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UOv
yt ��:e�(b)2

= pu(02

2 )| {z }
0

� p2
u

yK

0BB@ (Ky(0) + pu)(ln(
����Ky(0) + pu

����)� 1)

Ky

1CCA
+

2664�� � 2a(b)e�(b)2
+

0BB@p2
u ln(

����pu����)
yK

1CCA
3775 :(0)

| {z }
C1:z=0

+C2 (50)

C2 = p3
u

K2y2 ((ln(
����pu����))� 1) + (�:e�(b)2

) (51)

Q}N= |xOW x@U=Lt \@=wQ ?UL Q@ Ov=wD|t y `tW |@v=H pmWQ}}eD `@=D
"OwW u} Ro}=H |QUm |rwrPy p� y |vLvt |=Q@

|rm}U |rwrPy p� y `@=D R= p(z) w y(z) G=QNDU= "4"5
"CU= xOW x�=Q= Q[=L VN@ QO Cv=Sv=D |rm}U |rwrPy p � y `@=D C=@U=Lt

[21w20]%CU= xOW x�=Q= |rY= `H=Qt QO 52 |x]@=Q pmW x@ QwmPt `@=D
p(z) = p = A:pu tanh

�
K:z
Apu

:y
�
; (A = 0 9) (52)

Qovr |kta `} RwD |wQ |[=} Q |r}rLD C=}rta =@ 'p� y `@=D ?UL Q@ p=L
l =N � `tW |@Uv pmWQ}}eD w p(z) l =N ptar=Tma Q}O=kt 'M(z) |WtN
\ki uwJ p(z) |kta `@=D Q=Okt xm OwW|t u=Wv Q]=N "CU= xOW x@U=Lt y(z)

CLY =t= 'CU= 9 |x]@=Q QO |r@k `@=D u=ty 'CU= M(z) |WtN Qovr `@=D
|x]@=Q� |rm}U Cv=Sv=D |xrO=at |=Q@ O}=@ '21 |x]@=Q QO xOWCi=} y(z) Q=Okt
"OwW|t x@U=Lt KQW u}= x@ Q}N= |xOt;CUOx@\@=wQ T=U=Q@ xm 'OwW pQDvm �52
%O};|t CUOx@ 56 |r= 53 \@=wQ CQwYx@ y(z) ?UL Q@ p(z) |xrO=at =OD@=
p(z)
Apu

= tanh
�
K:z
Apu

:y
�
) tanh�1(tanhu) = u

Ki = K:z : (F=L2) (53)

) tanh�1
�
p(z)
Apu

�
=
�
Ki

Apu
:y
�

(54)

) y =
�
Apu
Ki

�
tanh�1

�
p(z)
Apu

�
(55)

) dy(z)
dz

= dy
dp
:dp
dz

= �
EpIp

:
�p

�erf(az + b)
2a

�
+ c001 (56)

x@U=Lt 57 |x]@=Q pmW x@ dy=dp Q=Okt 'y |=Q@ '55 |x]@=Q T=U=Q@ uwvm =
%OwW|t

dy
dp

= Apu
Ki

: (1=Apu)
1� (p=Apu)2 = 1

Ki:(1� (p=Apu)2)

�1 < (p=Apu) < 1 (57)

Q@=Q@ p@k R= 'pmW|Uw=o |WtNQovr |x]@=Q j@=]t dp=dz jDWt Q=Okt w
jDWt Q=Okt |x@U=Lt |=Q@ "CU= xOt; CUOx@ z = 0 |x]kv QO 29 |x]@=Q
xmv; pw= %CiQo Q_vQO O}=@ =Q syt |xDmv OvJ 'z = 0 |RQt |x]kv QO dy=dp

xDiQo Q=Qk Q_vOt Qw_vt u}= |=Q@ 43 |x]@=Q "OQw; CUOx@ |QUm |rwrPy p� y
%CU=

p = puyKi

pu +Kiy
= puy(K:z)
pu + y(K:z)

;Ki = K:z : (F=L2) (43)

%�44 |x]@=Q� |Q}op=QoDv= Q=@ 2 pY=L =@ CU= Q@=Q@ M(z) Q=Okt w

M(z) =
ZZ

puy(K:z)
pu + y(K:z)

:dz (44)

%�45 |x]@=Q� OwW|t s=Hv= |Q}op=QoDv= |xrLQt u}rw= =OD@=

dm
dz

= puyK

0BB@ z
Ky
�
pu ln(

����Kyz + pu
����)

y2K2

1CCA+ C1 (45)

%Ot; Oy=wN CUOx@ 46 |x]@=Q KQW x@ z = 0 |x]kv QOC1 C@=F Q=Okt w

dM(z = 0)
dz

=
�
� 2ac(b)ec(b)2�

= puyK

0BB@ 0
Ky
�
pu ln(

����Ky(0) + pu
����)

y2K2

1CCA+ C1 (46)

%O};|t CUOx@ 47 |x]@=Q R= C1 'pw= |xrLQt |Q}op=QoDv= C@=F TB

) C1 = �� 2a(b)e�(b)2
+

0BB@p2
u ln(

����pu����)
yK

1CCA (47)

49 w 48 \@=wQ R= xO=iDU= =@ |WtN Qovr Q=Okt 'swO Q=@ |Q}op=QoDv= =@ w
%O};|t CUOx@

M(z) =
Z "

pu

 
z � pu ln(

��Kyz + pu
��)

yK

!
+ C1

#
dz = (48)

M(z) = pu(z
2

2 )

� p2
u

yK

0BB@ (Kyz + pu)(ln(
����Kyz + pu
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Ky
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+
�
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+
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u(ln(
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C1

:z + C2 (49)

50 \@=wQ R= xO=iDU= =@ 'M(z = 0) = �e�(b)2 ZQi =@ C2 C@=F Q=Okt w
%O};|t CUOx@ 51 w
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%O};|t CUOx@ 63 CQ=@a 'QwmPt \@=wQ R= |Q}op=QoDv=
dM(z)
dz

=
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A:pu tanh

�
K:z
Apu
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�
dz (63)

%OwW|t x@U=Lt 64 |x]@=Q CQwYx@ 63 |x]@=Q p=QoDv= pY=L
dM(z)
dz

= A:pu
�
Apu
K:y

�
ln
�

cosh
�
K:z
Apu

:y
��

+ c0001 (64)

pmW x@ '|Uw=o M(z) |x]@=Q R= dM(z)=dz |Q=Po}=H =@ c0001 C@=F Q=Okt
%O};|t CUOx@ z = 0 |x]kv QO 65 |x]@=Q

V (z = 0) = dM(z = 0)
dz

= � � 2ac(b)ec(b)2

= A:pu
�
Apu
K:y

�0BBB@ln cosh
�
K:(z = 0)
Apu

:y
�

| {z }
1 0

1CCCA| {z }
0

+c0001 (65)

CUOx@ 66 |x]@=Q j@=]t c = �1 ZQi =@ c0001 |Q}op=QoDv= C@=F TB
%O};|t

c0001 = �2�a(b)e�(b)2
(66)

w 67 \@=wQ j@=]t M(z) Q=Okt ,=t}kDUt '|Q}op=QoDv= Qo}O Q=@ l} =@ uwvm =
%Ot; Oy=wN CUOx@ 68

M(z) =
Z
A:pu

�
Apu
K:y

�
ln
�
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�
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Apu

:y
��

dz = (67)

M(z) = A2p2
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u
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�
:I +
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|rwrPy Twv}Um |a}@] sD} Q=or p=QoDv= Q=Okt 'Q}N= p=QoDv= |x@U=Lt |=Q@
%OwW|t x@U=Lt 69 |x]@=Q pmW x@

I =
Z
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�
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�
K:y
Apu
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��

dz = z ln
�

cosh(K:y
Apu

:z)
�

�
�
K:y
Apu

�
�
�2(ky=Apu)z ln(e2(ky=Apu)z + 1) + Li2(�e2(ky=Apu)z)

2
�
ky
Apu

�2
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�
z2
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��

+ c0002 (69)

|r=QoDv= h} QaD ?UL Q@ wO |x@DQt sD} Q=or |rB =} sD} Q=or |O Li2(z) 'u; QO xm
%CU= 70 |x]@=Q QO �u}at p=QoDv=�

Li2(z) = �
zZ

0

ln(1� t)
t

:dt = �
1Z

0

ln(1� zt)
t

:dt (70)

QiY ,=@} QkD u}tR K]U QO CUQO w |}xU=t |=yl =N QO p(z = 0) = 0 Q=Okt
\QW Q=J=v x@ 'CU= p = 0 xm |}=H =yvD QO p� y |=y|vLvt QO ,=}v=F w CU=
|=y|vLvt sUQ C=YDNt -=O@t 'QwmPt |x]kv xm =QJ 'CU= Q=QkQ@ R}v y = 0
58 |x]@=Q j@=]t 'xOW QmP\}=QW|rm |xH}Dv u}=Q@=v@ [1]'OyO|tV}=tv =Q p�y

%Ow@ Oy=wN
dy
dp

����
z=0

= 1
Ki:(1� (p(0)=Apu)2) = 1

Ki
(58)

\}=QW QO p � y |=y|vLvt [20w14'1]'l}Uqm |r}rLD |v=@t j@=]t 'u; QO xm
p R= QDnQR@ xQ=wty pu Q=Okt xm =QJ 'OW Oy=wNv QiY Q@=Q@ pu Q=Okt 'p = 0
l} OL QO Ov=wD|t pu Q=Okt 'CU= QiY p Q=Okt xm |v=tR |iQ] R= "CU=
|Q}op=QoDv= C@=F Q=Okt u=wD|t q=L "OW=@ QiY hr=Nt w p R= QDnQR@ uwr}UB=
p@k Cr=L j@=]t dy=dp ?}W uwJ 'OQw; CUOx@ z = 0 |x]kv QO =Q c001
,=OOHt c001 C@=F TB '�l}vwDwvwt l}D=DU= |QUm |rwrPy p� y |vLvt� OwW|t
swO C@=F |x@U=Lt '|vwvm |xrLQt QO "OwW x@U=Lt Ov=wD|t 38 |x]@=Q Q@=Q@
y(z = 0) Q=Okt 'c002 C@=F |x@U=Lt |=Q@ "CU= Q_vOQwt c002 |va} |Q}op=QoDv=
60 w 59 \@=wQ j@=]t y(z = 0) Q=Okt w 'OwW|t xO=U G}=Dv w |Q=Po|=H

%OwW|t p}mWD

y(z = 0) =
�
Apu
Ki

�
tanh�1

2664p(z = 0)
Apu| {z }

0

3775 (59)

tanh�1(0) = tanh(0) = 0) y = 0 = �
EpIp p

�
2a ( (b)erf(b)

a
+ e�(b)2

a
p
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+ c002 (60)

%OwW|t x@U=Lt 61 |x]@=Q j@=]t c002 TB
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a
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xOy=Wt pL=Qt j@=]t '(c002 w c001 ) |Q}op=QoDv= |=yC@=F |x@U=Lt R= TB
|Uw=o |WtN Qovr `@=D wO x@ xDU@=w y(z) |@Uv pmWQ}}eD `@=D Q=Okt 'xOW
G=QNDU= ,=OOHt 21 |xrO=at pmW x@ 'Cv=Sv=D |rm}U |rwrPy p � y `@=D w
CUOx@ y(z) `@=D Q=Okt xm CU= |i=m \ki p(z) G=QNDU= |=Q@ u}vJty "OwW|t
QO &OwW u} Ro}=H y |=H x@ '52 |}=OD@= |x]@=Q QO p� y |rY= `@=D QO 'xOt;
Oy=wN pmW |Uw=o |WtN Qovr `@=D x@ xDU@=w w z jta R= |a@=D R}v y CQwYu;

"OW

|rm}U |rwrPy p� y `@=D R= M(z) |x@U=Lt "5"5
`@=D ?UL Q@ y(z) w p(z) Q}O=kt '�4"5 VN@� Q}N= VN@ C=@U=Lt j@=]t
|r}rLD \@=wQ ltm x@ u; c002 w c001 |Q}op=QoDv= |=yC@=F w |rm}U |rwrPy p� y
'CU= xOW x@U=Lt xOW QmP pL=Qt Tma OvwQ 'xt=O= QO "Ot; CUOx@ |[=} Q
|x]@=Q� O};|t CUOx@M(z) Q}O=kt '|rm}U |rwrPy p� y `@=D ?UL Q@ |va}

%�62
M(z) =
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p(z)dz =

ZZ �
A:pu tanh

�
K:z
Apu

:y
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dz (62)
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yt K]Ut u}tR QO =yxU=t |=Q@ 76 w 75 \@=wQ R= xO=iDU= =@ Ov=wD|t w Ow@ Oy=wN

%OwW x@U=Lt �?}W QF= uwO@�
pu(z) = (C1:z + C2:D):
0:z (75)

pu(z) =
�
C3:D:
0

�
:z (76)

|}xU=t l =N QF-wt XwYNt uRw 
0 '�m� `tW |=vyB =} Q]k D '=yu; QO xm
pw] OL=w QO pu l =N|}=yv Q=Wi |x@U=Lt?}=Q[C3 wC2 'C1 w (kN=m3)
l =N |rN=O l =m]Y= |x} w=R ?ULQ@ 'API |x}YwD j@=]t xm 'OvDUy `tW
|x@U=Lt \@=wQ "Ov=xOW sUQ 16 pmW |=yQ=Owtv j@=]t |Q=Owtv pmW x@ �

[21w20'1]%OvDUy 79 |r= 77 \@=wQ KQW x@ C3 w C2' C1 ?}=Q[
C1 = ( K0 tan� sin�

tan(� � �) cos�
+ tan�

tan(� � �)
(tan� tan�)

+K0 tan�(tan� sin� � tan�)) (77)

C2 = tan�
tan(� � �)

�Ka (78)

C3 = Ka(tan8 � � 1) +K0 tan� tan4 � (79)

Cr=L w k0 uwmU Cr=L Q=Wi |@v=H ?}=Q[ w � w � |=}=wR Q=Okt '=yu; QO xm
%Ov=xOW h} QaD 82 |r= 80 \@=wQ pmW x@ Ka lQLt

� = �
2 ; � = 45 + �

2 (80)

K0 = 1� sin�) (K0 � 0 4) (81)

Ka = tan2(45� �
2 ) (82)

K]Ut u}tR |=Q@ '76 w 75 \@=wQ QO pu |x@U=Lt \@=wQ 'OW xQ=W= xJv=vJ
|=y?}W |va}� Q=O?}W u}tR |xr�Ut OQwt QO OQ@ Q=m p@=k ,=t}kDUt w OvDUy
p Q}O=kt 'K]Ut u}tR QO 'l =N |@v=H |=yQ=Wi Q}O=kt T=U=Q@ "OvDU}v �|m =N
K}LYD 'QwmPt pmWt |xQ=J x=Q "OvDUy Q=O?}W u}tR R= QDnQR@ xQ=wty pu w
?}=Q[ w \@=wQ |x�=Q= ltm x@ 'Q=O?}W u}tR QF= uOQw; ?=UL x@ |=Q@ pu Q}O=kt
Vy=m |=Q@ =Q 83 |xOvy=m |x]@=Q [13]'�2008� u=QoWywSB |NQ@ "CU= K}LYD
x�=Q= |rm}U |Q=PoQ=@ Cr=L QO A |xOvy=m ?} Q[ Q@ xwqa pu Q=Okt |x} wv=F

[13]%Ov=xO=O
R = 0 74 + 0 0378(z=D)� 0 6315(S);R � 1 (83)

Q@ |}xU=t ?}W |x} w=R S w QDt x@ `tW Q]k D 'QDt ?UL Q@ jta z 'u; QO xm
0 66 =D 0 50 |xOwOLt QO ?}W |=}=wR |=Q@ 83 |x]@=Q "CU= u=}O=Q ?UL
84 |x]@=Q CQwYx@ pu Q=Okt 'O}OH Cr=L QO u}=Q@=v@ "CU= OQ@ Q=m p@=k u=}O=Q

[13]%OwW|t xDiQo Q_v QO ?}W QF= |=Q@ Q}N= \@=wQ |x}rm QO
puslope = (A = 0 9)�R� pu (84)

|=yjta |=Q@ 76 |x]@=Q Q=Okt w |L]U j=ta= |=Q@ 75 |x]@=Q Q=Okt
� Qovr |vLvt xm =Hv; R= "CU= z jta V}=Ri= u}L QO w `tW pw] QO QDu}}=B
?}W- `tW h}OQ |OOa |m}t=v}O p}rLD R= pY=L M(z) � z pO=at jta
VvD pmW x@ �u; C}akwt w 'Ct=N[ 'xUOvy %pt=W� VRer K]U Q=F; '|}xU=t
Q=Okt R= z jta Qy |=Q@ u}=Q@=v@ 'OvQ=O OwN QO =Q |}xRQr � |m}t=v}O VvQm �

Cr=L QO C \rDNt O=Oa= |xawtHt w[a \rDNt OOa l}� z sD} Q=or |O
|rB h} QaD pO=at xm �CU= R w[a |k}kL OOa l} Cq=L |NQ@ QO w |rm
Li(z) u}vJty "CU= xOW h} QaD 'OW=@ 2 Q@=Q@ u; s |x@DQt xm |v=tR 'sD} Q=or
\rDNt OOa l} Q@=Q@ 'CU= �\rDNt |rm Cr=L QO =}� |ivt OOa l} z xm |v=tR
x@ M(z = 0) = �e�b2 |RQt \QW ltm x@ c0002 |Q}op=QoDv= C@=F "CU=
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2(ky=Apu)2
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(71)
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�
A3p3

u

2k2y2Li2(�1)
�
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(72)

\@=wQ T=U=Q@ 'Q[=L VywSB QO M(z) |WtN Qovr |=yQ=Owtv |x@U=Lt
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%CW=O pwP@t |i=m xHwD
di log(x) = Li2(1� x) (73)

R= sy Q}_v w Cw=iDt h} QaD wO xm � Li2(x)w di log(x) h} QaD u}vJty
`@=D l}Uqm w swUQt h} QaD =@ Cw=iDt |mOv= xm � ?rDt |xt=vQ@ QO '�OvDUy `@=D
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di log(x) = +
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1
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t

dt (74)
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X=wN R= xO=iDU= x@ O}=@ '23 w 22 \@=wQ x@ C@Uv w OwW|t x@U=Lt ?rDt
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|=y|vLvt w �49 |x]@=Q� l}vwDwvwt l}rw@ QB}=y p � y `@=D R= |Q}op=QoDv=
|x]@=Q� Cv=Sv=D |rwrPy p � y `@=D R= |Q}op=QoDv= Q=@ 2 x@ \w@ Qt nvQ|mWt
x@ Cv=Sv=D |rm}U p � y `@=D R= pY=L Qovr |=y|HwQN QO "OvDUy �68

`=iDQ= uDiQo Q_vQO x@ |R=}v w OwW|t xO=iDU= QwmPt |x]@=Q wO u}@=t �xv}tm�
"CU}v xOW QmP \@=wQ QO z |=H x@ zslip pmW x@ |}xU=t ?}W VRer K]U
|rm}U =} |m}D=DU= p� y |=y|vLvt |rm \@=wQ QO s=y@= |xOvvm O=H}= |xDmv
`iQ p@=k �|O=a@= w |O=tv� 85 |x]@=Q pmW x@ x}rw= |DNU sy@t h} QaD QF= QO�

%CU=
Ki = (kpy = K):z

: F=L2 = (F=L3):(L)) kN=m2 = (kN=m3):m (85)

|}=m} w �16 pmW j@=]t�CU= QDU@ ptar=Tma pwOtK =} kpy Q=Okt 'u; QO xm
|rwrPy p� y |=y|vLvt |}=OD@= VN@ |DNUKi =t= 'OQ=O kN=m3 TvH R=

"OQ=O �MPa =}� kPa pmW x@ |WvD |=m} xm 'CU= �l}rw@ QB}=y Cv=Sv=D w�

R= pY=L |WtN Qovr |=y|HwQN |UQQ@ "6
K} QY |Oa@xU OwOLt p[=iD |OOa |=y|R=UpOt

R= pY=L|Uw=o|WtN Qovr |=y|HwQN R=|}xOWxOQWi Q=Owtv 'Q[=LVN@ QO
CLD 10 pmW QO xOW KQ]t ?}W |xr�Ut |OOa |Oa@xU |m}t=v}O |R=UpOt
18 w 17 |=ypmW QO '12 w 11 |=ypmW QO GQOvt lwy}O wT@] |=yxrRrR Q=@
p}rLD R= pY=L |WtN Qovr |=yQ=Owtv |x}rm '=yu; j@=]t xm OwW|t xOy=Wt
|=yQ=Owtv '18 w 17 |=ypmW j@] "OvDUy |Uw=o ẁv R= |Oa@xU |OOa
w T@] |xrRrR wO |xDioV}B |Q=PoQ=@ ?}mQD 7 |=y|HwQN |=Q@ xOWs}UQD
|[=} Q |wor= =@ '?}W |xOvvmKrUt `tW h}OQ QO OwHwt `tW 7 O=OaD w lwy}O

"CU= xOt; CUOx@ pmW|Uw=o

|xOW|Q}op=QoDv= \@=wQ R= |}xRQr |WtN Qovr OQw;Q@ "1"6
68 w 49 \@=wQ Cv=Sv=D w |QUm p� y

w OQw;Q@ x@ '|[=} Q |r}rLD u}W}B C=@U=Lt |}=Q=m pQDvm Qw_vt x@ 'Q[=LVN@ QO
|xOW |Q}op=QoDv= \@=wQ R= =y`tW |}xRQr |WtN Qovr |xv}W}@ Q}O=kt |xU}=kt
xDN=OQB 68 w 49 \@=wQ ?}DQD x@ '|rm}U � Cv=Sv=D w |m}D=DU= � |QUm p� y
pwtat |Q=PoQ=@ R= pY=L |WtN Qovr |vLvt wO 'Qw_vt u}= |=Q@ "CU= xOW
|=DU=Q QO �lwy}O wT@] |=yx=oDU}= QO� lwy}O wT@] |=yxrRrR|rw] |xir-wt
|x]@=Q ?UL Q@ =y|HwQN |x}rm \UwDt |vLvt Q=Okt w ?}W VRer |rw]
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|x]@=Q �3D-FDA� |OOa VwQ R= pY=L |WtN Qovr |=y|HwQN "20 pmW
"lwy}O |xrRrR CLD Cv=Sv=D |rm}U p� y |x]@=Q w |m}D=DU= p� y

`tW h}OQ R= Sw}i} QDvU T=}ktlJwm |m} R}i pOt C=}�RH V}=tv "21 pmW
[7]"`HQt QO xrRrR Q=@ CLD lWN |}xU=t ?}W QO pOt

� `tW h}OQ |rta |R=UpOt p=Ft l} |xar=]t "7
?}W

|=y|HwQN 'Q[=L Q=DWwv QO xOWx�=Q= O}OH \@=wQ |D=@U=Lt VRQ= OQw;Q@ CyH
� `tW h}OQ |xr�Ut '|ak=w |m} R}i |R=UpOt l} QO M(z) |WtN Qovr
"�21 pmW� CU= xOW |UQQ@ |m}t=v}O |Q=PoQ=@ CLD lWN |}xU=t ?}W
T=}ktlJwm|m} R}i |=y|R=UpOt QO [22w10'7]'xOW s=Hv= C=ar=]t|NQ@ j@=]t
pY=wi Cr=L 4 QO |WtN Qovr |=yQ=Owtv '50 g |m}vmDw�S Sw}i} QDvU ( 1

50 )

pmW x@ 'u=w}=D |J |J |xrRrR l}ORv |xRwL |}xRQr |Q=PoQ=@ 4 w =y`tW u}@
Qovr |Uw=o |=yQ=Owtv VR=Q@ |=Q@ [7]"Ov=xOW G=QNDU= |wk |=yxRQrTB QF= |UQQ@
Curve Q=R@= x@aH QO CF |vLvt VR=Q@ VwQ R= Q[=L |xar=]t QO |WtN
CkO wC}i}m|UQQ@CyH "�1 pwOH�CU= xOW xO=iDU=?rDt |xt=vQ@ Fitting

|UQQ@ |vLvt Qy QOR2
adj w R2 'RMSE 'SSE |=yQDt=Q=B '|OOa VR=Q@

|=y|R=UpOt R= pY=L|Uw=o|WtN Qovr |xv}W}@|kta `} RwD G}=Dv "18 pmW
"|}xU=t ?}W QO lwy}O |xrRrR Q=@ ?}mQD 7 w `tW 7 O=OaD |=Q@ |OOa

|x]@=Q �3D-FDA� |OOa VwQ R= pY=L |WtN Qovr |=y|HwQN "19 pmW
"T@] |xrRrR CLD Cv=Sv=D |rm}U p� y |x]@=Q w |m}D=DU= p� y

CQwY x@ =y|vLvt MU=B \=kv '|}=yv ?=wH QO sD} Q=or|O `@=D Qwy_ Cra
O=Oa= u}= |twywt VN@ 'QwmPt Q=Owtv QO xm 'Ov};|t CUOx@ \rDNt O=Oa=
|WtN Qovr Q}O=kt 'QwmPt |=ypmW G}=Dv j@=]t p=L Qy x@ "CU= xOWv s}UQD
p � y |=y|vLvt w l}vwDwvwt � |m}D=DU= p � y |=y|vLvt R= pY=L
'|@ wN x@ s=OmI}y 'R}v pm QO w OvDUy �q=@ CUO� xv=Q=mx_i=Lt 'Cv=Sv=D- |rm}U
u=Wv �|OOa p}rLD s}kDUt G}=Dv j@=]t� =Q |WtN Qovr |xv}W}@ O=ONQ jta

"OvyO|tv
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"""Q
=DiQ

OQw
;Q@|

=Q@O
}OH

|]
@=wQ

|x�
=Q=

[7]"`HQt |WtN Qovr |=y|vLvt VR=Q@ |=yC@=F Q}O=kt "1 pwOH
VR=Q@ C@=F Q=Okt =yxrRrR w (s=B) =y`tW pY=wi

(b) (a) (a) ?} Q[
�1 141 0 348 83 09 EQ.1 w 3 5
�1 151 0 348 87 37 EQ.2 w 3 5
�1 203 0 355 94 09 EQ.3 w 3 5
�1 139 0 346 102 40 EQ.4 w 3 5
�1 163 0 351 110 00 EQ.1 w 4 67
�1 091 0 337 122 70 EQ.2 w 4 67
�1 068 0 333 132 30 EQ.3 w 4 67
�1 079 0 337 137 20 EQ.4 w 4 67
�1 102 0 297 120 10 EQ.1 w 7 00
�1 014 0 284 134 30 EQ.2 w 7 00
�1 002 0 280 142 20 EQ.3 w 7 00
�1 029 0 285 147 80 EQ.4 w 7 00
�1 037 0 321 68 53 EQ.1 w 14 0
�1 069 0 333 83 80 EQ.2 w 14 0
�1 073 0 335 93 18 EQ.3 w 14 0
�1 072 0 337 99 65 EQ.4 w 14 0

l}ORv |xRwL |xrRrR |m}t=v}O |Q=PoQ=@ |WtN Qovr |=yQ=Owtv VR=Q@ |=yC@=F
|=yQDt=Q=B Q}O=kt '2 pwOH QO w CU= [7]`HQt j@=]t |}xU=t ?}W � `tW h}OQ
xOW x�=Q= '[7]`HQt QO |WtN Qovr |Uw=o `@=D |OOa |=yVR=Q@ C}i}m pQDvm

"CU=
?} Q[|va}� p(z) l =N Q=Wi OQw;Q@?}=Q[|:tm �|rta |xOwOLt w Q}O=kt
|=y|vLvt VR=Q@ R= pY=L �S:F: ?} Q[ |va}� V (z) |WQ@ |wQ}v w �p:F:
xm OvwW|t xOy=Wt 24 pmW QO '23 w 22 |=ypmW QO |Uw=o |WtN Qovr
u}@ |Q}O=kt =@ w |]N `@=D l} pmW x@ |WQ@ |wQ}v ?} Q[ ';24 pmW j@=]t
QO l =N Q=Wi ?} Q[ '?24 pmW j@=]t xmv; p=L 'CU= xOW Qy=_ �1 =D �2
�0 5 u}@ |Q}O=kt =@ w �2 xHQO |}xrtHOvJ� |tyU `@=D l} =@ `tW pw] OL=w

"CU= xOt; CUOx@ 2 5 =D

|Q}oxH}Dv "8
|rwrPy p�y |=y|vLvt u}@ |[=} Q � |r}rLD |r}O@D\@=wQ 'Q[=L |xar=]t QO
xOW x�=Q= |Uw=o |WtN Qovr `@=wD w Cv=Sv=D |rm}U |rwrPy 'l}vwDwvwt |m}D=DU=
|=y`tW h}OQ |m}t=v}O |Q=PoQ=@ |=Q@ 'pmW|Uw=o |WtN Qovr `@=wD "CU=
|xRwL |=yxrRrRhrDNt |=y?}mQD |Q=PoQ=@CLD 'lWN|}xU=t?}W QO Qw=vW
Qovr `@=D Q=Okt u=wD|t Q[=L VywSB |=yxDi=} j@=]t "Ov=xOW x@U=Lt l}ORv
|@Uv|@v=H pmWQ}}eD `} RwD R}v w pl =N Q=Wi `} RwD x@|DL=Q x@ =Q|Uw=o|WtN
'l =N QO xOWO=H}= |=yVvD u=R}t Q=m u}= =@ pY= QO "OQm p}O@D y l =N � `tW
=} w |Q}tN Cr=L x@ l =N uO}UQv =} uO}UQ |xwLv w `tW |@v=H |Q=PoQ=@ QF= QO
pmWQ}}eD `@=D uDUv=O =@ 'Qo}O hQ] R= "CU= pQDvm p@=k p(z) Q=Wiltm x@ s}rUD
R=Ht |=ypmWQ}}eD =@ =Q `tW |@v=H pmWQ}}eD Q}O=kt '`tW pw] QO u=wD|t y

Qovr |=yxOwOLt x@ xHwD =@ QwmPt Q}O=kt |t=tD '2 pwOH j@=]t |iQ] R= "Ov=xOW
QO |:tm ^=Lr x@ ,qt=m 'OwHwt |=]N u=R}t w xDi=}VR=Q@ |=yxO=O O=OaD '|WtN

"OvDUy ?wr]t OL
=y=]N ẁtHt u}ov=}t swO |xW} Q w 7SSE =} =y=]N `@ Qt `tH Q}O=kt
h} QaD 87 w 86 |=vW;\@=wQ j@=]t xDi=}VR=Q@ |xO=O n O=OaD |=Q@ 8�RMSE�

%OvwW|t

SSE =
nX
i=1

(yi � fi)2 =
nX
i=1

e2
i (86)

RMSE =

vuut(1=n)
nX
i=1

(yi � fi)2 (87)

j@] R2
adj �xDi=}p}OaD� u}}aD ?} Q[ w R2 u}}aD ?} Q[ Q}O=kt u}vJty

%OvwW|t h} QaD 89 w 88 \@=wQ

R2 = 1� SSres
SStot

= 1�
nP
i=1

(yi � fi)2

nP
i=1

(yi � �y)2
(88)

R2
adj = 1�

�
(1�R2) n� 1

n� p� 1
�

(89)

'|WR=Q@ pOt QO xOvvmh}YwD |=yQ}eDt pm O=OaD p '=yxO=O |xOvQ=tW i '=yu; QO xm
%OwW|t x@U=Lt 90 |x]@=Q j@] xm CU=yxO=O pm u}ov=}t �y w

�y = 1
n

nX
i=1

yi (90)

xOW xO=O VR=Q@ `@=D Q@=Q@ fi Q=Okt '90 |r= 86 \@=wQ |t=tD QO u}vJty
pt=W 'xt=O= QO 1 pwOH "CU= pkDUt |xO=O n O=OaD |=Q@ yi |ak=w Q}O=kt Q@
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"4 67 w 3 5 |=y`tW RmQt x@ RmQt pY=wi |=Q@ [7]`HQt |m}t=v}O |Q=PoQ=@ |WtNQovr |=y|vLvt |Uw=o VR=Q@ "22 pmW

"14 0 w 7 0 |=y`tW RmQt x@ RmQt pY=wi |=Q@ [7]`HQt |m}t=v}O |Q=PoQ=@ |WtNQovr |=y|vLvt |Uw=o VR=Q@ "23 pmW

[7]"`HQt |WtN Qovr |=yQ=Owtv VR=Q@ C}i}m |=yQDt=Q=B "2 pwOH
RMSE R2

adj n R2 SSE
=y`tW pY=wi

=yxrRrR w (s=B)

5 039 0 9693 137 0 9697 3402 EQ.1 w 3 5
4 989 0 9723 137 0 9727 3335 EQ.2 w 3 5
4 385 0 9812 137 0 9815 2567 EQ.3 w 3 5
5 954 0 9712 137 0 9716 4750 EQ.4 w 3 5
3 095 0 9936 125 0 9937 1169 EQ.1 w 4 67
2 379 0 9969 125 0 9969 690 5 EQ.2 w 4 67
2 733 0 9964 125 0 9965 911 0 EQ.3 w 4 67
2 469 0 9973 125 0 9973 743 9 EQ.4 w 4 67
6 877 0 9690 209 0 9693 9743 EQ.1 w 7 0
7 082 0 9729 209 0 9732 10330 EQ.2 w 7 0
8 614 0 9643 209 0 9646 15280 EQ.3 w 7 0
8 139 0 9705 209 0 9708 13650 EQ.4 w 7 0
2 812 0 9845 159 0 9847 1234 EQ.1 w 14 0
3 052 0 9881 159 0 9883 1453 EQ.2 w 14 0
3 433 0 9878 159 0 9879 1838 EQ.3 w 14 0
3 845 0 9866 159 0 9868 2307 EQ.4 w 14 0
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"V w p |x@U=Lt CyH |Uw=o |WtNQovr |=y|vLvt KqY= |=Q@ |]N |WQ@ |wQ}v w |]NQ}e l =N Q=Wi ?}=Q[ "24 pmW

|iQ] R= "CU= �|}xrwovR� pmW|Uw=o pmW x@ |OOa C=@U=Lt R= pY=L
|=y|v}@V}B x}@W,qt=m =yu; |wor= w xOWpY=L |WtN Qovr O=Oa= Ctqa
QDnQR@ xQ=wty '=yu; R= pY=L |WtNQovr Q}O=kt 'u}= OwHw =@ "CU= Q_vOQwt
|Oa@xU OwOLt p[=iD |OOa VwQ |WtN |=yQovr R= �QDxv=Q=mx_i=Lt w�

"OvDUy
|xv}W}@ ẁkw pLt 'Q[=L VywSB QO xOW s}UQD |=yQ=Owtv |xU}=kt Q@=v@ "4
QO '|QUm |m}D=DU= p � y `@=D p@ wO |Q}op=QoDv= |xH}Dv QO |WtN Qovr
|=y} Q}oxR=Ov= R= pY=L |WtN Qovr |xv}W}@ O=ONQ jta x@ l}ORv |kta
|xv}W}@ |WtN Qovr Q=Okt xmv; p=L 'O};|t CUOx@ |W}=tR; w |OOa
|L]U j=ta= QO 'Cv=Sv=D |rm}U p � y `@=D p@ wO |Q}op=QoDv= R= pY=L
Q=O}OB `tW |=yDv= QO R}v w |}xU=t ?}W VRer K]U uwQO |xOwOLt QO w

"OwW|t
� `tW |@Uv |@v=H pmWQ}}eD `@=D 'Q[=L Q=DWwv |r}rLD C=@U=Lt G}=Dv Q@=v@ "5
"CU= jta QO M(z) |WtN Qovr |Uw=o `} RwD x@ xDU@=w ,qt=m y(z) l =N
'CU= �|rm}U =} |m}D=DU= p� y� |vLvt ẁv R= pkDUt u; Q=Okt u}vJty
Q@=Q@ xQ=wty 'xOW QmP p� y |=y|vLvt R= ẁv wO |}=OD@= VN@ ?}W xm =QJ

"CU= Ki |DNU Q=Okt

QO `tW Q@ |mDt |xR=U uOv=t XwYNQO w OQm xU}=kt |}xSwQB Qy QO Q_vOQwt
"OQm |a]k Q_vQ=y_= ut}= |xOwOLt

|wO Qy |}=OD@= VN@ ?}W 'Q[=L Q=DWwv |r}rLD C=@U=Lt G}=Dv j@=]t "1
|rm}U w l}vwDwvwt |m}D=DU= �l}rw@ QB}=y� |rwrPy p � y |=y|vLvt
|}xU=t |=yl =N QO z = 0 w u}tR K]U pO=at p = 0 |x]kv QO �Cv=Sv=D�
=} Ki C@=F Q=Okt Q@=Q@ xQ=wty 'QwmPt `@=D wO Qy |=Q@ xm OW C=@F= 'y = 0 w
"OQ=O |WvD |=m} w CU= VvD TvH R= |QDt=Q=B xm 'Ow@ Oy=wN x}rw= |DNU
QO pu \@=wQ pmW x@ xm p |}=yv Q}O=kt xm OyO|t u=Wv Q[=L VywSB G}=Dv "2
|=yu}tR |=Q@ 'CU= xOW x�=Q= z jta ?UL Q@ [21w1]'hrDNt Q@Dat `H=Qt
?}=Q[ p=ta= =@ \ki Q=O?}W |=yu}tR QO w CU= �?}W uwO@� K]Ut
QO p QDt=Q=B QO ?}W QF= `k=w QO [13]"OvDUy xO=iDU= p@=k �|Wy=m xQ=wty�
xm =QJ 'OwW|t Qy=_ u; Q=Okt QO Vy=m pmW x@ R}v |m}t=v}O |Q=PoQ=@ Cr=L
QO l =N |xOW G}U@ |@v=H Q=Wi =} ptar=Tma |}=yv Q=Okt 'xOW QmP QDt=Q=B
CUOx@ =Q ?}W Q@ xOWp=ta= xrRrR |@v=H |Q=PoQ=@ p=@k QO '`tW pw] OL=w

"OyO|t
|Q}op=QoDv= R=pY=LM(z)|WtN Qovr`@=wD 'Q[=L|xar=]t|=yxDi=}j@=]t "3
Qovr `@=D x@=Wt '|rm}U Cv=Sv=D |rwrPy w |m}D=DU= |rwrPy p(z) `@=wD p@ wO

=yCWwv=B
1. pile-tip
2. pile-head
3. arching
4. 
owing
5. Matlab
6. longitudinal contained components
7. sum of square errors
8. root mean squares of errors
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