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Cq=tDL= |twta |Qw�D R= |}xN=W xm 'O=tDa= C}r@=k |x} Q_v |=v@t Q@ =yxR=U |L=Q]
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XN=W |x@U=Lt |=Q@ 'Q=DWwv u}= QO "CU=yxR=U |]NQ}e p}rLD w '|UOvy O=a@=

QO VwQ CkO w uOw@xO=U |va} syt |xDmv wO xm CU= xOW x�=Q= |WwQ =yxR=U O=tDa=
XN=W Q}O=kt "CU= xOW xDiQo Q_v QO =yxR=U O=tDa= XN=W |x@U=Lt w |@=} RQ=

|Q}PBpmW ?} Q[ ?=NDv= w |W}=Ri= |m}t=v}O p}rLD R= pY=L G}=Dv ltm x@ O=tDa=
Q=Okt 'xOWx�=Q= |Ov@pwtQi T=U=Q@ "OwW|t x@U=Lt xR=U |]NQ}e Q=}at u=wvax@

T=U=Q@ xOW|L=Q] |WtN ?=k |Oqwi |=yxR=U QO xvwtv u=wvax@ O=tDa= XN=W
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|=yxR=U '|Q}PBpmW '|W}=Ri= |m}t=v}O p}rLD 'O=tDa= XN=W %|O}rm u=oS=w
"|Oqwi |WtN ?=k

xtOkt "1
u=wvax@ ?} Q[ l} =@ xRQru}tR COW 'OwW |UQQ@ |]NQ}e w |]N |xOwOLt
=yxRQru}tR u}= |xawtHt QF= CLD xR=U w OwW|t xO=O Q}}eD T=}kt ?} Q[
xR=U Q=DiQ C=Q}}eD |@ wNx@ |W}=Ri= |m}t=v}O p}rLD VwQ QO "OQ}o|t Q=Qk
w xOy=Wt =Q |@=QN 'C}=yvQO w uOW|Q=H |xOwOLt x@ u=UWm |xOwOLt R=
w OwW|t x@U=Lt xRQru}tR hrDNt Kw]U x@ C@Uv xR=U MU=B |xYNWt
CUOx@ O}OW =D h}a[ |=yxRQru}tR x@ C@Uv MU=B R= |QDy@ |}xR=U \=@vDU=

"O};|t
|WtN ?=k |=yxR=U O=tDa= XN=W |x@U=Lt 'xar=]t u}= |rY= hOy
=@ [13�11]"Ov=xOW |L=Q] w |Q=PoQ=@ u=Q}= |xt=vu}}; T=U=Q@ xm 'CU= |Oqwi
=@ w x@U=Lt hrDNt |=y?=k |}xRQr MU=B '|W}=Ri= |m}t=v}O p}rLD R= xO=iDU=
=yxR=U u}= O=tDa= XN=W Q=Okt 'xar=]t u}= QO xOWx�=Q= |Ov@pwtQi R= xO=iDU=

"CU= xOW x@U=Lt

Cr=L |xv=}r=U CWPo =Qi p=tDL= |x@U=Lt |rm OvwQ "2
|OL

|=yQDt=Q=B w =yC}]k sOa QF= u}}aD Qw_vt x@ |O=} R C=ar=]t 'Q}N= p=U OvJ QO
u}= |xOta R=}Dt= xm [7]'CU= xOW s=Hv= =yxR=U Ctw=kt w wQ}v u}}aD QO |iO=YD

OvJ QO 'CU= Q=wDU= Cq=tDL= |x} Q_v T=U=Q@ xm |OL Cr=L QO |L=Q] |=v@t
[3�1]"CU= xOW p=ta= |L=Q] hrDNt |=yptar=QwDUO w =yxt=vu}}; QO Q}N= p=U
|L=Q] |=yxt=vu}}; \@=w[ |Ov@pwtQi QO |U=U= |Wkv =yxR=U O=tDa= C}r@=k
O=tDa= C}r@=k |Qw�D ltm x@ "Ovm|t =i}= |Q=PoQ=@ |=yxt=vu}}; Q=@ ?}=Q[ QO w
K]U Qov=}@ |awv x@ xm '=yxR=U |L=Q] QO hOy O=tDa= K]U Q=Okt '=yxR=U
ltm x@ "OwW|t x@U=Lt 'CU= |L=Q] |=yxt=vu}}; QO pw@k OQwt lU} Q
|OL Cr=L QO |L=Q] QO =yxR=U O=tDa= C}r@=k |v=@t u=wD|t |Dq=tDL= |L=Q]
xOW KQ]t O=tDa= XN=W Q=Okt u}}aD |=Q@ |Dw=iDt |=yVwQ "OQm p=ta= =Q
QO QDW}@ 'OvDUy 1pw= |x@DQt O=tDa= Q}O=kt |=v@t Q@ xm |}=yVwQ [7�4]"CU=
O=tDa= XN=W u}}aD QO "OvQ=O OQ@ Q=m |}xR=U |=yu=tr= O=tDa= XN=W u}}aD
|=v@t Q@ xm |}=yVwQ R= pwtat Qw] x@ u=tr= OvJ R= xOWxDN=U |=yxR=U
w |vqw] C=@U=Lt OvtR=}v =yVwQ u}= xm 'OwW|t xO=iDU= 'OvDUy |R=Ux}@W

[9w8]"Ov=xO}J}B
xm CU= |QDt=Q=B p}rLD VwQ l} '2�IDA� |W}=Ri= |m}t=v}O p}rLD VwQ
CLD xR=U |rm OQmrta u}tND Qw_vtx@ |irDNt |=ypmW x@ Q}N= p=U OvJ QO
|=yxRQru}tR QF= CLD xR=U VwQ u}= QO [10]"OwW|t xOQ@ Q=mx@ |}xRQr |=yQ=@
pm QO xR=U Q=DiQ xmv}= |=Q@ w OwW|t p}rLD |m}t=v}O |]NQ}e CQwYx@ hrDNt

pw�Ut xOvU} wv �
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RQ=?=DW MU=B h}] Q]N |vLvt |@} QkD Qw] x@ [16w15'1]'4u=wD uwv=k `@=D R= xO=iDU=

%OwW|t |Q}ouw}UQoQ 4 |x]@=Q pmW x@ xk]vt QO |}xRQr
HSa(Sa) = P [Sa � x] = k0:x�k (4)

|]N ?}W =@ Q@=Q@ k 'x]@=Q u}= QO 'CU= xOW xO=O u=Wv 1 pmW QO xm Qw]u=ty
O}it Qta p=U 50 QO �2 w �10 CWPo =Qi p=tDL= =@ Q_=vDt \=kv R= xm CU=
k0 w �1 2475 w 1 475 xv=}r=U CWPo =Qi p=tDL= Q}_v ?}DQD x@� OQPo|t xR=U

"OyO|t u=Wv =Q -=O@t R= ZQa Q=Okt
xRQru}tR hrDNt OQwmQ u}OvJ QF= CLD xR=U '|W}=Ri= |m}t=v}O p}rLD QO
u=Wu}ov=}t xm |Qw] x@ 'OvQ=O |Dw=iDt |=yMU=B =yv; R= s=Om Qy xm 'CU= xDiQo Q=Qk
p}rLD R= xOt;CUOx@ |=yxO=O T=U=Q@ "CU= xOW xDiQo Q_v QO C=@U=Lt QO
Q}eDt QDt=Q=B u}ov=}t Q=Okt w COW Q=}at u}@=t u=wD|t |W}=Ri= |m}t=v}O
|=]N p=ta= |=Q@ "OQw; CUOx@ |}x]@=Q 'OwW|t xO=O u=Wv �� =@ xm Cr=L
xOW x�=Q= 5 |x]@=Q j@=]t |]QW |Dq=tDL= pOt l} 'G}=Dv u}ov=}t R= xO=iDU=

%CU=
� = ��(x):" (5)

p=tQv nr |Dq=tDL= `} RwD w OL=w u}ov=}t =@ |iO=YD Q}eDt l} " 'u; QO xm
u=wD uwv=k `@=D j=@]v= Qw_vtx@ "CU= ��jSa =@ Q@=Q@ u; Q=}at h=QLv= Q=Okt xm 'CU=
|xQwO =@ Q_=vDt |i}] ?=DW T=U=Q@ xm 'p}rLD G}=Dv R= pY=L |vLvt |wQ Q@
|=[i QO |]N |Q}ouw}UQoQ R= 'CU= |Q}PBpmW ?} Q[ w xR=U |rY= ?w=vD
|i}] ?=DW MU=B u}@ |x]@=Q 'T=U= u}= Q@ [16w15]"OwW|t xO=iDU= |tD} Q=or
CQwYx@ |Q}PBpmW ?} Q[ u}ov=}t w �OwW|t xO=O u=Wv x =@ Q}eDt u=wvax@ xm �

%CU= xOW u=}@ 6 |x]@=Q
��(x) = a:xb (6)

xR=U MU=B Q]N |vLvt |xv=}r=U CWPo =Qi p=tDL= "3"2
C=YNWt uDiQoQ_vQO =@ |Q}PBpmW ?} Q[ Q@ |vD@t Cr=L Q}eDt 'xar=]t u}= QO
|xv=}r=U CWPo =Qi p=tDL= |x@U=Lt |=Q@ |rm OvwQ l} w ?} Q[ u}= QO |iO=YD

Cr=L |xv=}r=U CWPo =Qi p=tDL= u}}aD QO xOWxO=iDU= Q]N p}rLD pOt "1 pmW
"|OL

|@=} RQ= QO "CU=yv; Qta pw] QO =yxR=U QO ptDLt CQ=UN u=R}t u}}aD =yVwQ
l} R= xv=}r=U CWPo =Qi �\UwDt� O=OaD CQwYx@ OQmrta '|Dq=tDL= |OQmrta
xO}t=v |OL Cr=L p=tDL= QYDNt Qw]x@ xm 'OwW|t u=}@ XNWt |OL Cr=L
|OL Cr=L p=tDL= u}}aD QO Cq=tDL= Q@ |vD@t OvwQ l} T=U= u}= Q@ "OwW|t

"OQm x@U=Lt =Q =yxR=U O=tDa= XN=W u=wD|t u; T=U=Q@ xm 'OwW|t u=}@

3|OL Cr=L p=tDL= "1"2
xDiQo Q_v QO |iO=YD Q}eDt CQwYx@ xm '(�) |Q}PBpmW ?} Q[ 'xar=]t u}= QO
Cr=L Q}_v |}=H@=H C@Uv =@ Q@=Q@ w xOW h} QaD Cr=L Q}eDt u=wvax@ 'CU= xOW
xar=]t OQwt |xR=U QO |]NQ}e |xrLQt x@ uOWOQ=w Q}_v |}=H@=H Q@ |OL
Cr=L |wQ Q@ xar=]t u}= QO xm 'R}v xR=U |OL Cr=L CWPo =Qi p=tDL= "CU=
'CU= xOW xO}t=v |@=QN p=tDL= QYDNt Qw]x@ w h} QaD xR=U |rm |@=QN |OL

%CU= xOW xDiQo Q_v QO 1 |x]@=Q CQwYx@
Pf = P [� > �cr] (1)

'|rm Cr=L QO "CU= |OL Cr=L Q}eDt �cr w Cr=L Q}eDt � 'x]@=Q u}= QO xm
OvJ x@ pm p=tDL= |Qw�D ltm x@ xr�Ut '|@=QN p=tDL= u}= |x@U=Lt Qw_vt x@
?}mQD Qo}Oty =@ xQ=@ wO w pL xOWl}miD |=yVN@ R= s=Om Qy w l}miD VN@
Q}eDt wO w x} RHD xrLQt wO QO |OL Cr=L p=tDL= CQ=@a CU= sRq "OvwW|t
Cr=L p=tDL= CQ=@a 'pw= |xrLQt QO "OwW |iQat l}miD |xrLQt wO QO lQDWt
Q}eDt u}DUNv u=wvax@� |Q}PBpmW ?} Q[ Q@ |vD@t Cr=L Q}eDt x@ C@Uv |OL

%OwW|t x} RHD 2 |x]@=Q CQwYx@ �lQDWt

Pf = P [� > �cr] =
X
allm

P [� > �cr j� = m ]:P [� = m] (2)

u}@ x]U=w QDt=Q=B u=wvax@ xRQru}tR COW Q=}at l} xm CU= sRq 'swO |xrLQt QO
xm OyO|t u=Wv |r@k C=ar=]t "OwW xOQ@ Q=m x@ xR=U Q=DiQ w xRQru}tR C=YNWt
Ot Q}_v ?w=vD |xQwO QO |i}] ?=DW '\UwDt w sm ?w=vD |xQwO =@ |=yxR=U QO
p=tDL= CQ=@a l}miD =@ [14]"CU= xRQru}tR ?=DW R= |@U=vt Q=}at xR=U |rY=
C@Uv mXNWt Q=Okt l} =@ |w=Ut |Q}PBpmW ?} Q[ Q@ |vD@t Cr=L Q}eDt
x�=Q= 3 |x]@=Q CQwYx@ 2 |x]@=Q '�lQDWt Q}eDt u}twO u=wvax@� |i}] ?=DW x@

%OwW|t

Pf = P [� > �cr] =
X
allm

X
allx

P [� > �cr j� = m ]

:P [� = m jSa = x ] :P [Sa = x] (3)

|=yQ}eDt <=R= x@ 'Ov=xOt; CUOx@ VN@ u}= QO xm |DqO=at xm CU= sRq QmPD u}=
l}D=tW |=tvl} u=wvax@ OvwQ u}= 'u}=Q@=v@ "OvDUy pw@k p@=k xDUUo ẁv R= lQDWt

"OwW|t ?wULt xr�Ut pL |SD=QDU= R= |rm w

Cr=L Q}eDt w |i}] ?=DW u}@ |x]@=Q "2"2
u}}aD QO C}a]k sOa Ea=@ =yQ}eDt uOw@|iO=YD '|Dq=tDL= |}xRQr |@=} RQ= QO
COW Q=}at Q@=Q@ QO xv=}r=U CWPo =Qi p=tDL= C=Q}}eD "OwW|t |OL Cr=L p=tDL=
=@ "OwW|t x@U=Lt |Dq=tDL= Q]N p}rLD ltm x@ �|i}] ?=DW xar=]t u}= QO�
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QoQR
u=}w

Bw
|v=O

R}O
=R; Q}eDt l} |Q}PBpmW ?} Q[ Q@ |vD@t Cr=L Q}eDt CU= xOW ZQi xm |}=Hv; R=

=@ C=@U=Lt uOQmxO=U Qw_vtx@ P [� > mjSa = x] CQ=@a 'CU= p=tQv nr
CQwYx@ OQ=Ov=DU= p=tQv Q}eDt |atHD `} RwD `@=D T=U=Q@ Q}eDt Q}}eD R= xO=iDU=

%OwW|t u=}@ 13 |x]@=Q
P [� > m jSa = x ] = 1� P [� � m jSa = x]

= 1� P
�

ln��mean ln�
��jSa

� lnm�mean ln�
��jSa

jSa = x
�

= 1� P
�

ln�� ln ��jSa (x)
��jSa

� lnm� ln ��jSa (x)
��jSa

�
= 1� �

� ln( m
a:xb )

��jSa

�
(13)

=@ "CU= OQ=Ov=DU= p=tQv |atHD `} RwD `@=D |xOvyOu=Wv �(0) 'x]@=Q u}= QO
|x]@=Q CQwY x@ MU=B Q]N p=tDL= `} RwD '12 |x]@=Q QO 13 |x]@=Q |Q=Po|=H

%OwW|t u=}@ 14

H�(m) =
1Z

0
P [� > m jSa = x ]: jdHSa(x)j

=
1Z

0

�
1� �

� ln( m
a:xb )

��jSa

��
: jdHSa(x)j (14)

OQ=Ov=DU= p=tQv `} RwD p=tDL= |r=oJ `@=D h} QaD w <RH x@ <RH p=QoDv= R= xO=iDU= =@
MU=B Q]N p=tDL= `} RwD 'u=wD uwv=k =@ |i}] ?=DW Q]N |vLvt uOR?} QkD w

%CU= 15 |x]@=Q =@ j@=]t

H�(m) =
1Z

0

b
x:��jSa

: 1p2�
: exp[�1

2 ( lnm� ln a:xb

��jSa
)2]:k0:x�k:dx (15)

xm xDmv u}= x@ xHwD w Q}eDt Q}}eD w p=QoDv= R= C@=F ?}=Q[ uOQmGQ=N x@ xHwD =@
OL=w =@ Q@=Q@ C}=yv|@ =D QiY |xOwOLt QO p=tQv `} RwD p=tDL= |r=oJ `@=D p=QoDv=

[15]%CU= xOW xO=U 16 |x]@=Q CQwYx@ 15 |x]@=Q 'CU=

H�(m) = k0: exp

 1
2k

2
�
��jSa
b

�2!
: exp

��k ln(m
a

)
1
b

�
= k0:(

m
a

)
�k
b :e

12 k
2
b2 �

2
�jSa (16)

"OQm x@U=Lt =Q |Q}PBpmW Q}_v Q}eDt Q]N |vLvt u=wD|t x]@=Q u}= T=U=Q@ xm

|OL Cr=L |xv=}r=U CWPo =Qi p=tDL= u}}aD "4"2
f�cr(m) CQwYx@ |v=QL@ |Q}PBpmW ?} Q[ p=tDL= |r=oJ `@=D uDiQoQ_vQO =@
2 |x]@=Q QO xm '|@=QN p=tDL= 'H�(m) CQwYx@ MU=B Q]N p=tDL= `} RwD w
|x]@=Q CQwYx@ xDUw}B Q}eDt R= xO=iDU=Cr=L QO 'CU= xOW u=}@ xDUUo CQwYx@

[8]%OwW|t u=}@ 17

Pf =
1Z

0
H�(m):f�(m)dm (17)

�OwW|t u=}@ MU=B Q]N CQwYx@ xm �m Ovv=t XNWt Q=Okt l} R= Cr=L Q}eDt
pOt |Qw] Cr=L Q}eDt '5 |x]@=Q QO 6 |x]@=Q |Q=Po|=H =@ "CU= xOW x�=Q=
CU= C}a]k sOa uDiQoQ_vQO =@ u=wD uwv=k `@=D CQwYx@ u; |rm pmW xm OwW|t

%�7 |x]@=Q�
� = a:xb:" (7)

C=YNWt =@ |iO=YD Q}eDt l} R}v � 'CU= p=tQv nr `} RwD |=Q=O " xm |}=Hv; R=
%CU= 8 |x]@=Q QO xOWx�=Q= |Q=t;

��jSa (x) = a:xb �ln�jSa (x) = ��jSa (8)

Q}eDt|a}@] sD} Q=or|]QW Q=Ov=DU= h=QLv= w u}ov=}t �ln�jSa w ��jSa 'u; QO xm
xm OwW|t ZQi "CU= |i}] ?=DW \QW x@ |Q}PBpmW ?} Q[ Q@ |vD@t Cr=L
'���(x) QDxYqN Qw] x@� ��jSa(x) |i}] ?=DW \QW x@ R=}v |]QW u}ov=}t

"Ovm|t |wQ}B u=wD uwv=k T=U=Q@ |a@=D R= |@} QkD CQwYx@
CWPo =Qi p=tDL= CU= sRq '�H�(m)� MU=B Q]N |vLvt u}}aD Qw_vtx@
|vLvt "OwW x@U=Lt m Ovv=t |Q}PBpmW ?} Q[ XNWt Q=Okt l} R= xv=}r=U
'OwW x Q=Okt =@ Q@=Q@ |i}] ?=DW xmv}= p=tDL= ?Q[pY=L CQwYx@ MU=B Q]N
Q@=Q@ |i}] ?=DW xmv}= \QW x@ m Q=Okt R= MU=B CWPo =Qi |]QW p=tDL= QO

%�9 |x]@=Q� OwW|t u=}@ 'OW=@ x Q=Okt
H�(m) = �:P [� > m]

= �:
X
all x

P [� > m jSa = x ]:P [Sa = x] (9)

|xk]vt QO xRQru}tR �xv=}r=U� O=O} wQ MQv |xOvyOu=Wv � ?} Q[ 'x]@=Q u}= QO
10 |x]@=Q CQwYx@ 9 |x]@=Q xDUw}B |=yQ}eDt Cr=L QO "CU= xar=]t OQwt

%OwW|t u=}@

H�(m) = �:P [� > m] =
1Z

0
P [� > m jSa = x ] :�:fSa(x):dx

=
1Z

0
P [� > m jSa = x ] : j�:dGSa(x)j (10)

CQ=@a w x |i}] ?=DW Q}_v p=tDL= |r=oJ `@=D =@ Q@=Q@ fSa(x) 'u; QO xm
T=U=Q@ '10 |x]@=Q QO "CU= Sa = x QO 5|atHD `} RwD `@=D stDt GSa(x)

jr]tQOk Q=Okt 'p=tDL= |r=oJ `@=D w |atHD `} RwD `@=D stDt u}@ |[=} Q \=@DQ=
'�HSa(x)�|i}]?=DW Q]N|vLvt "OwW|t fSa(x)u} Ro}=H dGSa(x)=dx

O=O} wQ MQv QO '�GSa(x)� |i}] ?=DW |atHD `} RwD `@=D stDt ?Q[pY=L=@ Q@=Q@
[1]%�11 |x]@=Q� CU= xk]vt QO xRQru}tR

HSa(x) = �:GSa(x) (11)

|x]@=Q CQwYx@ |i}] ?=DW Q]N |vLvt ?UL Q@ 10 |x]@=Q 'T=U= u}= Q@
%OwW|t u=}@ 12

H�(m) =
1Z

0
P [� > m jSa = x ]: jdHSa(x)j (12)
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QoQR
u=}w

Bw
|v=O

R}O
=R;

Zn+1 w Zn |=yQ}eDt w � = V ar[ln(m)]2 w � = E[ln(m)] 'x]@=Q u}= QO
%OwW|t u=}@ 20 |x]@=Q CQwYx@

Zn = �(�� k�2) + lnmn

�

Zn+1 = �(�� k�2) + lnmn+1
�

(20)

p=tDL= ẁtHt =@ Q@=Q@ xR=U pm |OL Cr=L CWPo =Qi p=tDL= Q=Okt 'Cr=L u}= QO
%�21 |x]@=Q� CU= C}=yv|@ =D QiY |xR=@ QO CWPo =Qi

Pf =
X
n

Pn (21)

'OQ=Ov=DU= p=tQv |atHD `} RwD `@=D R= xO=iDU= w xR=U CWPo =Qi p=tDL= |x@U=Lt =@
%OQm x@U=Lt 22 |x]@=Q CQwYx@ =Q =yxR=U (�) O=tDa= XN=W u=wD|t

� = ���1(Pf ) (22)

sQi x@ |OL Cr=L CWPo =Qi p=tDL= '17 |xrO=at QO 16 |xrO=at |Q=Po|=H =@
%O};|t QO 18 |x]@=Q

Pf =
1Z

0
k�0m�(�k

�):f�(m)dm (18)

=@ "CU= k�0 = k0:e
1k2
2b2 �

2
�jSa w m� = (m=a) w k� = k=b 'u; QO xm

CWPo =Qi p=tDL= [17]'Cr=L Q}eDt hrDNt |=yxR=@ x@ Cr=L Q}eDt uOQms}UkD
xm 'OwW|t x@U=Lt 19 |x]@=Q CQwYx@ |Q}PBpmW R= xR=@ Qy QO |OL Cr=L

%OQm QDxO=U =Q C=@U=Lt OvwQ u=wD|t Cr=L u}= QO

Pn =
�n+1Z
�n

k�0m�(�k
�):f�(m)dm = f�(Zn+1)� �(Zn)g

k0
(a(�k�)) exp(�k��): exp

 �
(k�)2�2

2
�2!

(19)

"|W}=Ri= |m}t=v}O p}rLD R= pY=L |=y|vLvt "3 pmW
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54 7 3 898 1084� 1 T@] T@]
18 5 3 205 3 1377� 1 p}Hvt uq}o
65 5 3 103 6 1442 Ro xQO u=U=QN
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23 5 3 182 5 1506� 4 =}ra x}v}UL u=DURwN
52 7 216 6 1139 u�=k u=U=QN
31 6 215 3 1136� 3 T@] OR}
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17 5 9 503 3 1490� 2 Ovt}t TQ=i
17 5 5 190 6 1506� 1 =}ra x}v}UL u=DURwN

p=tDL= T=U=Q@ xR=U pm |OL Cr=L CWPo =Qi p=tDL= Q=Okt '20 |x]@=Q T=U=Q@
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1. �rst-order reliability method
2. incremental dynamic analysis
3. limit state probability
4. power-law function
5. complementary cumulative distribution function
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