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D=@ =Q |U}]=vet |x}q QO xOW QwYLt Q=wO |xO=U |}xv=wDU= |=yxDUwB |D} RwBt=m
|=yQDt=Q=B Q}F-=D C=}�RH 'C}=yv QO w pw= |x@DQt |WQ@ pmWQ}}eD |x} Q_v R= xO=iDU=
'Q[=LVywSB QO [14]"OvOQm |UQQ@ =Q V=aDQ= MU=B w |}=Q}t |=y|oS} w QOhrDNt
xDN=OQB �FGM� OvtiOy |}xv=wDU= |xDUwB |xR=U O=R; V=aDQ= Q=DiQ |UQQ@ x@
xm 'pw= |x@DQt |WQ@ pmWQ}}eD |Qw�D R= |OOa |R=UpOt Qw_vt x@ "CU= xOW
xOW s=Hv= |R=UpOt TBU w xO=iDU= 'CU= xOW |R=UxO=}B 10pB}t Q=Ri=sQv QO
^=Lr =@ 'xt=O= QO "CU= xOW |HvUCLY Twm =@; Q=Ri=sQv R}v w `H=Qt Q}=U =@
|xO}O?}U; |=yu=tr= 'Cw=iDt |=yQDU@ |DNU R}v w hrDNt |y=ox}mD \}=QW
?}U; OwHw x@ T=UL |QDt=Q=B xm '|Owt |=ypmW swO jDWt ltm =@ xv=wDU=
|}=yDv= VN@ '?r=]t |Ov@`tH w |Q}oxH}Dv "CU= xOW u}}aD 'CU=yu=tr= QO

"CU= Q[=L VywSB

sm =L CqO=at "2
%OyO|t u=Wv =Q |}xv=wDU= |xDUwB l} |UOvy |=yQDt=Q=B w |rm Q} wYD '1 pmW
Ct=N[ h w |vwQ}@ `=aW R0 'xv=wDU= pw] L 'OwW|t x_Lqt xm Qw] u=ty
Q@ sm =L CqO=at [14]'pw= |x@DQt |WQ@ pmWQ}}eD |Qw�D T=U= Q@ "CU= xv=wDU=

%CU= 1 |x]@=Q CQwY x@ |}xv=wDU= |xDUwB \@=wQ(
u (x; z) = ux + z x
w (x; z) = wx

(1)

�z=0� |v=}t |xLiY |=y|}=Hx@=H wx w ux '=y|}=Hx@=H u w w 'u; QO xm
Q}eDt z w xv=wDU= |rw] QwLt |=DU=Q pwL VNQJ  x w OvDUy z w x |=DU=Q QO
|=Q@ VvQm |}=Hx@=H \@=wQ "Ov=xOW h} QaD 1 pmW QO xm 'CU= xv=wDU= Ct=N[

%OwW|t u=}@ 2 CqO=at CQwY x@ pmW|}xv=wDU= |=yxDUwB8>><>>:
"x = @ux

@x + z @ x@x
"� = w

R0
xz =  x + @wx

@x

(2)

u}vJty "OvDUy |WQ@VvQm xz w |}x} w=RVvQm "� w |rw]VvQm "x '=yv; QO xm
3 \@=wQ CQwY x@ 'Ov=xOW xO=O s}taD lwy uwv=k T=U= Q@ xm Q_=vDt |=yVvD

%OvwW|t h} QaD8>><>>:
�x = E

1�v2 ("x + v"�)

�� = E
1�v2 ("� + �"x)

�xz = E
2(1+v)xz

(3)

"|}xv=wDU= |xDUwB |xUOvy "1 pmW

\}=QW |=Q@ OvtiOy |}xQ}=O |}xv=wDU= |=yxDUwB |W=aDQ= |=y|oS} w |UQQ@ x@ Gwt
G}=Dv =@ =Q xOt; CUO x@ G}=Dv '|HvUCLY Qw_vt x@ w "OvDN=OQB hrDNt |RQt
[4]"OvQ=O |@ wN j=@]v= xm OvO=O u=Wv w OvOQm xU}=kt Qo}O |=yQ=DWwv QO OwHwt
pL x=Q l} 'p}Uv=Qi}O p}O@D VwQ T=U= Q@ QwB|ra w Ca} QW '2010 p=U QO
|=Q=O |}xQ}=O C=LiY p=Owt VvD w O=R; V=aDQ= p}rLD w x} RHD |=Q@ |r}rLDxt}v
"OvOQm x�=Q= u=UWm QDU@ Q@ `k=w Q=OQ}o |=yx@r w Q}eDt Ct=N[ =@ OvtiOy O=wt
xOW |UQQ@ =RHt CQwY x@ |}=tv `@=D GvB \UwD xUOvy w O=wt |=yQDt=Q=B C=Q}}eD
|=Q@ |v=wD |QU Q@ |vD@t pL x=Q l} 'QwB|ra w Ca} QW '2013 p=U QO [5]"CU=
"OvOQm x�=Q= l}DUq=wmU} w |}=Q}t =@ w O=R; V=aDQ= CLD OvtiOy C=LiY p}rLD
QO u=tRsy Qw] x@ �FGM� OvtiOy O=wt |=Q@ X=wN C=Q}}eD 'QwmPt VywSB QO
w QwB|ra '2014 p=U QO [6]"CU= xOW ^=Lr |a=aW w |[Qa hrDNt CyH wO
OvtiOy |wkrL I} wOv=U jQw O=R; |=yV=aDQ= |UQQ@ |=Q@ =Q |Qo}O VwQ 'Ca} QW
=@ =Q |O=yvW}B VwQ R= pY=L G}=Dv w OvO=O O=yvW}B Qrmv} w u=UWm QDU@ |wQ Q@ =Q
l} Vv=Q=mty w 6nv=S R}v '2014 p=U QO [7]"OvOQm xU}=kt Twm =@; Q=Ri=sQv G}=Dv
T=U= Q@ pmW|}xv=wDU= |}xDUwB |=yxR=U QO ?}U; |}=U=vW |=Q@ O}OH VwQ
xm |mtm sQH R= xO=iDU= =@ xOW QmP |vLvt "OvOQm x�=Q= �FSC� Ot=U@ Q}}eD |vLvt
"O};|t OwHw x@ 'CU= |Owt |=ypmW w |a}@] |=yOt=U@ C=aq]= |xOvQ}oQ@ QO
?}U; OwHw sOa |xOvyOu=Wv 'OW=@ h=Y �FSC� Ot=U@ Q}}eD |vLvt xm |v=tR
xOy=Wt |oO}O?}U; =} |rLt Xkv u=mt= '|@ w=vD |=yxrk uDW=O CQwY QO w
xm OvO=O u=Wv V=aDQ= Q@ |vD@t |=yVwQ Qo}O =@ xU}=kt QO u}vJty u=W}= "OwW|t
|Q}oxR=Ov= |=yOt=U@ xm |DQwY x@ 'OQ=O QDW}@ |Ot;Q=m w CaQU |O=yvW}B VwQ
u=Q=mty w x=vBu=OR} '2015 p=U QO [8]"OvDUy |Owt |=ypmW R= QDj}kO 'xOW
R= w OvOQm |O=yvW}B Q}D |=Q@ |Owt pmW C=aq]= |x}=B Q@ |@=QN XN=W l}
OQivt |=y?}U; pLt |}=U=vW |=Q@ |Owt |=ypmW swO w pw= |x@DQt C=kDWt
C@Uv |O=yvW}B XN=W xm OyO|t u=Wv pY=L G}=Dv "OvOQm xO=iDU= xv=oOvJ w
'2015 p=U QO [9]"OQ=O |QDy@ OQmrta '`H=Qt QO xOW x�=Q= |=yXN=W Q}=U x@
V=aDQ= p}rLD x@ |awvYt |=yQvi R= |}xawtHt |xr}Uw x@ Vv=Q=mty w 7nv=U
w OvDN=OQB hrDNt |y=ox}mD \}=QW =@ uQ=kDt |D} RwBt=m |}xv=wDU= |=yxDUwB O=R;
|y=ox}mD \}=QW CLD xm |}=yxDUwB V=aDQ= p}rLD |=Q@ Q[=L VwQ xm OvDi=} QO
'=yv; ?}mQD w u=UWm |=yC}OwOLt 'l}Uqm |=yC}OwOLt %xrtH R= 'hrDNt
Q@ Ot;Q=m XN=W l} u=Q=mty w u=}@=wv '2015 p=U QO [10]"CU= Ot;Q=m w QF-wt
|}xLiY |=yxR=U |=Q@ xO}O?}U; w sr=U |=yxR=U |Owt pmW C=aq]= |x}=B
|vD@t |YN=W 'xv=oOvJ w OQivt |=y?}U; pLt |}=U=vW |=Q@ 'u=W}= "OvOQm x�=Q=
=@ |O=yvW}B XN=W xm OvDi=} QO w OvOQm O=yvW}B |Owt |=ypmW |=yjDWt Q@
[11]"CU= xv=oOvJ w OQivt |=y|@=QN ẁkw pLt X}NWD x@ QO=k q=@ Q=}U@ CkO
l} R= V=aDQ= Q@ |vD@t ?}U; X}NWD |=Q@ Vv=Q=mty w nv=S '2017 p=U QO
|=yQ=DN=U QO CQ=UN |}=U=vW |=Q@ xm 'OvOQm xO=iDU= xR=U CtqU V}=tv VwQ
Q}F-=D CLD COW x@ CU= umtt u; CkO 'p=L u}= =@ "OwQ|t Q=m x@ C} RwBt=m
u; |OOa |=ypOt w C} RwBt=m |ak=w Q=DN=U u}@ hqDN= w |Q}oxR=Ov= |=y=]N
[12]"CU= syt Q=}U@|v}@V}BCkO QO|}=ypqDN=u}vJ QF= |xar=]tu}=Q@=v@ "OW=@
'Ov=xOQm x�=Q= p=Owt QDt=Q=B Q@ |vD@t VwQ l} Vv=Q=mty w 8wwQ=o '2017 p=U QO
pwtQi l} 'Qw_vt u}O@ "OyO X}NWD |Oqwi |}xv=wDU= |=yxrwr QO =Q ?}U; =D
'OQ}o|t Q_v QO 9C=mUQB |xrO=at T=U= Q@ =Q xrwr |a=aW C=Q}}eD xm |r}rLD
p@=k Q}N= |xR=U QO ?}U; X}NWD QO |O=yvW}B VwQ xm OvDi=} QO w OvOQm x�=Q=
|x}q p=ai |W=aDQ= pQDvm '|QiaH w xO=R=[QOtLt '2019 p=U QO [13]"CU=mD=
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u=Qt

a|
UOv

yt 8>><>>:
�A
�B
�D

9>>=>>; =

h=2Z
�h=2

vE(x; z)
1� v2

8>><>>:
1
z

z2

9>>=>>; dz;

;

8>><>>:
~A
~B
~D

9>>=>>; =

h=2Z
�h=2

E(x; z)
2(1 + v)

8>><>>:
1
z

z2

9>>=>>; dz;

8>><>>:
I0
I1
I2

9>>=>>; =

h=2Z
�h=2

�(x; z)

8>><>>:
1
z

z2

9>>=>>; dz (7)

u}vJty w xOW |Q=Po}=H 5 |=yxrO=at QO 6\@=wQ |=yjDWt w =yxrO=at 'xt=O= QO
CyH pw= |x@DQt |WQ@ pmWQ}}eD |Qw�D x@ \w@ Qt |WQ@ K}LYD ?} Q[ k = 5

6
%Ov};|t CUO x@ CQwY u}= x@ 8 CqO=at "CU= xOw@ =yMU=B Ow@y@8>>>>>>>><>>>>>>>>:

A @2ux
@2x +B @2 x

@2x + �A
R0

@wx
@x = I0 d

2ux
d2x + I1 d

2 x
d2x

B @2ux
@2x +D @2 x

@2x + �B
R0

@wx
@x � � ~A

�
 x + @wx

@x

�
=

I1 d
2ux
d2x + I2 d

2 x
d2x ;

� A
R20

@wx
@x � �A

R0
@ux
@x � �B

R0
@ x
@x + � ~A @ x

@x +

k ~A @2wx
@2x + kw(a0 + a1x+ a2x2)w = I0 d

2wx
d2x

(8)

%OyO|t u=Wv =Q |}xv=wDU= |xDUwB |=yDv= wO QO |RQt \}=QW `=wv= 9 |x]@=Q

xO=U x=ox}mD % ux = 0;Mx = 0; wx = 0
O=R; |=yDv= % Nx = 0;Mx = 0; Qx = 0
Q=OQ}o |=yDv= % ux = 0;  x = 0; wx = 0 (9)

'CqwyHt T=U= Q@ w OwW|t xO=iDU= uQwr lt |v=wD |QU R= CqO=at pL |=Q@
%Ov};|t CUO x@ 10 \@=wQ T=U= Q@ xrO=at xU8>>>>><>>>>>:

ux =
1P
i=0

uixi

 x =
1P
i=0

 ixi

wx =
1P
i=0

wixi

(10)

xU '8 CqO=at QO 10 CqO=at uO=OQ=Qk =@ w uQwr lt |v=wD |QU R= xO=iDU= =@
=yx]@=Q u}= QO u}vJty w Ov};|t CUO x@ 'OvDUy |UQQ@ OQwt xm |rY= |xrO=at

"CU= xR=U |a}@] Ot=U@ !
%pw= |xrO=at �

A
NX
i=2

(i) (i� 1)ui xi�2 +B
NX
i=2

(i) (i� 1) ixi�2+

�A
R0

NX
i=1

(i)wi xi�1 = � I0 !2 ui� I1 !2  i )

A
NX
i=0

(i+ 2) (i+ 1)ui+2 xi +B
NX
i=0

(i+ 2) (i+ 1) i+2xi+

�� w �x w |WQ@ VvD �xz '|v=UWm pwOt E 'uwU=wB ?} Q[ � '=yv; QO xm
FGM OvtiOy CQwY x@|}xv=wDU= |xDUwBTvH xJu=vJ "OvDUy p=tQv |=yVvD
Q}}eD 4 \@=wQ T=U= Q@ xDUw}B Qw] x@ xO=t X=wN 'OW=@ Rri w l}t=QU R= |@}mQD

%Ovvm|t8>><>>:
E = (Ec � Em)

��� z
h

�
+ 0 5�g + Em

� = (�c � �m)
��� z

h

�
+ 0 5�g + �m

� = (�c � �m)
��� z

h

�
+ 0 5�g + �m

(4)

xOW xDiQo Q_v QO 1 =@ Q@=Q@ VQ=Okt w xOw@ |tHL C@Uv u=wD g '=yv; QO xm
'Rri uw}U=wB ?} Q[ �m 'Rri |v=UWm pwOt Em 'Rri |r=oJ �m u}vJty "CU=
l}t=QU uw}U=wB ?} Q[ �c w l}t=QU |v=UWm pwOt Ec 'l}t=QU |r=oJ �c

%Ov};|t CUO x@ 5 CqO=at 'xv=wDU= CqO=at R= "OvDUy8>><>>:
@Nx
@x = I0 d

2u
d2x + I1 d

2 x
d2x

@Mx
@x �Qxz = I1 d

2u
d2x + I2 d

2 x
d2x

@Qxz
@x � N�

R0 � kw(a0 + a1x+ a2x2)w = I0 d
2w
d2x

(5)

|WQ@ |wQ}v Qxz w |WtN Qw=DWo Mx '|}xLiYuwQO |wQ}v Nx '=yv; QO xm
?} Q[ kw u}vJty "OvDUy pw= |x@DQt |WQ@ |Qw�D T=U= Q@ xm 'OvDUy |[Qa
'I0 w CU= 1 Q@=Q@ u=WQ=Okt w OvDUy ?}=Q[ a2 w a1 'a0 w u=UWm QDU@ Qrmv} w
w R=UOa@|@ QDt=Q=B D� "Ov=xOW x�=Q= 7 CqO=at QO xm OvDUy |@}=Q[ I2 w I1

%CU= xOW Oa@|@ x]@=Q u}= QO xm 'CU= QDU@ |DNU ~Kw

D� = Emh3

12 (1� �m2) ;
~Kw = kwL4

D�

|Q=Po}=H R= xm 'CU= 6 CqO=at x@ R=}v 5 |xrO=at \@=wQ |x@U=Lt |=Q@
%Ov};|t CUO x@ 3 QO 2 |=yxrO=at8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

Nx =
h=2R
�h=2

�xdz = A @ux
@x + A0

R0wx +B @ x
@x

N� =
h=2R
�h=2

��dz = A
R0wx +A0 @ux@x +B0 @ x@x

Mx =
h=2R
�h=2

�xzdz = B @ux
@x + B0

R0wx +D @ x
@x

M� =
h=2R
�h=2

��zdz = B
R0wx +B0 @ux@x +D0 @ x@x

Qx = k
h=2R
�h=2

�xzdz = kA00
�
 x + @wx

@x

�
(6)

QO xm |@}=Q[ 'OwW|t |Q}ojDWt 6 CqO=at R= 5 CqO=at T=U= Q@ TBU xm
K}[wD 3 CqO=at QO xm 'CU= lwy uwv=k T=U= Q@ OwW|t xOy=Wt 7 CqO=at

%Ov=xOt; CUO x@ KQW u}= x@ w xOW xO=O8>><>>:
A

B

D

9>>=>>; =

h=2Z
�h=2

E(x; z)
1� v2

8>><>>:
1
z

z2

9>>=>>; dz;
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(i+ 1)(i+ 2)Wi+2xi = � I0 !2
NX
i=0

wi xi )

NX
i=0

xi

266666664
� �A
R0 ((i+ 1)ui+1)� �B

R0 ((i+ 1) i+1)�
A
R02 wi +k ~A ((i+ 1)  i+1) +

k ~A
�
(i+ 2) (i+ 1)wi+2

�
+ kwa0Wi+

kwa1(i+ 1)Wi+1 + kwa2(i+ 1)(i+ 2)Wi+2+

I0 !2 wi

377777775
= 0 (13)

=@ w OwW|t xO=iDU= 6 CqO=at R= 9 |RQt \}=QW CqO=at uOQw; CUO x@ |=Q@
%Ov};|t CUO x@ 16 |r= 14 CqO=at '10 |v=wD |QU CqO=at ltm

Nx = A
NX
i=1

(i)ui xi�1 +
�A
R0

NX
i=0

wi xi+

B
NX
i=1

(i) ixi�1 ) Nx = A
NX
i=0

(i+ 1)ui+1 xi+

�A
R0

NX
i=0

wi xi +B
NX
i=0

(i+ 1) i+1xi )

Nx =
NX
i=0

xi
�
A (i+ 1)ui+1 +

�A
R0

wi +B (i+ 1) i+1
�

(14)

Mx = B
NX
i=1

(i)ui xi�1 +
�B
R0

NX
i=0

wi xi+

D
NX
i=1

(i) ixi�1 )Mx = B
NX
i=0

(i+ 1)ui+1 xi+

�B
R0

NX
i=0

wi xi +D
NX
i=0

(i+ 1) i+1xi )

Mx =
NX
i=0

xi
�
B (i+ 1)ui+1 +

�B
R0

wi +D (i+ 1) i+1
�

(15)

Qx = k

h=2Z
�h=2

�xzdz = k ~A
NX
i=0

 ixi + k ~A
NX
i=1

(i)wi xi�1 )

) Qx = k ~A
NX
i=0

 ixi + k ~A
NX
i=0

(i+ 1)wi+1 xi )

) Qx =
NX
i=0

xi
h
k ~A i + k ~A (i+ 1)wi+1

i
(16)

pmWQ}}eD Q=Okt Qou=}=tv xm 'OwW|t G=QNDU= w '12 |r= 10 \@=wQ R= xO=iDU= =@
<=vLv= w00 w �u=mtQ}}eD pw= jDWt� ?}W w0 'T=U= u}ty Q@ 'CU= |[Qa

"OvDUy �pmWQ}}eD swO jDWt�
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=@ |OOa pOt R= pY=L G}=Dv 'xOW xO=iDU= |OOa pOt |HvU CLY CyH
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xO=iDU= |}xv=wDU= |xDUwB Kr=Yt C=YNWt "CU= xOW xU}=kt Twm =@; Q=Ri=sQv

%Ov=xOW x�=Q= 1 pwOH QO |HvUCLY OvwQ QO xOW

�A
R0

NX
i=0

(i+ 1)wi+1 xi = � I0 !2
NX
i=0

ui xi � I1 !2
NX
i=0

 ixi )
NX
i=0

xi
"
A ((i+ 2) (i+ 1)ui+2) +B ((i+ 2) (i+ 1) i+2) +

�A
R0 ((i+ 1)wi+1) + I0 !2 ui + I1 !2  i

#
= 0 (11)

%swO |xrO=at �

B
NX
i=2

(i) (i� 1)ui xi�2 +D
NX
i=2

(i) (i� 1) ixi�2+

�B
R0

X
(i)wi xi�1 � k ~A

NX
i=0

 (X)
i xi�

k ~A
NX
i=1

(i)wi xi�1 = � I1 !2 ui� I2 !2  i )

) B
NX
i=0

(i+ 2) (i+ 1)ui+2 xi +D
NX
i=0

(i+ 2) (i+ 1) i+2xi+

�B
R0

NX
i=0

(i+ 1)wi+1 xi � k ~A
NX
i=0

 ixi � k ~A
NX
i=0

wi+1 xi+

I0 !2
NX
i=0

ui xi + I0 !2
NX
i=0

 ixi = 0)

NX
i=0

xi

2664 B ((i+ 2) (i+ 1)ui+2) +D ((i+ 2) (i+ 1) i+2) +
�B
R0 ((i+ 1)wi+1)� k ~A i � k ~A (i+ 1)wi+1 +

I1 !2 ui + I2 !2  i

3775
= 0 (12)

%swU |xrO=at �

� �A
R0

NX
i=1

(i)ui xi�1 � �B
R0

NX
i=1

(i) ixi�1�

A
R02

NX
i=0

wi xi+k ~A
NX
i=1

i ixi�1+

k ~A
NX
i=2

(i) (i� 1)wi x
i�2 + kwa0

NX
i=0

Wixi+

kwa1
NX
i=1

(i)Wixi�1 + kwa2
NX
i=2

(i)(i� 1)Wixi�2 =

� I0 !2 wi ) � �A
R0

NX
i=0

(i+ 1)ui+1 xi�
�B
R0

NX
i=0

(i+ 1) i+1xi � A
R02

NX
i=0

wi xi+

k ~A
NX
i=0

(i+ 1) i+1xi + k ~A
NX
i=0

(i+ 2) (i+ 1)wi+2 x
i +

kwa0
NX
i=0

Wixi + kwa1
NX
i=0

(i+ 1)Wi+1xi+
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