=DiQ w V=aDQ= |@=} RQ= |=Q@ '`t=H p=L u}a QO 'j}kO w xO=U |WwQ

"CU= Cw=iDt |HQ=N |Q=PoQ=@ w uwo =vwo |RQt \}=QW CLD hrDNt |=yQ}D

|xJN} Q=D |=yQ=Owtv |UQQ@ R= u}vJty "OQ=O ?U=vt CkO w |}=Qoty |q=@
G}=Dv =@ G}=Dv u}= xm CU= xOW XNWt Q}D |m}t=v}O |=yMU=B |xv}W}@ w |v=tR
'pmW `@=wD sm O=OaD R= xO=iDU= seQ|ra 'u=QoWywSB Qo}O xar=]t R= pY=L x@=Wt

=yCWwv=B
1. Galerkin
2. Rayleigh-Ritz
3. discrete element technique (DET)
4. Euler-Bernoulli beam
5. di�erential quadrature method (DQM)
6. di�erential transforms method (DTM)
7. Timoshenko beam
8. adomian decomposition method (ADM)
9. modi�ed adomian decomposition method (MADM)
10. variational iteration method (VIM)
11. characteristic orthogonal polynomials (COPs)
12. higher-order beam
13. Hamilton principle
14. Gram-Schmidt
15. Chebyshev polynomials
16. reproducing kernel particle method (RKPM)
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