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|R=Ux}@W |=Q@ xDUw}B Vw=QD w VvD |xDU@sy ,qt=m |Oa@ xU pOt l} 'Q=DWwv u}= QO
sm =L CqO=at |iQat R= TB "CU= xOW xO=iDU= =yOU |B QO w xaUwD nvU |xOwD Q=DiQ
pOt x=o}=H '=OD@= "CU= xOW G=QNDU= u}oQr=m VwQ =@ OwOLt <=RH= |Ov@pwtQi 'xO}OB Q@

'nvU |xO=t pt=W nvU |xOwD QO |m}v=mtwQO}y p}rLD hrDNt Kw]U x@ xHwD =@
h}YwD |=Q@ "CU= xOW u}}@D xOta |=y|oDUw}B=v w =yxRQO xDUO '|iO=YD |=yxRQO

xRQO K]U |xOWG}U@ |Q=wty=v p=ta= =@ T}Ov@ � uwDQ=@ pOt R= '=yxRQO |]NQ}e Q=DiQ
R= |W=v |}=w=QD C=Q}}eD |oDU@=w w |v=Uty=v C=Q}F-=D "CU= xOW xO=iDU= T=}kt C=QF= w
pL sD} Qwor= w x}qOvJ |Q=DiQ pOt =@ Q=OxRQO nvU |xOwD |=y|oDUw}B=v |oOWR=@
|v=tR |Q}op=QoDv= w x=QtyQ}e u=} QH uwv=k =@ l}DUqB wmU} w � wDUq= p}rLD Q@ |vD@t
=@ pOt QO |m}rwQO}y C}=Oy "CU= xOW xDiQo Q_v QO |}=Qoty `} QUD Qw_vt x@ K} QY

|m}v=mt |oOWR=@ R= |m}rwQO}y |oOWR=@ |x@U=Lt OvwQ w |v}@V}B ?amt uwv=k
|UOvy |=yQDt=Q=B Q}}eD =@ |B Q=DiQ C}U=UL p}rLD w pOt OQ@ Q=m "CU= xOW K} QWD

OQwt x@ xDU@ xm OyO|t u=Wv """w T=}kt QF= 'u; CyH w ?}W '=yxRQO xDUO O=OaD %Ovv=t
V}=Ri= p}rO x@ u; G}=Dv w |m}v=mtwQO}y C=Q}F-=D x@ xHwD sOa 'hrDNt Cq=L QO
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w uwDQ=@ pOt '|m}v=mtwQO}y VvmQOv= 'OwOLt <=RH= '|}=w=QD %|O}rm u=oS=w
"T=}kt QF= '`=UD= 'T}Ov@

xtOkt "1
|R=UOU EL=@t QO Vw=QD w VvD u=tRsy p}rLD |UQQ@ OvJ Qy "OUQ|t Q_vx@
uwvm =D p=L u}= =@ 'OOQo|tQ@ xU=Br=t OU CUmW R= TB w |Oq}t 60 |xyO x@
=RHt <=RH= VwQ =@ '1987 p=U QO |WywSB QO "CU= xOW s=Hv= |OwOat C=ar=]t
|xvO@ 'u; QO xm 'CU= xOW xDN=OQB |vRw |vD@ |=yOU uRNt w OU '|B p}rLD x@
s}rUD w ?trwm � Qywt pOt =@ =yxRQO w |]N u=UWm CQwYx@ x=ox}mD w OU
G}=Dv w xO=iDU= R}r=v; |=Q@ UDEC Q=Ri=sQv R= u}vJty w "Ov=xOW |R=Ux}@W xDUw}B
xrRrR w uRNt |Q}o@; 'CN=U u=tR 'CN=U R= p@k \}=QW %pt=W xrLQt 4 QO
[1]"OQm|t C}a@D ?amt uwv=k R= R}v xDiQQ=mx@ |m}rwQO}y pOt "CU= xOW x�=Q=
p}rLD C=QF= |UQQ@ x@ =RHt <=RH= VwQ =@ p=U u=ty QO R}v |Qo}O VywSB QO
=@ =yxRQO |oOWR=@ |=Q@ u; QO xm 'CU= xOW xDN=OQB =yOU QO VvD w Vw=QD
w |WWm |DNU C=Q}}eD w x@r x@ xWwo Ovv=t T=tD Kw]U \}=QW uDW=O^wLrt
u}vJty w OW h} QaD pO=at |oOWR=@ u; T=U=Q@ w u} wOD |Q=}at 'xRQO |Q=Wi
OwHw Q}F-=D u=R}t R}v w "CW=O OwHw u; u=mt= xm OvJ Qy 'OWv xDiQo Q_v QO `=UD=

|Swrw�SwQO}y w |m}vmDw�S ?U=vt \}=QW u}t-=D sRrDUt OU E=OL= |Q}PBu=mt=
w ẁvD "CU= umttQ}e ,qta |v=tQ; \}=QW x@ |@=}DUO p=L u}= =@ "CU= x=oDN=U
|=yxv=to uOw@OwOLt R= |W=v |i=m =v |Q}oR=Ov= '=yQDt=Q=B |v=mt w |v=tR C=Q}}eD
\}=QW |R=Ux}@W |}=v=wD sOa p}rO x@ =yQDt=Q=B j}kO u=OvJ xv OQw;Q@ '|i=WDm =
'=yV}=tR; Q}UiD QO xOvvmxO=U |=yZQi P=ND= '|Q=OQ@xQy@ u=QwO C=k=iD= =@V}=tR;
?Hwt Qo}O |=yC}a]k sOa |Q=}U@ w T=}kt C=Q}F-=D '|v=Uv= w |Q=R@= |=y=]N
"Ov=t@|k=@ x=oDN=UVN@ u} QDR}ov=Q@Vr=J w u} QDxDN=vW=v =yOU|B xmCU= xOW
sHL CW=@v= w |ovU |=yQ=DN=U u}= |wQ Q@ =yOU Ovv=t syt |=yxR=U E=OL=
x=oDN=U nvU |xOwD w OU |xawtHt |OOa |R=UpOt 'xk]vt QO ?; s}_a
|QwQ[ |m}v=mt � |QPo?; u=t-=wD Q=DiQ R= |L}LY lQO uOQw;sy=Qi Qw_vt x@
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[8]%CU=

div� + b = ��u = (1� n)�s�us + n�w�uw (1)

� = (1� n)�s + n�w (2)

��0ij = H(�ij ;�"ij ; k) (3)

"OvDUy p=}U w Ot=H R=i |=yQDt=Q=B hQat ?}DQD x@ w w sT} wvQ} R '\@=wQ u}= QO
|=ywQ}v Q=OQ@ b 'p=}U w Ot=H R=i |tHL sQH ?}DQD x@ �w w �s 'T=U= u}= Q@
u "OvDUy pNrND C@Uv n w u=tr= pm |tHL sQH � 'sQH OL=w QO |tHL
VvD �0 = � � pw 'p=}U R=i Q=Wi pw 'pm VvD � 'u=tr= \UwDt u=mtQ}}eD
VvD Q@ xwqa xm 'CU= Ot=H R=i |m}v=mt |Q=DiQ pOt H(�ij ;�"ij ; k) w QF-wt

"CU= xDU@=w R}v |Q=PoQ=@ |xJN} Q=D k x@ VvQm w
pmW x@ R}v TmwDU= � Q} w=v \@=wQ T=U=Q@ p=}U R=i sDvtwt pO=aD |xrO=at

[9]%CU= 4 |x]@=Q
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@t

_urwi + _urwj
@
@xj

_urwi = � 1
�w

@
@xi

pw + �w
@2

@xj@xj
_urwi

i = 1; 2; 3 j = 1; 2; 3 (4)

�w 'Ot=H R=i x@ C@Uv p=}U R=i |@Uv u=mtQ}}eD urw = (uw�us) 'u; QO xm
w p=}U |tHL sQH �w '�1� 10�6m2

s ?; |=Q@� p=}U l}D=tv}U |oOv@UJ
[9]'CU= xO}J}B Q=}U@ |rm Cr=L QO QwmPt |xrO=at pL "CU= p=}U Q=Wi pw
Q}=U =@ xU}=kt QO <=RH= |[a@ hPL w xrO=at QO |R=UxO=U p=ta= =@ p=L u}= =@
|r}rLD pL |=Q=O xm |Dq=L R= |m} "OQ=O OwHw u; |OOa pL u=mt= '=yVN@
u=} QH ZQi =@ u; |xrO=at xm 'CU= Q=wty |oDUw}B=v u=}t R= u=} QH Cr=L 'CU=

[9]%OwW|t p}O@D 5 |x]@=Q CQwYx@ 's=Q; w =v=t 'Q}PB=v sm =QD

qw = ��wge3

12�w (rh) h = pw
�wg

+ z �w = �w�w (5)

'CU= pNrNDt |=y\}Lt QO u=} QH |=Q@ |UQ=O pwtQi u=ty '5 |QPo?; |x]@=Q
w �w 'x]@=Q u}= QO "CU= xOt; CUOx@ |r}rLD CQwYx@ u; |Q}PBPwiv ?} Q[ xm
p@k=t ?} Q[ "CU= |tHL QPo qw w |m}D=tv}U w |m}t=v}O CHRr ?}DQD x@ �w
|oDUw}B=v |yOQPo C}r@=k 'CU= xOW xO=O V}=tv T =@ xm 'x]@=Q u}= QO RDv=QB
QO x]@=Q u}= |Q=Po|=H =@ "CU=yxRQO |oOWR=@ swU u=wD =@ ?U=vDt xm 'OQ=O s=v
uOw@pkDUt w =tO R}v w =v=t \}=QW |Q=QkQ@ ZQi =@ w p=}U R=i |oDUw}B |x]@=Q

%O};|t CUOx@ 6 |x]@=Q 'Q=Wi R= p=}U |tHL sQH
@
@x

(Tx
@h
@x

) + @
@y

(Ty
@h
@y

) = 0 (6)

Qy QO u=tRsy Qw] x@ CqwyHt u}= "CU= pw w u CqO=at u}= CqwyHt xm
u}= u=tRsy pL sRrDUt 'Q=DiQ j}kO |R=UpOt 'u}=Q@=v@ 'OvwW|t Qy=_ xrO=at wO
w pmW `@=wD T=U=Q@ Q=Wi w u=mtQ}}eD pwyHt `@=wD xJv=vJ "CU= xDU@sy CqO=at
|yOuRw VwQ =@ |vRw |xOv=t}k=@ |r=QoDv= |xQ=Ro w\U@ |}xQo \=kv QO `@=D Q}O=kt
\@=wQ CQwYx@ sDU}U Q@ sm =L CqO=at |xDUUo V}=Q; 'OwW |U} wvR=@ u}oQr=o

|=yQDt=Q=B Q@ u; xHwD p@=k C=QF= w OU u=mtQ}}eD Q@ u; |=DU=Q w Ov@?; |xOQB
|=yQDt=Q=B uDiQovQ_vQO p}rO x@ QwmPt VwQ p=L u}= =@ [2]"OW xO=O u=Wv |L=Q]
VywSB QO "CU= |rta OQ@ Q=m Ok=i JCS w JRC Ovv=t nvU |xOwD |m}vmDw�S
p}rLD 'OwOLt <=RH= VwQ w xRQO xDUO wO uDiQoQ_vQO =@ R}v �1988� |Qo}O
'QwmPt VvD |x]@=Q QO w &OW xO=O s=Hv= |vRw OU l} |=Q@ VvD w Vw=QD u=tRsy
x@ u=wD|t u; G}=Dv Qo}O R= w "Ot; CUOx@ |y=oW}=tR; |=yxO=O R= u=mtQ}}eD
Vw=QD w VvD u=tRsy p}rLD O=} R C=Q}F-=D w hrDNt C=yH QO |Q}PBPwiv C=Q}}eD
OU |wQ Q@ |Qo}O |xar=]t '1998 p=U QO [3]"OQm xQ=W= |L=Q] |=yQDt=Q=B Q@
|x}q OvJ pO=at \}Lt swyit R= u; QO xm 'CU= xOW s=Hv= w=QwD |Oa@ wO |vRw
VywSB QO u}vJty [4]"CU= xOW xO=iDU= QwmPt pOt |=Q@ l}DUqB wmU} wwDUq=
x@ BRG3D s=v =@ OwOLt <=RH= |Oa@ xU pOt |xaUwD =@ p=U u=ty QO |Qo}O
VvD s-=wD C=QF= uDiQoQ_vQO uwO@ w =@ p}rLD wO QO Vw=QD w VvD |wor= |xar=]t
1 |xrY=i x@ xDUw}B=v w xDUw}B |xRQO xDUO wO =yv; QO xm 'OW xDN=OQB Vw=QD w
|OvwQ QO '2008 p=U QO R}v |v=QoWywSB [5]"OvOw@ xOW xDiQo Q_v QO |B QO QDt
|xar=]t QO [6]"OvDN=OQB xO}OB u}= |UQQ@ x@ xDUw}B |xRQO xDUO wO =@ w x@=Wt
p=m}v=mtwQO}y C=QF= |UQQ@ x@ x}q OvJ pOt R= xO=iDU= =@ sy �2005� |Qo}O
w |]N Q=DiQ x@ u}vJty w |Uwk OU x=ox}mD w |vRw OU |B nvU |xOwD QO
|=yQDt=Q=B |UQQ@ x@ R}v u; |xt=O= QO "CU= xOW xDN=OQB =yxRQO s�=k |oOWR=@
|Q}oxH}Dv xvwou}= w xDN=OQB x=ox}mD |Q=O}=B Q@ Ov@?; |xOQB w =yxRQO x@ \w@ Qt
|}x_Lqt p@=k QF= 'O=ODt= |x} w=R w ?}W |x} w=R '=yxRQO xDUO O=OaD xm OW
w OQ=O u; Q=DiQ w nvU |xOwD |wQ Q@ p=m}v=mtwQO}y VvmQOv= QF= |ovwoJ QO
=yVvD u=v}t]= CyH hqN w K}LY=v u}tND Ea=@ 'xO}OB u}= |xar=]t sOa

[7]"OwW|t
|O=yvW}B |=ypOt =} ?trwm � Qywt |xRQO pOt 'xOWO=} OQ=wt |t=tD QO
OQm} wQ xm 'T}Ov@ � uwDQ=@ |Q=DiQ pOt w xOW xOQ@ Q=mx@ =yxRQO xDUO |=Q@ QoWywSB
w |y=oDN=U |=yVw=m QO =yCW=OQ@ s=tD w CU= |R=UOU C=ar=]t QO pw=ODt
xOv=t QwO Q_v R= 'OwW|t |Qw;OQo pOt u}= |=yQDt=Q=B T=U=Q@ |L=Q] C=aq]=
QF= Q@ O}m -=D =@ pOt u}= R= |Oa@ xU `t=H pOt |xaUwD hOy =@ Q=DWwv u}= "CU=
QO |m}v=mtwQO}y Q=DiQ Q=PoQ}F-=D |=yQDt=Q=B |UQQ@ w |}=U=vW Qw_vt x@ T=}kt
Q=DWwv |rY= |=yVN@ 'T=U= u}= Q@ "CU= xOW u} wOD |vRw |vD@ |=yOU |B

%CU= xOW s}_vD CQwY u}= x@
"CU= xOW K} QWD xOWxDiQo Q_v QO C=}[Qi w sm =L CqO=at 'pw= VN@ QO
VN@ ẁ[wt =y|oDUw}B=v |Q=DiQ pOt w l}DUqB wmU} w VwQ x@ p}rLD |xw}W
pOt OQ@ Q=m 'Oa@ VN@ QO w xDN=OQB Vw=QD p}rLD C=}�RH x@ 'xt=O= QO "CU= swO

"CU= xOW x�=Q= =yQDt=Q=B |@=} RQ= x=Qty x@

sm =L CqO=at "2
'u; |Q}o@; w OU E=OL= R= TB |vD@ |=yOU x=oCN=U uwt=Q}B nvU |xOwD Q=DiQ
=D |r=N |=y=[i QO ?; Qw[L R= u; x@ OU hQ] R= xOWpkDvt |=ywQ}v Q@ xwqa
QO "CU= QF-=Dt =y|oDUw}B=v QO xOWO=H}= |m}rwQO}y |=yQ=Wi w xDUw}B |OwOL
"CU= xOW x�=Q= =y\}Lt xvwou}= Q=DiQ Q@ sm =L |r}Uv=Qi}O CqO=at 'CtUk u}=
R=i swDvtt pO=aD |xrO=at '\}Lt pm swDvtt pO=aD |xrO=at %pt=W CqO=at u}=
pkDUt |xrO=at wO 'QN; |x]@=Q wO j}irD =@ "CU= sQH pO=aD |xrO=at w p=}U
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% R= Ov=CQ=@a x}rw= \}=QW "OQm pL =Q xr�Ut u=wD|t ?U=vt |RQt w x}rw=
u = u0 p = p0 in 
 and on @
 (17)

"CU= u; |vwt=Q}B RQt @
 w xr�Ut |m} R}i wQtrk 
 'u; QO xm
|L]U |wQ}v l} '@t
 � @
 RQt R= |WN@ QO pm swDvtt pO=aD |=Q@
"OwW|t xDiQo Q_v QO u = �u u=mtQ}}eD '@u
 � @
 RQt QO w t = �t = �ijnj
Q=Okt u; QO xm @p
 � @
 �hr= %VN@ 2 x@ RQt R}v p=}U u=} QH p}rLD QO
'CU= xOW xO=O |HwQN p=tQv u=} QH u; QO xm @q
 � @
 �? 'u}at p = �p

"OwW|t s}UkD
\}Lt |=yR=i R= l} Qy CqO=at 'xDU@sy CqO=at pL |=Q@ 'Q=DWwv u}= QO
hrDNt |=yVN@ u}@ |r=wDt CQwYx@ R=}vOQwt C=aq]= w pL xv=o =OH Qw]x@
'CqO=at R= l} Qy QO |OOahrDNt |=yl}vmD R= xO=iDU= u=mt= "OwW|t xrO=@t
|R=U=OH VwQ x@ pL |=}=Rt R= xv=}=Q R=}vOQwt p=ai |x_i=L w Ov=@ ZQa Vy=m

"CU= xOW xO=O u=Wv 1 pmW QO l}vmD |=tv OvwQ "CU=

|D=@U=Lt pOt x=o}=H "3
|v=w=Qi Q}F-=D =y|oDUw}B=v OwHw "CU=yxRQO w nvU |xO=t R= |@}mQD 'nvU |xOwD
x@ |oDU@ u; u=R}t xm 'OQ=O xOWp=ta= |=yQ=@ Q@=Q@ QO nvU |xOwD Q=DiQ QO
u}= R= |vwo =vwo `=wv= "CW=O Oy=wN h}a[ C=LiY u}= w sr=U nvU |=yQDt=Q=B
|oDi=}CyH w |v}@=v}@ |xrY=i xm 'OQ=O OwHw nvU |xOwD QO CU )U C=LiY
p}rLD R= |irDNt Kw]U u; T=U=Q@ xm 'OwW|t pt=W =Q |vwo =vwo |=yT=}kt =yv;
xDUO '2 K]U w nvU |xO=t '1 K]U [10]"CU= h} QaD p@=k Vw=QD w VvD
pNrNDt |=y\}Lt x@=Wt ,=k}kO =yv; |R=UpOt xm 'OvDUy |iO=YD |=yxRQO
?=NDv= '=yQDt=Q=B |iO=YD C}y=t p}rO x@ '2 K]U QO "CU= l =N Ovv=t pw=ODt
|R=Ux}@W Ovv=t |r=tDL= |=yVwQ R= xO=iDU= =Pr &CU= pmWt Q=}U@ =yv; |a]k

[8]%O};|t CUOx@ 16 |r= 7

M �u+KTu = fu +Qpw (7)

S _pw +Hpw = fp �QT _u (8)

M =
Z



(Nu)T � (Nu) d
 (9)

P (u) =
Z



BT�0d
 � = �0 �mpw d�0 = DT d"

mT = [1; 1; 1; 0; 0; 0]T (10)

KT = @P (u)
@u

=
Z



BTDTBd
 (11)

Q =
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BTmNpd
 (12)

H =
Z



(rNp)T k
�w
rNpd
 (13)

S =
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�
Npd
 (14)

fu =
Z



NT
u [�s(n� 1) + �wn] gd
 +

Z
�qu

NT
u �td� (15)

fp =
Z



(rNp)T k
�w

�wgd
�
Z

�qw

NT
p
qw
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d� (16)

DT w p=}U w Ot=H C=QP |tHL pwOt ?}DQD x@ Kw w Ks '\@=wQ u}= QO xm
\w@ Qt |Q=PoQ=@ |xJN} Q=D wCr=L |=yQDt=Q=B x@ xm 'CU= |U=tt |Q=DiQT} QD=t
\}=QW p=ta= =@ [8]"OvDUy |Pivt Q=Wi w u=mtQ}}eD pmW `@=wD Np w Nu "CU=
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=C}r=}U QDt=Q=B =@ l}DUqB wmU} w |=ypmWQ}}eD |v=tR |oDU@=w 'x]@=Q u}= QO
Qy |=yxYNWt R= xm 'QDt=Q=B u}= "OwW|t xDiQo Q_v QO u=tR Tma OL=w =@ �
xm 'wQv=Qo |=y\}Lt |=Q@ "OwW|t XNWt |y=oW}=tR; |=yuwtR; R= 'CU= xO=t
u}}aD 'CU= Q_v Ot XNWt |v=tR |xR=@ l} QO VvD w u=mtQ}}eD R= |}xJN} Q=D
x@ |@=}DUO hOy 'KQ] u}= Ovv=ty xJv=vJ |rw &CU= |QwQ[ QDt=Q=B u}= j}kO
Q}F-=D uDiQoxO}O=v p}rO x@ 'OW=@ l}DUqB wDUq= p�=Ut |=Q@ |OOa pL l}vmD l}
R}v Cm =Q@ [13]"CiQo Q_v QO OL=w Q@=Q@ =Q QDt=Q=B u}= Q=Okt u=wD|t p}rLD QO u=tR
Q}e QO w QiY OOa 'uOw@ QiY =} |ivt CQwY QO xm 'CU= O}=U} wy `@=D hQat
l}DUqB wmU} w VvQm ẁkw `@=D u}= OQmrta "Ov=OQo|t Q@ =Q `@=D Q=Okt CQwYu}=
|=Q@ |Dw=iDt |=y?=NDv= "Ovm|t u}t[D s}rUD K]U R= uDiQQD=Qi CQwY QO =Q
xOW ZQi s}rUD `@=D Q@=Q@ `@=D u}= Q=Okt 'Q=DWwv u}= QO [13]"OQ=O OwHw �(F ) `@=D

%OwW|t x@U=Lt 21 |x]@=Q R= l}DUqB wmU} w VvQm MQv u}=Q@=v@ 'CU=
_"�p = F @Q (�)

@�
if F > 0

_"�p = 0 if F � 0 (21)

pL CiQW}B |=Q@ XNWt |v=tR |Ov@s=o KQ] l} uw}UqwtQi uOw@=QPo p}rO x@
|v=tR |xrY=i Qou=}@ �tn u; QO xm 'CU= R=}v tn+1 = tn+�tn x@ tn u=tR R=
|Q}tNCr=L |=y|Qw�D =@ x@=Wt w CqtH |U} wvR=@ =@ "CU= |r=wDt s=o wO u}@

%O};|t CUOx@ 22 |x]@=Q R= |v=tR s=o |=yDv= QO VvD
�n+1 = D

�
"n+1 � "�pn+1

�
(22)

MQv Q=Okt '|v=tR s=o Qy QO l}DUqB wmU} w VvQm MQv |]N C=Q}}eD ZQi =@
23 |x]@=Q R= tn+1 w tn u=tR wO u}@ |]N |@=}u=}t =@ tn+� u=tR QO VvQm

%O};|t CUOx@
�n+� = (1� �)�n + ��n+1 (23)

%O};|t CUOx@ 24 |x]@=Q R= R}v |v=tR s=o |=yDv= QO l}DUqB wmU} w VvQm Q=Okt
"vpn+1 = "�pn + �t�n+� (24)

%O};|t CUOx@ 25 |x]@=Q '23 |x]@=Q QO 24 |x]@=Q |Q=Po|=H =@
�n+1 = D ["n+1 � "�pn ��t�n] (25)

'xrO=at CtU l} x@ =yQ}eDt p=kDv= w 25 |x]@=Q u=tO}J QO Q}}eD |mOv= p=ta= =@
%OQm x�=Q= 26 |x]@=Q sQi x@ =Q xOv=t Q=OQ@ u=wD|t

Rn+1 = "n+1 �D�1�n+1 � "�pn ��t�n+� = 0 (26)

`@=wD R= xO=iDU= =@ Q=QmD Qy QO T} QD=t w =yVvD C}a[w '|OOa p}rLD Ov};Qi QO
x@ \w@ Qt 'i T} wvq=@ "�27 |x]@=Q� OwW|t s=ovy x@ |Q}tN p}Uv=DB w s}rUD

"CU= ZwQit |v=tR s=oQO s)=i Q=QmD Q}O=kt
Ri+1 = 0 = Ri � �D�1 + �tCn+1

�
d�in+1 (27)

%O};|t CUOx@ 29 w 28 \@=wQ R= D�n+1 w Cn+1 Q}O=kt 'u; QO xm
Cn+1 = @�

@�

����
n+�

= � @�
@�

����
n+1

(28)

D�n+1 =
h
D�1 + �tCn+1

i�1
(29)

K]U QO "CU= Q}PB=v?=vDH= =y|oDUw}B=v |=yQDt=Q=B Q}O=kt OQw;Q@ QO wrQ=mCvwt
xDUO |}=U=vW x@ |Q=ovxRQO C=ar=]t G}=Dv xm CU= |}xvwo x@ =yxRQO u=tO}J '3
=@ =yxRQO O=ODt= w =DU=Q uOQm^=Lr "OwW|t QHvt nvU xOwD QO s_vt |=yxRQO
nvU |xOwD |m}rwQO}y w |m}v=mt Q=DiQ QO =yu; |xUOvy |U=U= Vkv x@ xHwD

"CU= Q_v Ot R}v Q=DWwv u}= QO xm 'CU= p}rLD R= K]U u}= |=y|QDQ@ R=
w C}akwt u; QO xm 'CU=ypUo Ovv=t xOta |=y|oDUw}B=v pt=W '4 K]U
xRQO |=yu=tr= R= 'K]U u}= QO "OwW|t u}}aD j}kO Qw] x@ p}rLD QO QF-wt |=yQDt=Q=B
|=y|oDUw}B=v R= 'Q=DWwv u}= QO [10]"OwW|t xO=iDU= pOt|rm Oa)@ R= QDtm Oa)@l} =@
\}Ltl} CQwYx@ x=ox}mDnvU |xOwD wCU= xOW Q_vhQY =ypUo Ovv=t xOta
u}= Q@ "CU= xOW |R=Ux}@W �3 |r= 1 Kw]U� s_vt w |iO=YD |=yxRQO xDUO =@
|R=Ux}@W CyH x}qOvJ pOt ?r=k QO w xDUw}B \}Lt QO |R=UpOt R= T=U=
OwW|tv xDiQo Q_v QO xRQO u=tr= OQm} wQ u}= QO "CU= xOW xO=iDU=nvU xOwD Q=DiQ
nvU Q=DiQ Ov};Q@ R= pOt pm MU=B w OQ=w |Q=DiQ CqO=at QO pO=at |=yQDt=Q=B w
Q=DiQ |R=U pOt u=mt= "OwW|t x@U=Lt =yxRQO xDUO hQat |=yxLiY w Qm@
Qy |Dtw=kt w |Q}PBpmW '|UOvy C=YNWt h} QaD =@ nvU |xOwD u=Uty=v
|xm@W QO xRQO u=tr= O}rwD x@ R=}v uwO@ Q_=vDt C=LiY =@ =yxRQO xDUO R= l}

"CU= Q=my=Q u}= |=y|Ovtv=wD R= OwOLt <=RH=

pL l}vmD "4
xO=iDU= pOt |OOa |R=Ux}@W |=Q@ xD}U}DUqB wmU} w |Qw�D R= 'Q=DWwv u}= QO
s=tD QO O}=@ u=tR 'CU}v |v; `k=w QO |rmW Q}}eD I}y xm =Hv; R= "CU= xOW
|=ypmWQ}}eD OvwQ QO =Q u=tR Cr=NO l}DUqB wmU} w |x} Q_v "OwW Qw_vt \@=wQ
'u}=Q@=v@ [11]"Ovm|t |iQat �|Swrw�Q� u=tR x@ xDU@=w |Q=DiQ |=ypOt =@ |Q}tN
|xO}= "OvDUy u=tR x@ xDU@=w =yVvQm w |Q}tN u=} QH 'xO=t |x}rw= s}rUD R= Oa@
u=tR x@ xDU@=w |=yxO}OB p}rLD u=mt= Q@ xwqa 'sD} Qwor= u}= |Q}oQ=m x@ |rY=
QO swUQt |=ypL =@l}DUqB wmU} w p�=Ut QO =}=BCr=L uOw@u=Um} 'VRN Ovv=t
|=ypmWQ}}eD pOt u}= QO 'Qo}O CQ=@a x@ "CU= l}DUqB wDUq= |m}D=DU= p�=Ut
|v=yo =v |=ypmWQ}}eD =@ s=Hv=QU w p=@vO |Y=N nvy; =@ l}DUqB wmU} w |Q}N-=D
u=wD|t =Q ẁ[wt u}= |[=} Q |=yx=oO}O "OwW|t ?v=Ht |Q}tN Cr=L |Qw�D QO
Cr=L QO pw=ODt \@=wQ Ovv=ty R}v =Hv}= QO [12]"OQm =O}B u=QoWywSB j}kLD QO
QO l}DUqB wmU} w VN@ l} w u=UWm CtUk l} pt=W pm VvQm '|Q}tN

"�18 |x]@=Q� CU= uOWs}rUD CQwY
" = "e + "�p (18)

swUQt |=y|Qw�D x@=Wt R}v u=UWm VvQm Q=OQ@ w VvD Q=OQ@ u}@ |x]@=Q
%O};|t CUOx@ 19 |x]@=Q R= w D |v=UWm QwUv=D =@ l}DUqB wDUq=

"e = D�1� (19)

pOt |O=}v@ Cy=@W p}rO x@ |Q}tN |=ypmWQ}}eD QO u=tR C=Q}F-=D R= Q_vhQY
p}Uv=DB `@=D w F s}rUD `@=D l}Uqm l}DUqB wDUq= pOt =@ l}DUqB wmU} w
Q_v QO 20 |x]@=Q j@=]t l}DUqB wmU} w u=} QH uwv=k h} QaD |=Q@ Q |Q}tN

%OwW|t xDiQo
_"vp = @"�p

@t
= � (�; "�p) = � h� (F )i @Q (�)

@�
(20)
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|kD
OtL
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|v}

�=v|
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|ra %CU= 34 w 33 \@=wQ CQwYx@ =yxRQO K]U |WQ@ w s�=k C@qY
� = DJ� (33)8>><>>:

�n
�s
�t

9>>=>>; =

8>><>>:
kn 0 0
0 ks 0
0 0 kt

9>>=>>;
8>><>>:

�

us
ut

9>>=>>; (34)

Ot=aDt CyH wO QO |U=tt w p=tQv |=yVvD ?}DQD x@ �t w �s '�n '\@=wQ u}= QO
QO xRQO |DNU T} QD=t R}v DJ 'Q_=vDt |@Uv |=y|}=H@=H ut 'us '� w t w s
xwHw ZQi =@ xm 'CU= |rLt C=YDNt sDU}U QO u=UWm |=ypmWQ}}eD Cr=L
QiY Q@=Q@ u; |Q]kQ}e |=yxir-wt u=UWm Cr=L QO VRer uwO@ xO}@UJ |xRQO
"O};|t CUOx@DJ T} QD=t Q_=vDt |=yx}=QO Twmat R= SJ |tQv T} QD=t "CU=
T} QD=t =@ |DNU |=yT} QD=t '=yxRQO R= l} Qy |Q}oQ=Qk C}akwt x@ xHwD =@
x@ l} Qy �xRQO Q@ Owta nj w T=tt sj 'tj� |rLt C=YDNt R= Tj p=kDv=

[13]%�35 |x]@=Q� OwW|t p}O@D |rm C=YDNt8>><>>:
tj

sj

nj

9>>=>>; =

8>><>>:
xi
yi
zi

9>>=>>; =

2664 l1 m1 n1
l2 m2 n2
l3 m3 n3

3775
8>><>>:

x

y

z

9>>=>>; (35)

w n2 'm2 'l2 'xi QwLt |O=y |=yTwv}Um ?}DQD x@ n1 w m1 'l1 'x]@=Q u}= QO
%OvDUy 36 \@=wQ CQwYx@ zi w yi QwLt |O=y |=yTwv}Um n3 w m3 'l3

l1 = cos
�
�j
�

cos('� wj) l2 = cos
�
�j
�

sin('� wj)
l3 = � sin

�
�j
�

m1 = � sin('� wj) m2 = cos('� wj) m3 = 0
n1 = sin

�
�j
�

cos('� wj) n2 = sin
�
�j
�

sin('� wj)
n3 = cos

�
�j
�

(36)

u}@ |x} w=R '' pkDUt Q}eDt l} =@ \ki |rm w |rLt C=YDNt wO u}@ |x]@=Q
p}O@DT} QD=t QO Qo}O |x} w=R wO "OwW|t u}}aDX |rY= QwLt w |}=}i=QeH p=tW
[9]"CU= s)=j |xRQO xDUO ?}W |x} w=R �j w ?}W CyH |x} w=R wj x@ \w@ Qt

"CU= xOW xO=O u=Wv 2 pmW QO =yQ}eDt Q}=U
p}Uv=DB `@=D w s}rUD `@=D T=U=Q@ 21 |x]@=Q j@] l}DUqB wmU} w VvQm MQv
l}DUqB wmU} wVvQmMQv "OwW|t x@U=LtC=LiYR=l} Qyw Qm@nvUQO|Q}tN

"|rm C=YDNt w xRQO |xLiY QO |rLt C=YDNt u}@ |x]@=Q "2 pmW

� Qo = "OQw; CUOx@ � Cw=iDt Q}O=kt R= xO=iDU= =@ u=wD|t =Q |Dw=iDt |=yKQ]
xHwD =@ w 28 |x]@=Q j@] 'xrLQt Qy QO Cn+1 T} QD=t O}=@ 'OW=@v QiY |w=Ut
T} QD=t "OwW x@U=Lt xO=t Q=DiQ |=Q@ xOWh} QaD |Q}tN p}Uv=DB w s}rUD `@=wD x@
T} QD=t uQ=kD p}rO x@ 'OwW xO=iDU= x=Qty u=} QH uwv=k R= xm |DQwY QO \ki 'D�
pY=L KQ] CQwY u}= QO 'OwW ZQi QiY Q@=Q@ � Qo = "Ow@ Oy=wN uQ=kDt C

[12]%OwW|t xO=U 30 |x]@=Q CQwY x@ C=@U=Lt w CU= K} QY

Cn+1 = 0 D�n+1 = D (30)

CU}v |v=tR s=o =} Q=QmD Qy QO pm |DNU T} QD=t |x@U=Lt x@ R=}v OQ@y=Q u}= QO
x@ p}rLD OvwQ QO w x@U=Lt |]N Cr=L QO pm |DNU T} QD=t Q=@ l} \ki w
l}DUqB wDUq= pOt w |vt[ |=yKQ] hqNQ@ OQm} wQ u}= QO "OwW|t xDiQo Q=m
u=} QH uwv=k R= xO=iDU= CQwY QO uQ=kDt=v |DNU T} QD=t =@ Q=m x@ |R=}v swUQt
'CU= Q}PBu=mt= |oO=U x@ x=Qty """wVvQm |oOvwWsQv |R=UpOt wCU}v x=QtyQ}e
|=y?=wH sy R=@ |r=wDt |v=tR |=ys=o QO |H} QOD pL p}rO x@ xmv}= ut[

"O};|t CUOx@ |Q}tN |=ypmWQ}}eD |=Q@ |@U=vt
T} QD=t =OD@= 'l}DUqB wmU} w |OOal}vmD w|}x}qOvJ pOtCi=}yQ j@=]t
TB w p}mWD =yu=tr= u=UWm |DNU T} QD=t |Q=Posy} wQ R= sDU}U pm |DNU
Qy K]U QO =yVvQm w =yVvD '=yu=mtQ}}eD w pL pO=aD CqO=at 'Q=@ p=ta= R=
xJv=vJ "OwW|t pQDvm s}rUD |=yQ=}at =@ w x@U=Lt u=tr= Qy QO w |Uwo |x]kv
CyH l}DUqB wmU} w VvQm MQv 'OW=@ xDiQo Q=Qk s}rUD K]U |q=@ VvD Cr=L
u}= Q@ "OwW|t p=ta= sDU}U x@ |i=[= Q=@ CQwYx@ w x@U=Lt =yVvD KqY=
l}DUqB wmU} wVvQm MQv wnvU |xOwD u=UWm|DNUT} QD=tCU= sRq T=U=
Qm@ nvU Q_=vDt T} QD=t `tH R= nvU |xOwD |v=UWm T} QD=t "OwW x@U=Lt
O};|t CUOx@ KQW u}= x@ =yv; |oDi=}CyH w O=OaD x@ xHwD =@ =yxRQO xDUO w

[13]%�31 |x]@=Q�

[DRM ] =

"
[DI ]�1 +

nX
j=1

fjTTc CjTc

#�1
(31)

'nvU |xO=t |DNU T} QD=tDI 'nvU |xOwD |DNU T} QD=tDRM 'u; QO xm
T} QD=t ?}DQD x@ Tc = T� w Sj '=yxRQO |xrY=i fj '=yxRQO xDUO O=OaD n
=@ u=UWm Q=DiQ uOw@pO=at ZQi =@ DI "CU= xRQO xDUO p=kDv= T} QD=t w |tQv
sr=U nvU uwU=wB ?} Q[ w |v=UWm pwOt |=yQDt=Q=B T=U=Q@ w |]N |x]@=Q

%O};|t CUOx@ 32 |x]@=Q R=

[DI ]�1 =

266666666664

1
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1
E � �

E 0 0 0
� �
E � �

E
1
E 0 0 0

0 0 0 2(1+�)
E 0 0

0 0 0 0 2(1+�)
E 0

0 0 0 0 0 2(1+�)
E

377777777775
(32)

T=U=Q@ =yxRQO QO u=UWm Cr=L QO |@Uv |=yu=mtQ}}eD w =yVvD u}@ |x]@=Q
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"""Q=
DiQ

QO|
m}vm

Dw�S
|=y

QDt=Q
=BQF

=|@
=}RQ

=

T� =

26666666666666664

l21 m21 n21 2l1m1 2m1n1 2l1n1

l22 m22 n22 2l2m2 2m2n2 2l2n2

l23 m23 n23 2l3m3 2m3n3 2l3n3

l1l2 m1m2 n1n2 l1m2 + l2m1 m1n2 +m2n1 l1n2 + l2n1

l2l3 m2m3 n2n3 l2m3 + l3m2 m2n3 +m3n2 l2n3 + l3n2

l1l3 m1m3 n1n3 l1m3 + l3m1 m1n3 +m3n1 l1n3 + l3n1

37777777777777775
(39)

nvU |xOwD |m}v=mt Q=DiQ "5
=y|oDUw}B=v QO w u=UWm pOt 'Q=DWwvu}= QO sr=UnvU Q=DiQ |=Q@ xOWxO=iDU= pOt

%CU= 45 w 44 \@=wQ j@=]t s}rUD `@=D =@ T}Ov@ � uwDQ=@ pOt
Fs = j�sj � �n tan�j � cj = 0
�j = JRCmob log10

�
JCS
�n

�
+ �r (44)

Ft = �n � �tj = 0 (45)

R= ?}DQD x@ xRQO Kw]U R= l} Qy |=Q@ |WQ@ w |WWm s}rUD K]U p}Uv=DB `@=D
%CU= xOW xDiQo Q_v QO 47 w 46 \@=wQ CQwYx@ x=QtyQ}e w x=Qty ẁv

Qt = �n � �tj = 0 (46)

Qs = j�sj � �n tan j � cons tan t = 0
 = 1

M
JRCmob log10

�
JCS
�n

�
(47)

x@ \w@ Qt |WWm Ctw=kt w |oOv@UJ 'l =m]Y= |x} w=R ?}DQD x@ �tj w cj '�j
|xLiY QO |WQ@ |=yVvD C=a@ Qt ẁtHt QPH R}v �s "OvDUy xRQO xDUO u}t)=j
?} Q[ JRCmob "CU= xRQO xDUO u}t)=j `=UD= |x} w=R R}v  j "CU= xRQO
'VQ@ R= p@k |xRQO |Q@ R ?} Q[ JRC0 '|Q=PoQ=@ R= Oa@ xRQO K]U |Q=wty=v
VvD �n 'xRQO |xQ=w}O |Q=Wi Ctw=kt JCS 'xOv=t}k=@ l =m]Y= |x} w=R �r
OQ=w s�=k VvD K]U x@ xDU@ u; Q=Okt xm 'CU= |oO}O?}U; ?} Q[ M w p=tQv

%OwW|t u}}aD 48 \@=wQ R= xRQO Q@

M = 0 5
�
JCS
�n

�
< 100

M = 0 75 100 <
�
JCS
�n

�
< 500

M = 1 0
�
JCS
�n

�
� 500 (48)

|U=U=Vkv =yxRQO Kw]U|WQ@Ctw=kt |=yQDt=Q=B 'OwW|t xOy=Wt xm xvwou=ty
|xO=iDU= O}rm '=yQDt=Q=B u}= j}kO OQw;Q@ u}=Q@=v@ "Ovvm|t <=i}=nvU |xOwD p}rLD QO
=@ |ak=w T=}kt QO |m}v=mtw�S |=yC}tm u}= OQ@ Q=m ,=twta "CU= pOt R= K}LY
' ẁ[wt u}= "OvDUy Cw=iDt 'CU= xOW xO=iDU= =yv; |Q}oxR=Ov= |=Q@ xm |U=}kt
|L=Q] OY=kt |=Q@ =QG}=Q|y=oW}=tR; |=yuwtR; QO xOW|Q}oxR=Ov= Q}O=ktK}LYD
T}Ov@ w uwDQ=@ |O=yvW}B \@=wQ R= Q=DWwv u}= QO "OR=U|t |QwQ[ xO=iDU= R= p@k
pt=W |oDUw}B=v |WQ@ Q=DiQ QO QF-wt |U=U= |=y|oS} w QO xR=Ov= Q}F-=D p}OaD |=Q@

[13]%O};|t CUOx@ 37 |x]@=Q R= sr=U nvU QO

f _"�pgI = �I hFIi @QI@�
(37)

|x]@=Q CQwYx@ j |xLiY QO |Q}tN |=ypmWQ}}eD ẁkw pQDvm |=Q@ s}rUD K]U
%OwW|t u=}@ 38

F (�̂j ; kj) = 0 (38)

'CU= j |xLiY Qy QO �s VQ@ w�n s�=kVvD Q=OQ@ '~�j = [�n; �s]Tj 'u; QO xm
'=yxRQO QO l}DUqB wmU} w VvQm MQv u}}aD |=Q@ "CU= |oOvwWCNU QDt=Q=B kj w
C=YDNt R= 'p=kDv= T} QD=t =@ xLiY Qy QO |Q=PoQ=@ R= pY=L |=yVvD =OD@=
Cr=L Qo = "OwW|t p}O@D =yxRQO xDUO R= l} Qy QO |rLt |=yVvD x@ |twta
f�g = [�x; �y; �z; �xy; �yz; �zx]T VvD Q=OQ@ CQwYx@ x]kv Qy QO VvD
p}O@D T} QD=t 'OwW ZQi �̂j CQwYx@ R}v j |xLiY Qy QO VvD Cr=L w
'swU Q]U |=yx}=Q; 'u; |=yx}=QO xm 'CU= 6 � 3 T} QD=t l} �̂j = [T�]�

"CU= 39 |x]@=Q QO T� T} QD=t sWW w sHvB
|x]@=Q R= l}DUqB wmU} w VvQm MQv 'xLiY Qy QO s}rUD ẁkw CQwY QO

%OwW|t x@U=Lt 40

_"�pj = 
j < Fj >
@Q
@�j

= 
j < Fj >
@Qj
@�̂j

: @�̂j
@�

(40)

|Q}tNp}Uv=DB w s}rUD `@=wD R=l}DUqB wmU} wVvQm MQvu}}aD |=Q@ 'x]@=Qu}=j@]
MQv "OwW|t xO=iDU= pOt QO Q_=vDt |xLiY |=yQDt=Q=B =@ =yxRQO xDUO R= l} Qy
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