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"CU= 0 < f � 1 |va} 'CU= Q=Ou=Qm f `@=D Qo}O CQ=@a x@ "OQ}PB|t
T=U=Q@ xJQo = "CU= R}v r |a=aW |xYDNt R= |a@=D f 'Qo}O |wU R=
R= |Y=N |xOwOLt |=Q@ 'CU= xO}UQ s=Hv= x@ xar=]t u}= QO xm |}=yVywSB
QO um}r &CiQo Q_v QO C@=F OOa CQwYx@ w r R= pkDUt =Q f Q=Okt u=wD|t =yQ=@
xR=U MU=B QO xHwD p@=k |=y=]N RwQ@ ?Hwt xDmv u}= x@ xHwD sOa |rm Cr=L

"OwW|t
CQwY x@ |@]k C=YDNt QO |wQ}=O jQw Q@ `k=w x=wNrO |x]kv xm |DQwY QO
=Q QwmPt |x]kv '\rDNt `@=wD R}r=v; R= |Q}oxQy@ =@ 'OwW xO=O V}=tv z (r; �)

x@ xHwD R}v w xr�Ut |m} R}i lQO "O=O V}=tv z \rDNt Q}eDt CQwYx@ u=wD|t
Ov=wD|t w CU= Q}PBjDWt f `@=D xm CU= ?r]t u}= |=} wo QwmPt `@=D uOw@ Q=Ou=Qm

%OwW \wU@t �12 |x]@=Q� uQwrlt |QU CQwYx@

f (z) =
1X
n=0

f (n) (0)
n!

zn (12)

|QU =Pr 'OQ=O =Q jDWt ?D=Qt |t=tD w CU= |r}rLD f (z) `@=D CQwY u}= QO
OQm C=@F= u=wD|t u}vJty "OwW|t =Qoty f (z) Q=Okt x@ 12 |x]@=Q QO xOWx�=Q=
u; R= u=wD|t =Pr 'CU= xDUw}B CN=wvm} |=Qoty |=y|QU ẁv R= QwmPt |QU xm

[9]"OQm |Q}op=QoDv= xrtH x@ xrtH CQwYx@
CQwYx@ � = 0 <=R= x@ f (z) `@=D 'OQ=O |RmQt uQ=kD xR=U xmv}= x@ xHwD =@

%O};|t QO 13 |x]@=Q |k}kL `@=D

f (r) =
1X
n=0

f (n) (0)
n!

rn (13)

|ak=w Q=Okt x@ 13 |x]@=Q QO xOWxO=O u=Wv |QU 'xOWQmP ?r=]t x@ C}=va =@
xR=U MU=B u=wD|t QwmPt |QU R= |i=m CqtH ?=NDv= =@ w OwW|t =Qoty f (r)

"OQm x@U=Lt |}x@r \}=QW |t=tD R}v w |Q=PoQ=@ \}=QW s=tD <=R= x@ =Q
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30 |xrO=at =D OwW|t ?Q[ r� R=Up=QoDv= pt=a QO 'xOWQmP |xrO=at u}iQ]
%O}; CUOx@

d (r�u) = �r�F (30)

|=yu=mtQ}}eD xmv}= x@ xHwD =@ (0; a)|xR=@ QO30|x]@=Qu}iQ]R=u}at|Q}op=QoDv=
31 |xO=U |xrO=at x@ 'CU= QiY Q@=Q@ |wQ}=O |xLiY |x@r QO |}xLiYuwQO

%Ot=Hv=|t
aZ

0
r�F dr = 0 (31)

"OwW|t sy=Qi xr�Ut CqwyHt |x@U=Lt |=Q@ sRq |xrO=at u}twU xr}Uw u}O@ w
w OwW|t pL |Q=QmD |=yVwQ R= xO=iDU= =@ |]N=v |Q@H CqO=at x=oDUO

"Ot; Oy=wN CUO x@ R}N `@=D C}=yv QO w xr�Ut CqwyHt

G}=Dv "4
Kr=Yt uwU=wB ?} Q[ R}v w |v=UWm pwOt 'jQw Ct=N[ '`=aW 'xar=]t u}= QO

[5]%Ov=xOW xDiQo Q_v QO Q}O=kt u}= j@=]t
E = 2� 106N=m2; h = 0 1m; a = 1m; � = 0 3

"CU= CN=wvm} |xOQDUo Q=@ CQwYx@ R}v |r=ta= Q=@
|=yVwQ R= pY=L G}=Dv =@ |O=yvW}B VwQ R= xOt; CUOx@ G}=Dv 1 pwOH QO
|=yMU=B |xU}=kt w QwmPt pwOH |xar=]t "CU= xDiQo Q=Qk xU}=kt OQwt OwHwt
u=Qo}O w wmvWwt}D\UwD xOt;CUOx@ |=yMU=B =@ |O=yvW}B VwQ R= xOt;CUOx@

"CU= xar=]t u}= QO xOWx�=Q= VwQ |xOvvmO}}-=D
T=U=Q@ xm 'CU= xOW |@=} RQ= xLiYhrDNt \=kv QO xR=U MU=B '1 pmW QO
"CU= |]N=v CQwYx@ pmWQ}}eD � Q=@ |x]@=Q �CU= Q=_Dv= OQwt xm u=vJty� u;
|WtN |DNU V}=Ri= ?Hwt xR=U Q@ |r=ta= Q=@ V}=Ri= 'Qo}O CQ=@a x@
QO xOWO=H}= |WWm |}=We |=ywQ}v R= |W=v QwmPt |DNU |vwRi "CU= xLiY

"CU= xLiY
'|O=yvW}B VwQ R= xO=iDU= =@ =Q xLiY |RmQt Ci)= C=Q}}eD '2 pmW
Q=Okt ?UL Q@ (LTL) |rLt |R=U|]N VwQ w wmvWwt}D |@} QkD VwQ
MU=B 'nQR@ |=yQ=@ <=R= x@ 'xQ=W= OQwt Q=Owtv x@ xHwD =@ "OyO|t u=Wv |r=ta= Q=@
|=yVwQ R= xOt; CUOx@ |=yMU=B R= QDlJwm |O=yvW}B VwQ R= GQNDUt

"CN=wvm} xOQDUo Q=@CLD Q=OQ}o|x@r =@ |wQ}=O |xLiY RmQt Oa@|@ R}N "1 pwOH
qa4
Eh4 = 10 qa4

Eh4 = 3 qa4
Eh4 = 1

0 9953 0 4467 0 1672 (N = 2) Q[=L Q=m
1 0509 0 4583 0 1678 [5]OwOLt p[=iD VwQ
1 0512 0 4588 0 1680 [7]|RQt <=RH= VwQ
1 0937 0 4655 0 1687 [1]wmvWwt}D |@} QkD VwQ
1 0646 0 4653 0 1714 [3]|rLt |[Qa |R=U|]N VwQ
1 7062 0 5119 0 1706 [1]l}Uqm |xQov

x@ xHwD =@ "OQ}o|t Q=Qk |}=U=vW OQwt d�
dr CQ=@a 'jwi |xrLQt R= Qw@a R= TB

\}=QW uDiQoQ_vQO =@ R}v w utQ=m uwi swO |xrO=at p}rLD R= jwi VvD `@=D xmv}=
u=wvax@ xm '20 |x]@=Q QO xOWxO=O u=Wv `@=D =Pr 'CU= xOt; CUOx@ xr�Ut |RQt
pt=m CQwYx@ =Q 2 |xrO=at 'CU= xOW O=yvW}B jQw R}N |=Q@ |@U=vt ?} QkD
|oS} w =Q} R 'Ovm <=[Q= pt=m CQwYx@ =Q 1 |xrO=at Ov=wD|tv =t= 'Ovm|t <=[Q=

"CU}v TQDUO QO xm CU= xr�Ut j}kO MU=B Q=YLv= QO QwmPt
|x]@=Q KQW x@ 
 |xvt=O |wQ xOv=t}k=@ Q=Okt xm |DQwY QO 'Qo}O CQ=@a x@

%OW=@ 23
Y = D d

dr

�r2 wL
� �  � h

r
d�
dr

dwL
dr

(23)

CQwYx@ R}N `@=D xm Ow@ Oy=wN QiY =@ Q@=Q@ ,=kr]t |DQwY QO \ki QwmPt Q=Okt
Q[=L uw}UqwtQi QO xmv}= x@ C}=va =@ "OwW OQw;Q@ N =1 <=R= x@ |va} 'j}kO
QiY Q}e 
 |xvt=O |wQ 23 |xOv=t}k=@ Q=Okt =Pr 'CU= xOW xDiQo Q_v QON = 2
|}xvwo x@ �2; �0 ?}=Q[ xm O};|t CUOx@ |DQwY QO ?} QkD u} QDy@ "Ow@ Oy=wN
|=yxOv=t}k=@ VwQ R= Qw_vtu}O@ "OwW xv}tm xQ=W= OQwt |xOv=t}k=@ xm OwW u}}aD
xDiQo Q_v QO @wL

@�n
CQwYx@ uRw `@=D 'VwQ u}= QO [10]"OwW|t xO=iDU= Q=OuRw

24 |x]@=Q CQwYx@ OyO|t CUO x@ =Q MU=B u} QDy@ xm |DqO=at w CU= xOW
%OwW|t xO=O V}=tvZ




@wL
@�n

Y d
 = 0 (24)

"CU= �0 w �2; �0 |=yQDt=Q=B QO QYLvt xr�Ut CqwyHt N = 2 Cr=L QO
|}xDU}=W wLv x@ O}=@ xm 'CU= pkDUt |xrO=at 3 OwHw OvtR=}v CqwyHt u}= pL
QO n = 0; 2 |Q=Po|=H =@ R=}v OQwt CqO=at xawtHt R= xrO=at wO "OwW u}}aD

%O};|t CUOx@ 26 w 25 \@=wQ j@=]t 24 |x]@=Q
aZ

0

�
D d
dr

�r2 wL
� �  � h

r
d�
dr

dwL
dr

�
wSrdr = 0 (25)

aZ
0

�
D d
dr

�r2wL
� �  � h

r
d�
dr

dwL
dr

�
wSr3dr = 0 (26)

swU |xrO=at G=QNDU= |=Q@ sRq |=yVWwm '26 w 25 |xrO=at wO |Qw;Qi R= TB
[1]%OwW|t s=Hv= 27 |xrO=at KQW x@

d3w
dr3 + 1

r
d2w
dr2 � 1

r2
dw
dr

=

12
h2
dw
dr

"
du
dr

+ � u
r

+ 1
2
�
dw
dr

�2#
+ 1
Dr

rZ
0
qrdr (27)

u=Wv =Q jQw |}xLiY uwQO w |@v=H |=yu=mtQ}}eD ?}DQD x@ u w w 'u; QO xm
%OwW|t |U} wvR=@ 28 |x]@=Q CQwYx@ 27 |x]@=Q "OyO|t

du
dr

+ �
r
u+ F = 0 (28)

%O};|t CUOx@ 29 |x]@=Q R= F u; QO xm

F =
6
h2
� dw
dr

�3 � d3w
dr3 � 1

r
d2w
dr2 + 1

r2
dw
dr + q

2D r
12
h2

dw
dr

(29)
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"uQwrlt |QU QO xOWxDiQo Q_v QO CqtH

QO CqtH O=OaD <=R= x@ |a=aW |xYDNt ?UL Q@ f (r) `@=D C=Q}}eD "4 pmW
"uQwrlt |QU QO xOWxDiQo Q_v

hrDNt |=yQ=@ <=R= x@ |a=aW |xYDNt ?UL Q@ f (r) `@=D C=Q}}eD "5 pmW
"(N = 2) |=Q@

p@=kt QO Q=OQ}o |x@r =@ |wQ}=O |xLiY hrDNt \=kv pmWQ}}eD Q=Owtv "1 pmW
"(N = 2) <=R= x@ CN=wvm} |[Qa Q=@

|=yVwQ R= xO=iDU= =@ |wQ}=O |xLiY RmQt pmWQ}}eD Q=Owtv |xU}=kt "2 pmW
"hrDNt
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CqtH O=OaD ?=NDv= =@ CU= OwyWt xm u=vJty "OyO|t u=Wv u}at |xOQDUo

"OQm OYQ xR=U MU=B QO =Q |}=Qoty u=wD|t uQwrlt |QU QO |QDsm
CUO jwi |xH}Dv x@ u=wD|t R}v 4 pmW x@ xHwD =@ |Qo}O |x} w=R R=
<=R=x@ |a=aW |xYDNt ?UL Q@ f (r) `@=D C=Q}}eD QwmPt Q=Owtv QO "Ci=}
u}= Q@ "CU= xOW xO=O u=Wv uQwrlt |QU QO xOWxDiQo Q_v QO CqtH O=OaD
|x}rw= CqtH R= |OwOat O=OaD uDiQoQ_vQO 'j}kO MU=B x@ p}v |=Q@ T=U=
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x@ xOQ=w Q=@ ?UL Q@ jQw |x@r w RmQt QO |a=aW |WtN Qovr C=Q}}eD "8 pmW
"(N = 2) <=R=

<=R= x@ xOQ=w Q=@ ?UL Q@ jQw |x@r w RmQt QO |a=aW VvD C=Q}}eD "9 pmW
"(N = 2)

|xQov uDiQoQ_vQO xH}Dv QO w CU= xOW |}=We |=yVvD uOWQDnQR@ ?Hwt
"CU= |QwQ[ w sRq |Qt= C=LiY |WtN p}rLD QO nQR@ |=ypmWQ}}eD

VwQ w |]N l}Uqm |Qw�D R= xO=iDU= =@ |RmQt R}N Q}O=kt '2 pwOH QO
T=U= u}= Q@ "CU= xOW xO=O u=Wv N hrDNt C=HQO <=R= x@ Q[=L |O=yvW}B
Vv} Ro skQ 3 =@ Q@=Q@ xR=U MU=B Q}O=kt |=Q@ R=}v OQwt Q=O=vat s=kQ= O=OaD xJv=vJ
G}=Dv T=U= Q@ N R=}v OQwt |xHQO 'OW=@ �3 =D pw@k OQwt |=]N u}vJty w OwW

%OwW|t O=yvW}B CQwY u}= x@ 2 pwOH
"wch � 0 2xm |DQwY QO '|]N l}Uqm |Qw�D �hr=

"0 2 < wc
h � 0 7 xm |DQwY QO N = 1 �?

"0 7 < wc
h � 5 8 xm |DQwY QO N = 2 �G

|WtN p}rLD |=Q@ ?U=vt VwQ P=ND= 'q=@ QO QwmPt ?r=]t x@ xHwD =@
"CU= u; jQw Ct=N[ x@ |RmQt R}N |@Uv Q=Okt R= |y=o ; OvtR=}v 'lR=v C=LiY

VwQ R= xO=iDU= =@ |a=aW |xYDNt ?UL Q@ |WQ@ |wQ}v C=Q}}eD "6 pmW
"(N = 2) |O=yvW}B VwQ w l}Uqm

R= xO=iDU= =@ |a=aW |xYDNt ?UL Q@ |a=aW |WtN Qovr C=Q}}eD "7 pmW
"(N = 2) |O=yvW}B VwQ w l}Uqm VwQ

u=wvax@ Ov=wD|t 'CU= xOW `k=w O=vDU= OQwt [2]|r w [8]pUDvw |O=yvW}B VwQ
'xOQ=w Q=@ V}=Ri= =@ u=tRty =t= &OwW xDUv=O Q@Dat xr�Ut pL C=}[Qi R= |m}
CU= sRq w OwW|t pRrRDt |a=aW |xYDNt R= QwmPt `@=D pqkDU= |x}[Qi

"OwW KqY= 14 |x]@=Q j@=]t N |xHQO `@=D CQwYx@
hrDNt \=kv QO |WtN Qovr w |WQ@ |wQ}v Q}O=kt '7 w 6 |=ypmW QO
G}=Dv =@ 'CU= hyWQ}m C=}[Qi Q@ |vD@t xm 'l}Uqm VwQ R= xO=iDU= =@ xR=U
'jwi |=yQ=Owtv x@ xHwD =@ "CU= xDiQo Q=Qk xU}=kt OQwt |O=yvW}B VwQ R= pY=L
=Q} R 'CU= Q}PB=v?=vDH= w |QwQ[ |Qt= nQR@ |=ypmWQ}}eD |Qw�D uDiQoQ_vQO
R= pY=L |=yMU=B R= QDnQR@ Q@=Q@ 10 OwOL l}Uqm VwQ R= pY=L |=yMU=B

"CU= xOt; CUOx@ |O=yvW}B VwQ
|=yQ=@ <=R= x@ |a=aW VvD w |WtN Qovr Q}O=kt 9 w 8 |=ypmW QO u}vJty
VvD '9 pmW T=U= Q@ "CU= xOW xO=O u=Wv jQw |x@r w RmQt QO hrDNt
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=[Q "hrDNt |=y|Q=PoQ=@ CLD |]N=v w |]N |=yxQov ltm =@ |wQ}=O |xLiY RmQt Oa@|@ pmWQ}}eD "2 pwOH
qa4=Eh4 [1]l}Uqm |xQov N = 1 N = 2 N = 3 N = 4 N = 5

0 1 0 017 0 017 0 017 0 017 0 017 0 016
0 25 0 043 0 043 0 043 0 043 0 043 0 043
0 45 0 077 0 077 0 076 0 076 0 076 0 076
0 7 0 119 0 119 0 118 0 118 0 118 0 118
1 0 171 0 168 0 167 0 167 0 167 0 167

1 25 0 213 0 209 0 207 0 207 0 207 0 207
1 75 0 299 0 285 0 282 0 283 0 283 0 283

2 0 341 0 322 0 318 0 319 0 319 0 319
2 5 0 426 0 392 0 385 0 386 0 387 0 387
2 75 0 469 0 425 0 416 0 418 0 419 0 419
3 25 0 554 0 488 0 476 0 478 0 479 0 479
3 5 0 597 0 518 0 504 0 507 0 507 0 507
4 0 682 0 574 0 557 0 560 0 561 0 560
5 0 853 0 676 0 652 0 656 0 657 0 656

6 5 1 109 0 808 0 779 0 777 0 779 0 778
7 5 1 279 0 884 0 845 0 848 0 849 0 849
8 5 1 450 0 954 0 909 0 912 0 913 0 912
10 1 706 1 048 0 995 0 997 0 998 0 998
11 1 876 1 105 1 048 1 049 1 049 1 049
15 2 559 1 301 1 227 1 225 1 224 1 224

17 25 2 943 1 394 1 312 1 308 1 307 1 307
23 3 924 1 597 1 495 1 487 1 485 1 485
24 4 095 1 628 1 523 1 515 1 512 1 512
30 5 118 1 797 1 675 1 664 1 659 1 659

43 5 7 422 2 103 1 946 1 930 1 923 1 922
52 5 8 957 2 270 2 092 2 075 2 066 2 064
60 10 237 2 394 2 200 2 182 2 172 2 169
75 12 796 2 611 2 389 2 370 2 358 2 354
85 14 503 2 740 2 500 2 481 2 468 2 463
95 16 209 2 858 2 602 2 583 2 569 2 564
100 17 063 2 914 2 650 2 631 2 617 2 611
200 34 125 3 758 3 374 3 362 3 341 3 329
500 85 312 5 193 4 600 4 610 4 572 4 559
1000 170 625 6 594 5 798 5 834 5 774 5 767
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