
�13
99

�u
=DUt

R'h
}QW

u=Qt
a|

UOv
yt

27
�15

"X
'4/

1|
xQ=t

W'
36

�2
|xQ

wO

O
ri

gi
na

lA
rt

ic
les}N[ |r}]DUt C=LiY O=R; V=aDQ= p}rLD

l =vQDU=B |QDt=Q=B wO QDU@ Q@ |[Qa OQov=Uty
�OWQ= |U=vWQ� |wHWv=O� xO=R|raOtLt u=}=W

�Q=}Wv=O� � =}v|}=wv s=Qy@
�|QDmO |wHWv=O� |o@=@ |k]=v xv=wQB

p@=@ 'p@=@ |v=wQ}Wwv |DavY x=oWv=O 'u=Qta |UOvyt |xOmWv=O

s}N[ |r}]DUt C=LiY O=R; V=aDQ= j}kO pL |=Q@ |WwQ |x�=Q= x@ 'Q[=L VywSB QO
Q@ sm =L CqO=at 'Qw_vt u}O@ "CU= xOW xDN=OQB l =vQDU=B QDU@ Q@ |[Qa OQov=Uty
\}=QW j}kO p=ta= =@ w =yQ}eDt |R=U=OH VwQ x@ w u=}@ u=mtQ}}eD p}Uv=DB `@=wD ?UL
'C=@U=Lt CLY |UQQ@ Qw_vt x@ "CU= xOW u}}aD xLiY |}x} w=R Ot=U@ w pL '|RQt

TBU w OQov=Uty |xLiY X=N Cr=L |=Q@ =OD@= 'Q[=L VywSB R= pY=L G}=Dv
|=yOt=U@ u}}aD CyH l} QDt=Q=B p}rLD TBU w xU}=kt `@=vt Qo}O =@ |[Qa OQov=Uty
Ot=U@ V}=Ri= =@ x=Qty QDU@ ?} Q[ V}=Ri= xm OvO=O u=Wv G}=Dv "CU= xOW x�=Q= Oa)@|@

w Owt Qy |=Q@ XNWt Q=Okt l} R= QDU@ |DNU V}=Ri= =@ xm |}=H =D 'CU= xOw@ Oa)@|@
'Ct=N[ V}=Ri= =@ u}vJty "CU= xO=Ov MQ Oa)@ uwO@ Ot=U@ QO |Q}}eD 'xLiY O=a@=

Ov=wD|t Ot=U@ 'xLiY w QDU@ |=y|DNU x@ xDU@ xm 'CU= xDi=}v V}=Ri= Ot=U@ xQ=wty
pwOt R= QDW}@ 'Ot=U@ QO |WQ@ pwOt Q}F-=D xm OvO=O u=Wv G}=Dv 'u}= Q@ xwqa "O@=} Vy=m

"CU= xOw@ uwU=wB ?} Q[ w |v=UWm

malizadeh.shayan@gmail.com
navayi@nit.ac.ir
nateghi2020@gmail.com

QDU@ '|[Qa OQov=Uty 's}N[ |r}]DUt C=LiY 'O=R; V=aDQ= %|O}rm u=oS=w
"u=mtQ}}eD p}Uv=DB `@=wD 'l =vQDU=B |a=HDQ=

=yVywSB |xJN} Q=D w xtOkt "1
4u}rOv}t - QvU} Q |Qw�D |x}=B Q@ |@Uv s}N[ |=yjQw |=yV=aDQ= p}rLD QO

[2]"CU= Q=wDU=
xLiY p}rLD '|UOvyt hrDNt |=yxN=W QO C=LiY `}Uw OQ@ Q=m Q@ xwqa
x@ |UOvyt p�=Ut R= |a}Uw h}] QO w OQ=O |}xS} w C}ty= R}v u=UWm QDU@ Q@
'l =N |wQ Q@ =yu=tDN=U |xOQDUo |B "CU= KQ]t u=Qta |UOvyt QO XwYN
xm OvDUy |}=yxvwtv R= x@=Wt OQ=wt w x=oOwQi Ov=@ Q@ Qm}BuyB |=y=t}B=wy CmQL

"OvyO|t xwrH C}ty= =@ =Q u=UWm QDU@ Q@ xLiY p}rLD
|} wor= |x�=Q= =Pr w CU= |OOaDt pt=wa x@ xDU@=w QDU@ l =N Q=DiQ |R=UpOt
CyH u}= R= "CU= Q=wWO w CNU |Q=m 'OW=@ pt=wa |t=tD Q}F-=D |xOvQ}o Q@ QO xm
QDxO=U |=yxvwtv R= xO=iDU= x@ 'xOwr=W w l =N VvmQOv= x@ \w@ Qt p�=Ut pL QO
|]N u=UWm Q=DiQ |x}[Qi Q@ xO=U |=ypOt u}= R= |O=OaD "CU= xOW xHwD
1867 p=U QO xm 5Qrmv} w |xOW xO=U |wor= u=wD|t u}@ u}= R= xm 'OvQ=O CrqO

[17]"OQ@ s=v =Q 'CU= xOW x�=Q=
u=ty QO OwHwt VvD Q=Okt =@ QDU@ R= x]kv Qy pmWQ}}eD 'Qrmv} w pOt QO
'OwW|tv xDiQo Q_v QO Qo}O \=kv |=y|}=Hx@=H w =yVvD Q}F-=D w OQ=O ?U=vD x]kv
|=ypOt 'Qrmv} w |x}[Qi hqN Q@ "OwW|t l =N |xDUw}B Q}e Q=DiQ x@ QHvt xm

p}rLD QO Q}PB=v?=vDH= |Qt= 'O}OWD |=yOt=U@ u}}aD |=Q@ O=R; V=aDQ= p}rLD
Q=DiQ |xv}tR QO VywSB 'wQ u}= R= "O};|t Q=tW x@ C=LiY xS} w x@ w =yxR=U
u=wva x@ O}=@ w OQ=O |}xS} w C}ty= '=yv; O=R; V=aDQ= u}vJty w C=LiY |W=aDQ=

[1]"OQ}o Q=Qk Q_vOt =yv; |L=Q] QO |QwQ[ QDt=Q=B
u=tr= l} u=wva x@ C=LiY O=R; V=aDQ= p}rLD |xv}tR QO |O=} R C=ar=]t
KQ]t |=y|Qw�D u}rw= R= "CU= xDiQo CQwY |UOvyt |x]}L QO G}=Q |}xR=U
|=yx@r =@ |a@ Qt |=yjQw O=R; V=aDQ= x@ u=wD|t C=LiY |W=aDQ= |xv}tR QO xOW
|}xOQDUo C=ar=]t 'xt=O= QO "OQm xQ=W= 1787 p=U QO [2]'1|vOqJ \UwD O=R;
R}v w |y=ox}mD \}=QW '|UOvy |=ypmW =@ lR=v |=yxLiY |=yV=aDQ= |wQ
|=yQ=m QO pwtat C=LiY |=Q@ =yv;?re= xm 'CiQ}PB CQwYhrDNt |=y|Q=PoQ=@
[16�11]'3CQ@ \UwD |J} wOv=U w ?mQt lR=v C=LiY |=Q@ w [10�3]2=U}r OvtWRQ=
w |WQ@ |=ypmWQ}}eD QF= 'C=LiY Ct=N[ V}=Ri= =@ "Ov=xOW xU}=kt w QwQt
xDUO u}= |=Q@ lR=v |xLiY |Qw�D R= xO=iDU= wCU= xOw@ xHwD p@=k|v=QwO|UQv}=
xDiQo CQwY C=ar=]t |xOta VN@ wQu}= R= &OR=U|t x=Qty =]N =@ =Q C=LiY R=

pw�Ut xOvU} wv �
"1398 8 20 VQ}PB '1398 7 28 x}LqY= '1398 3 20 Ci=} QO %M} Q=D

DOI:10.24200/J30.2019.53464.2560



"""s
}N[

|r}
]DU

tC
=LiY

O=R;
V=

aDQ=
p}rL

D

'21u}mQr=o 'lUv}Uw@ x@ u=wD|t u=mtQ}}eD p}Uv=DB `@=wD u} QDsyt R= "OwW|t
pL QO xOQDUo CQwY x@ xm 'OQm xQ=W= 24|mUD}vNr w 23Q@ wv - I} wmB=B '22wq
OQ@ Q=m Vv=tm w VtN 'O=R; V=aDQ= p�=Ut QO XwYNr=|ra w |v=UWm p�=Ut
- |QOvmU= w |mU}vNr - |m =wv - wy p}Uv=DB `@=wD R= xO=iDU= 'u=}t u}= QO "OvQ=O
w |m}D=DU= Cr=L QO |[Qa OQov=Uty |=y\}Lt p}rLD |=Q@ ?}DQD x@ xm '|O=k
|v=UWmhrDNt p�=Ut p}rLD |=Q@ =Q|}q=@ Q=}U@C}r@=k 'Ov=xOW|iQat|m}t=v}O
u}rw= |mU}vNr - |m =wv - wy `@=wD [33 w 32]"OR=U|t Q}PBu=mt= xDUw}B |=y\}Lt w
OQov=Uty C=LiY |WtN p}rLD QO �2011� u=Q=mty w xO=R Ctav \UwD Q=@
VtN '�2013� u=Q=mty w |OtY u}vJty [34]"OW xDiQo Q=m x@C}kiwt =@|[Qa
w sqml} w u=UWm QDU@ Q@ OQov=Uty w |[Qa OQov=Uty |r}]DUt C=LiY
|]N C=Q}}eD =@ OQov=Uty |r}]DUt C=LiY VtN R}v '�2015� u=Q=mty
=}v|}=wv w VN@uWwQ 'xt=O= QO [35 w 19]"OvOQm |UQQ@ Q}N= `@=wD =@ =Q Ct=N[
O=R; V=aDQ= ?}DQD x@ Q=@ u}rw= |=Q@ �2013� u=Q=mty w xOvWN@ R}v w �1396�
- |QOvmU= p}Uv=DB `@=wD =@ =Q s}N[ |[Qa OQov=Uty |r}]DUt |xLiY w Q}D

[2 w 1]"OvOQm |UQQ@ |Oa)@xU CQwY x@ |O=k
QDU@ Q@ xLiY O=R; V=aDQ= |x]}L QO xOW s=Hv= |=yVywSB xm |}=Hu; R=
C=LiY x@ \w@ Qt |=yQ=m w CU= OQov=Uty Kr=Yt x@ \w@ Qt ,=DOta 'u=UWm
|UQQ@ x@ Q[=LVywSB QO 'OvDUy OwOLt Q=}U@ 'u=UWm QDU@ Q@|[Qa OQov=Uty
QO w |[Qa OQov=Uty |r}]DUt s}N[ C=LiY O=R; V=aDQ= |Oa)@xU j}kO pL
l =vQDU=B |QDt=Q=B wO u=UWm QDU@ Q@ xO=U |=yx=ox}mD =@ OQov=Uty 'X=N Cr=L
|=Q@ '|O=k - |QOvmU= u=mtQ}}eD p}Uv=DB `@=wD R= Qw_vt u}O@ "CU= xOW xDN=OQB
VwQ x@ sm =L p}Uv=Qi}O CqO=at pL =@ w xO=iDU= |v=UWm |Oa)@xU CqO=at pL
"CU= xOW u}}aD xLiY O=R; V=aDQ= Ot=U@ '|RQt \}=QW j}kO p=ta= =@ w |r}rLD
QO xOvwWxO=U C=}[Qi R= xO=iDU= sOa x@ u=wD|t Q[=L VwQ RQ=@ |=y|oS} w R=
u}vJty "OQm xQ=W= xLiY Ct=N[ QO u=mtQ}}eD =} 'VvQm 'VvD `} RwD XwYN
OwHw hrDNt |=yCt=N[ QO =yOwt |x@U=Lt |=Q@ |D}OwOLt QwmPt VwQ QO
xDiQo CQwY j}kO |xar=]t u}rw= u=wD|t =Q Q[=L VywSB ,=vt[ "CW=O Oy=wNv
QDU@ Q@ s}N[ |[Qa OQov=Uty |r}]DUt C=LiY O=R; V=aDQ= |xv}tR QO

"CUv=O u=UWm

|Qw�D "2
j@=]t h `=iDQ= w b ZQa 'a pw] x@ '|]N u=UWm Q=DiQ =@ |r}]DUt |xLiY
|a=HDQ= QDU@ Q@ O=R; V=aDQ= p=L QO xm 'xO=U |x@r Q=yJ |wQ Q@ ? w hr= 1 pmW
|xLiY =@ j@]vt xy |xLiY u; QO xm 'CU= xOW xDiQo Q_v QO 'CU= l =vQDU=B

"CU= u; Q@ Owta z QwLt w OQov=Uty
Qou=}@ ?}DQD x@ xm 'OvDUy u=UWm C@=F QDt=Q=B wO Ks w Kw '1 pmW QO

"OvDUy QDU@ |WQ@ |DNU w Qrmv} w |=yQvi |DNU
|xLiY Q@ Owta z QwLt xm|Dr=L |=Q@ '|[Qa OQov=Uty |Oa)@xU\}Lt QO
Q=QkQ@ 1 |x]@=Q sQi x@ |tHL |=ywQ}v ?=}e QO Q} w=v CqO=at 'OW=@ OQov=Uty

[33]%Ow@ Ovy=wN
1) A11

@2~u
@x2 +

�
A11 �A12

2
�
@2~u
@y2 +A44

@2~u
@z2

+
�
A11 +A12

2
�

@2~v
@x@y

+ (A13 +A44)
@2 ~w
@x@z

= �@
2~u
@t2

=yv; QO xm 'CU= xOW x�=Q= �1885� 6lUv}Uw@ |x}rw= C=ar=]t Q@ |mDt |Qo}O
Q=DiQ QDW}@ |=y|UQQ@ "OwW|t R}r=v; u=UWm |=[is}v CQwY x@ w xDUw}B 'l =N
xvwtv u=wva x@ "CU= xOQm u}W}B |=ypOt |QovR=@ x@ Q=O=w =Q u=QoWywSB '=yl =N
OwHw R}v |Q=PoQ=@ |xOwOLt R= GQ=N |L=wv QO |}=ypmWQ}}eD xm OW xOy=Wt
Q}F-=D pLt R= uOW QwO =@ 'Qo}O |iQ] R= "CU= O=[D QO Qrmv} w |x}[Qi =@ xm OQ=O
xOy=Wt u=UWm |=[i s}v |=ywor= QO xJv; R= QD`} QU ?D=Qt x@ =ypmWQ}}eD 'Q=@
s}v CQwY x@ l =N |oDUw}B |x}[Qi |Ot;Q=m =v Ea=@ xm Ov@=}|t Vy=m 'OW
\UwD u=UWm |QDt=Q=B xU w wO |=ypOt wQ u}= R= "CU= xOW u=UWm |=[i
R= 7l =vQDU=B [18 w 17]"Ovm `iQ =Q |r@k |wor= wO Xk=wv =D OW x�=Q= u=QoWywSB
|[Qa VQ@ QF= QO \ki w Q}PB=vsm =QD s�=k CyH QO xm |}x}q x@ =yQvi p=YD= j} Q]
9h}Dvw�r w 8hwUqw "OQm `iQ =Q Qrmv} w pOt |oDUw}B sOa 'OyO|t pmWQ}}eD
|R=UxO=U =@ R}v 10EwQwy w xDUw}B u=UWm |=ypOt |R=UxO=U =@ 1966 QO
QO 11Qm [1]"OvOv=UQ C@F x@ =Q OwN |=ywor= 'Qrmv} w w l =vQDU=B 'QvU} Q |=ypOt
l =vQDU=B |QDt=Q=B wO pOt 's�=k CyH QO Qvi swU |xawtHt uOQm xi=[= =@ 1964
|x}q l} j} Q] R= Qvi |xawtHt wO u}@ |oDUw}B xm 'O=O =kDQ= QDt=Q=B xU x@ =Q

[19]"OwW|t u}t-=D |WQ@
u=UWm QDU@ Q@ C=LiY O=R; V=aDQ= |xv}tR QO xDiQo CQwY |=yVywSB R=
w 12nv=} S \UwD u=UWm QDU@ |wQ u}rOv}t |xLiY O=R; V=aDQ= x@ u=wD|t
w x} RHD x@ Vv=Q=mty w nv=} S 'u}= Q@ xwqa "OQm xQ=W= 1994 p=U QO u=Q=mty
QO [21 w 20]"OvDN=OQB u=UWm |=yx@r Q@ u}rOv}t |r}]DUt C=LiY V=aDQ= p}rLD
|UQQ@ u=Q=mty w 13wS \UwD s}N[ |r}]DUt |=yjQw |Oa)@xU V=aDQ= 'xt=O=
2009 p=U QO 'xOwr=W |wQ 14 FGM C=LiY O=R; V=aDQ= [22]"CU= xOW
s=Hv= QDq=@ w pw= |x@DQt |WQ@ |=y|Qw�D R= xO=iDU= =@ u=Q=mty w |v}UL \UwD
O=R; V=aDQ= |UQQ@ x@ |Oa)@xU j}kO VwQ =@ QwBGQi w |v=kyO 'xt=O= QO [23]"OW
|HvQQ@y=Q '2016 QO [24]"OvDN=OQB u=UWm QDU@ Q@ OQov=Uty |r}]DUt C=LiY
Q@ s}N[ ,=D@Uv |r}]DUt C=LiY O=R; V=aDQ= |xv}tR QO xar=]t x@ Q=@DR=@yW w
VwQ R= xO=iDU= =@ u=UWm O}kt |=yx@r w |}x]kv |=yx=ox}mD =@ l =vQDU=B QDU@
|r}]DUt 15C} RwBt=m C=LiY O=R; V=aDQ= 'xt=O= QO [25]"OvDN=OQB RD} Q - |r}=Q
[26]"OW |UQQ@ u=Q=mty w 16|W \UwD 'l =vQDU=B w Qrmv} w QDU@ Q@ s}N[ ,=D@Uv
Q@ OQov=Uty C=LiY O=R; V=aDQ= w VtN 'Vv=tm '18|J w 17lQ=B '2018 QO

[27]"OvOQm |UQQ@ QDq=@ w pw= |x@DQt |WQ@ |Qw�D R= xO=iDU= =@ =Q u=UWm QDU@
'=yv; QDQ@ C=YNWt p}rO x@ |[Qa OQov=Uty O=wt R= xO=iDU= x@ u}vJty
'CU= xOW xHwD |UOvyt hrDNt |=yxN=W QO q=@ Ctw=kt w sm |r=oJ uwJty
w |O}aU \UwD 2008 p=U QO xOW s=Hv= |xar=]t u=wD|t u; ?Hwt x@ xm
|Qw�D =@ =Q |[Qa OQov=Uty |r}]DUt C=LiY O=R; V=aDQ= xm 'OQ@ s=v =Q QwB|WD;
u=Q=mty w |v}UL 'xt=O= QO [28]"OvOQm |UQQ@ 19 �FSDT� pw= |x@DQt |WQ@
|r}]DUt jQw O=R; V=aDQ= 20 �TSDT� |OQ swU |x@DQt |WQ@ |Qw�D ltm x@
C=LiY O=R; V=aDQ= '2016 p=U QO [29]"OvOQm |UQQ@ =Q |[Qa OQov=Uty
RQ=@ |oS} w xm 'OW s=Hv= |}=[Q w |LDi \UwD 'l}B wQDwDQ= |r}]DUt C} RwBt=m
|a}@] |=yOt=U@ uOQw; CUO x@ |=Q@ RD} Q - |r}=Q VwQ R= xO=iDU= 'QwmPt VwQ
xO=iDU= =@ R}v '�2017� Q=@DR=@yW w |HvQQ@y=Q [30]"CU= hrDNt |RQt \}=QW QO
l}B wQDwDQ= uotyQ}e C=LiY O=R; V=aDQ= p}rLD w x} RHD x@ RD} Q - |r}=Q VwQ R=

[31]"OvDN=OQB l =vQDU=B QDU@ Q@
VvD p}Uv=DB `@=wD R= xO=iDU= '|v=UWm |Oa)@xU CqO=at pL |=yVwQ R=|m}
xO=iDU= |OOa w |r}rLDxt}v '|r}rLD |=yVwQ R= |Q=}U@ QO xm 'CU= u=mtQ}}eD =}

16



4/
1|

xQ=t
W'

36
�2

|xQ
wO'

�13
99

u=DU
tR�

h}
QW

u=Qt
a|

UOv
yt p}Uv=DB `@=wD ?UL Q@ |[Qa OQov=Uty x=wNrO \}Lt l} |=yu=mtQ}}eD

5 \@=wQ |x}=B Q@ |tUH |=ywQ}v ?=}e QO , �F �X(x; y; z; t) |O=k - |QOvmU=
[33]%CU= Q=wDU=8>><>>:

~u(x; y; z; t) = ��3 @2 ~F
@x@z � @ ~�

@y

~v(x; y; z; t) = ��3 @
2 ~F

@y@z � @ ~�
@x

~w(x; y; z; t) = (1 + �1)
�r2

xy + �21+�1
@2
@z2 � �01+�1

@2
@t2
�

~F

(5)

%Ov};|t CUO x@ 6 \@=wQ R= =yQDt=Q=B '=yv; QO xm

r2
xy = @2

@x2 + @2

@y2 ; �0 = �
A66

; �1 = A66 +A12
A66

�2 = A44
A66

; �3 = A13 +A44
A66

; �4 = A33
A66

(6)

sm =L CqO=at "1"2
OQwt \}Lt Q@ sm =L \@=wQ '1 |x]@=Q Q} w=v CqO=at QO 5 \@=wQ |Q=Po}=H =@

[33]%Ov};|t CUO x@ 7 \@=wQ sQi x@ p}Uv=DB `@=D ?ULQ@ |UQQ@�
r21r22 � � @4

@z2@t2

�
~F (x; y; z; t) = 0

r20 ~� (x; y; z; t) = 0 (7)

[33]%OvwW|t u=}@ 8 |x]@=Q CQwY x@ � QDt=Q=B w Gwt Qorta u; QO xm

r2
i = r2

xy + 1
s2
i

@2

@z2 � 1
C2
i

@2

@t2 ; (i = 0; 1; 2)

� = 1
C21

(1� 1
s22

) + 1
C22

(A33
A11
� 1
s21

) (8)

[33]%OvwW|t h} QaD 9 |x]@=Q CQwY x@ Ci wsi '=yv; QO xm

s20 = 1
�2

= A66
A44

C20 = A66
�

; C21 = A11
�

; C22 = A44
�

(9)

"OW=@|t Gwt CaQU C1 w C0 '=yv; QO xm

sm =L CqO=at pL "2"2
|=Q@ u=wD|t 'CmQL uOw@ l}vwtQ=y ZQi =@ 'xLiY |a}@] Ot=U@ u}}aD Qw_vt x@
=Q p}Uv=DB `@=wD w =yu=mtQ}}eD |x]@=Q Ot=U@ x@ u=tR |xOwOLt R= CqO=at p}O@D

%O=O u=Wv 10 x]@=Q CQwY x@
[ ~�; ~F (x; y; z; t)] = [�; F (x; y; z)] ei! t

[~u; ~v; ~w(x; y; z; t)] = [u; v; w(x; y; z)]ei!t (10)

10 |x]@=Q |Q=Po}=H =@ "CU= i =
p�1 w CmQL |}x} w=R Ot=U@ �! 'u; QO xm

"l =vQDU=B QDU@ Q@ |[Qa OQov=Uty |xLiY "1 pmW

2)
�
A11 �A12

2
�
@2~v
@x2 +A11

@2~v
@y2 +A44

@2~v
@z2

+
�
A11 +A12

2
�

@2~u
@x@y

+ (A13 +A44)
@2 ~w
@y@z

= �@
2~v
@t2

3) A44
@2 ~w
@x2 +A44

@2 ~w
@y2 +A33

@2 ~w
@z2

+(A13 +A44)
@2~u
@x@z

+ (A13 +A44)
@2~v
@y@z

= �@
2 ~w
@t2 (1)

sQH � w z 'y 'x |=yQwLt |=DU=Q QO ?}DQD x@ =y|}=Hx@=H ~w w ~v '~u '=yv; QO xm
'|v=UWm pwOt ?ULQ@ xm OvDUy pkDUt u=UWm ?}=Q[ Aij w O=wt |tHL

[2]%OvwW|t h} QaD 2 \@=wQ j@=]t uwU=wB ?} Q[ R}v w |WQ@ pwOt
A11 =

E(1� E
E0 �

02)
(1 + �)(1� � � 2 E

E0 �02)

A13 = E�0
(1� � � 2 E

E0 �02)

A33 = E0(1� �)
(1� � � 2 E

E0 �02)

A44 = G0

A66 = E
2(1 + �)

= G (2)

|WQ@ pwOt w uwU=wB ?} Q[ '|v=UWm pwOt hQat ?}DQD x@G w v 'E '=yv; QO xm
'|v=UWm pwOt Qou=}@ ?}DQD x@ G0 w v0 'E0 |=yQDt=Q=B w OQov=Uty |xLiY QO
"OvDUy OQov=Uty |xLiY Q@ Owta C=LiY QO |WQ@ pwOt w uwU=wB ?} Q[

QO xm 'OvDUy |[Qa OQov=Uty O=wt R= |Y=N Cr=L R}v OQov=Uty O=wt
[2]%CU= Q=QkQ@ 3 \@=wQ =yv;

A11 = A33 = �+ 2�;
A12 = A13 = �;

A44 = A66 = �: (3)

[2]%OvwW|t h} QaD 4 |x]@=Q CQwY x@ w OvDUy xtq ?}=Q[ � w � '=yv; QO xm
� = �E

(1 + �)(1� 2�)
; � = E

2(1 + �)
(4)
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"""s
}N[

|r}
]DU

tC
=LiY

O=R;
V=

aDQ=
p}rL

D

%OvwW|t h} QaD 20 |x]@=Q CQwY x@ 2 w 1 |=yQDt=Q=B '=yv; QO xm
21 = �2

mn � �21

22 = �2
mn � �22 (20)

%OwW|t u=}@ 21 |x]@=Q CQwY x@ a2
mm 'u; QO xm

�2
mn = �2 + �2 (21)

%OvwW|t pY=L 22 |x]@=Q R= 'R}v � w � u}vJty
� = m�

a
; � = n�

b
(22)

"OvDUy y w x |=yCyH QO V=aDQ= |=yGwt s}v Qou=}@ n w m 'u; QO xm
?=wH 23 |x]@=Q \ki 'OwW |] R}v � `@=D |=Q@ 'Q}N= OvwQ x@=Wt xJv=vJ

%OW Oy=wN umtt
�(x; y; z) =

�
c9 cos (�0x) + c10 sin (�0x)

��
c11 cos (�0y) + c12 sin (�0y)

�
[c13 cosh (s00z) + c14 sinh (s00z)] (23)

"OvwW u}}aD O}=@ |RQt \}=QW ltm x@ c14 |r= c9 ?}=Q[ 'u; QO xm
%OW=@ Q=QkQ@ 24 |x]@=Q xm Ovm|t ?=H}= xrO=at Q@ sm =L \}=QW

20 = �
02
mn � �20 (24)

%O};|t CUO x@ 25 |x]@=Q R= �02mn 'u; QO xm
�
02
mn = �

02 + �
02 (25)

%OvwW|t pY=L 26 |x]@=Q R= �0 w �0 u; QO xm
�0 = m�

a
; �0 = n�

b
(26)

|RQt \}=QW "3"2
\}=QW |Q=QkQ@ R= CU= sRq '22 w 17 CqO=at |=yQDt=Q=B w ?}=Q[ u}}aD Qw_vt x@
4 |wQ Q@ xLiY xm ZQi u}= x@ xHwD =@ w Qw_vt u}O@ "OwW xDiQo ltm |RQt
|=DU=Q QO u=mtQ}}eD x@ \w@ Qt |UOvy |RQt \QW Q=yJ 'OQ=O Q=Qk xO=U |x@r

%CU= 27 |x]@=Q j@=]t (w) s�=k(
x = 0 ; a
y = 0 ; b : w = 0 (27)

=@ xm Ow@ Oy=wN xLiY |=yx@r QO =yQovr x@ \w@ Qt '|m}D=DU= |RQt \QW Q=yJ
%OwW|t ^=Lr 28 \@=wQ j@=]t '=yx=ox}mD uOw@ xO=U x@ xHwD(

x = 0 ; a : Mx = 0
y = 0 ; b : My = 0 (28)

[33]%OvwW|t pY=L 13 |r= 11 \@=wQ ?}DQD x@ '7 w 5 CqO=at QO8>><>>:
u(x; y; z) = ��3 @2F

@x@z � @�
@y

v(x; y; z) = ��3 @
2F

@y@z � @�
@x

w(x; y; z) = (1 + �1)
�r2

xy + �21+�1
@2
@z2 + �01+�1!

2�F
(11)

@4F
@x4 + @4F

@y4 + 1
s21s22

@4F
@z4 + 2 @4F

@x2@y2

+( 1
s21

+ 1
s22

)( @4F
@x2@z2 + @4F

@y2@z2 )

+(�21 + �22)(
@2F
@x2 + @2F

@y2 )

+(�
21
s22

+ �22
s21

+ �!2)@
2F
@z2 + �21�22F = 0 (12)�

r2
xy + 1

s20
@2

@z2 � �20
�
� = 0 (13)

%O=O u=Wv 14 |x]@=Q CQwY x@ u=wD|t =Q �2
i 'Q}N= \@=wQ QO xm

�20 = !2

C20
; �21 = !2

C21
; �22 = !2

C22
(14)

x@ Q[=L VywSB QO xm 'OvDUy sm =L p}Uv=Qi}O CqO=at '13 w 12 CqO=at
u=wD|t Qw_vt u}O@ "CU= xOW xO=iDU= =yQ}eDt |R=U=OH VwQ R= u; pL Qw_vt
|=yx]@=Q j@=]t Qo}Om} R= pkDUt `@=D xU ?Q[ ?UL Q@ =Q X w F p}Uv=DB `@=D

%OQm u=}@ 16 w 15
F (x; y; z) = f(x):g(y):h(z) (15)

�(x; y; z) = f1(x):g1(y):h1(z) (16)

'f(x)g(y)h(z) Q@ xrO=athQ]wOs}UkD w 12|xrO=at QO15|x]@=Q|Q=Po}=H =@
CyH QO w |D=FrFt y w x CyH QO xm '17 |x]@=Q \ki 'umtt |=yMU=B u}@ R=
"CU= pw@k p@=k 'OQw;|t sy=Qi =Q |RQt \}=QW `=vk= u=mt= w CU= l}rw@ QB}y z
F (x; y; z) = [c1 cos (�x) + c2 sin (�x)]

[c3 cos (�y) + c4 sin (�y)]

[c5 cosh(�1z) + c6 sinh(�1z)]

+c7 cosh(�2z) + c8 sinh(�2z)] (17)

j@=]t �2 w �1 |}x} w=R ?} Q[ w |RQt \}=QW `=vk= =@ c8 |r= c1 ?}=Q[ xm
%CU=x@U=Lt p@=k 19 w 18 \@=wQ

�2
1 = 1

2

8><>: (s11)2 + (s22)2 � � !2s21s22

+
rh

(s11)2 + (s22)2 � � !2s21s22
i2 � 4s2121s2222

9>=>;
(18)

�22 = 1
2

8><>: (s11)2 + (s22)2 � � !2s21s22

�
rh

(s11)2 + (s22)2 � � !2s21s22
i2 � 4s2121s2222

9>=>;
(19)
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xQ=t
W'

36
�2

|xQ
wO'

�13
99

u=DU
tR�

h}
QW

u=Qt
a|

UOv
yt

f31 = �D21 sinh(�1h=2);

f32 = D21 cosh(�1h=2);

f33 = �D22 sinh(�2h=2);

f34 = �D22 cosh(�2h=2);

f41 = f31 +
�
ktq cosh(�1h=2) + �21kt�2 cosh(�1h=2)

�
;

f42 = f32 +
�
ktq sinh(�1h=2) + �21kt�2 sinh(�1h=2)

�
;

f43 = �f33 +
�
ktq cosh(�2h=2) + �22kt�2 cosh(�2h=2)

�
;

f44 = �f34 +
�
ktq sinh(�2h=2) + �22kt�2 sinh(�2h=2)

�
: (34)

%OvwW|th} QaD 35 |x]@=Q CQwY x@ kt w q;Dij(ij = 1; 2)?}=Q[ 'u; QO xm
D11 = �21 (�2 � �3)� �2

mn(1 + �1) + �0 �!2;

D12 = �22 (�2 � �3)� �2
mn(1 + �1) + �0 �!2;

D21 = �31A33�2 + �1�
A13�3�2

mn �A33�2
mn (1 + �1) +A33�0 �!2� ;

D22 = �32A33�2 + �2�
A13�3�2

mn �A33�2
mn (1 + �1) +A33�0 �!2� ;

q = ��2
mn (1 + �1) + �0 �!2;

kt = Kw + �2
mnKs: (35)

|OOa G}=Dv "3
Oa)@|@ CQwY x@ pw=OH w =yQ=Owtv s=tD |=Q@ Q[=L VywSB QO xOt; CUO x@ G}=Dv
x@ u}vJty "OvQ}PB CQwY xLiY O=a@= R= pkDUt =y|UQQ@ =D 'CU= xOW x@U=Lt
�w xLiY ZQa x@ Ct=N[ C@Uv Q@=Q@ � QDt=Q=B '=yCQ=@a uOW x=Dwm Qw_vt

%OvwW|t h} QaD 36 |x]@=Q CQwY x@ xm 'OvDUy Q_vt C@Uv Qou=}@
� = h

a
; � = a

b
(36)

Kr=Yt |m}v=mt X=wN Q}F-=D |UQQ@ CyH u=UWm |=yC@=F C@Uv |OOa Q}O=kt
37 |x]@=Q CQwY x@ 'xOW QmP X=wN C=Q}}eD Q}F-=D |UQQ@ RH =yp}rLD |x}rm QO

%CU= xOW xDiQo Q_v QO
�G = G1

G2
= 2 5; �E = E1

E2
= 1; �� = �1

�2
= 1 (37)

|WQ@ |DNU w Qrmv} w |=yQvi |DNU 'xLiY |}x} w=R Ot=U@ Oa)@|@ Q}O=kt u}vJty
[24]%OvwW|t ^=Lr 38 |x]@=Q j@=]t |a=HDQ= QDU@

�Kw =
�
Kwa4� =D; �Ks =

�
Ksa2� =D;

!mn =
�

�!mna2(�h=D)(0=5)
�
=�2 (38)

|x}rm QO uwU=wB ?} Q[ w |v=UWm pwOt pt=W 'Kr=Yt |m}v=mt C=YNWt
u}vJty "OvwW|t ZQi v = 0=3 w E1 = E2 = 210MPa Q@=Q@ =yp}rLD

%OwW|t h} QaD 39 |x]@=Q CQwY x@ w CU= xLiY |WtN |DNU 'D
D = Eh3

12 (1� �2) (39)

c15 O}OH ?}=Q[ h} QaD u}vJty w |m}D=DU= w |UOvy |RQt \}=QW p=ta= =@
%Ov};|t CUO x@ 30 w 29 \@=wQ pmW x@ X w F `@=wD C}=yv QO 'c20 |r=

F (x; y; z) =
1X
m=1

1X
n=1

sin (m�
a
x) : sin (n�

b
y)

[c1 cosh(�1z) + c2 sinh(�1z) + c3 cosh(�2z) + c4 sinh(�2z)]
(29)

�(x; y; z) =
1X
m=1

1X
n=1

cos (m�
a
x) : cos (n�

b
y)

[c5 cosh (s00z) + c6 sinh (s00z)] (30)

?}=Q[ '|UQQ@ OQwt |xLiY |v}}=B w |}q=@ Kw]U QO VvD |RQt \}=QW `=vk= =@
'|HQ=N Q=@ Qw[L sOa p}rO x@ 'Q[=LVywSB QO "OvwW|t u}}aD c6 |r= c1 O}OH
CQwY x@ xLiY |q=@ QO p=tQv VvD w xLiY u}}=B w q=@ QO |WQ@ |=yVvD Q=Okt

%CU= 31 |x]@=Q8>><>>:
�xz
�
z = �h2

�
= 0

�yz
�
z = �h2

�
= 0

�z
�
z = �h2

�
= 0

(31)

|QDt=Q=B wO|a=HDQ= QDU@ OwHw p}rO x@|v=DLD |xLiY QO p=tQvVvD |RQt \QW
[1]%OwW|t p=ta= 32 |x]@=Q j@=]t l =vQDU=B

�z
�
z = +h

2
�

= �Kww +Ksr2
xyw (32)

|DNU hQat ?}DQD x@ xm 'OvDUy u=UWm C@=F QDt=Q=B wO Ks w Kw 'u; QO xm
"OvDUy QDU@ |WQ@ |DNU w Qrmv} w |=yQvi

w OwW QiY X `@=D Q=Okt xm Ovm|t ?=H}= 31 |x]@=Q pw= |RQt \QW wO
|xO=iDU= =@ 'xt=O= QO "O@=}|t Vy=m OOa Q=yJ x@ pwyHt ?}=Q[ u; T=U= Q@
Q=yJ '�z(z = �h2 ) =@ �xz(z = �h2 ) =} �xz(z = �h2 ) |x]@=Q 4 R= s-=wD
u=v}tQDO CU= sRq |y}O@ Q}e ?=wH x@ uO}UQ |=Q@ w OwW|t pY=L xrO=at
|xrO=at C}=yv QO xm 'OwW xO=O Q=Qk QiY Q@=Q@ 33 |x]@=Q j@=]t T} QD=t ?}=Q[
=@ w u}}aD l =vQDU=B QDU@ Q@ |[Qa OQov=Uty |xLiY O=R; V=aDQ= |xYNWt

"OW Oy=wN u}}aD xLiY |}x} w=R Ot=U@ '?rDt Q=Ri=sQv \UwD u; pL2666664
f11 f12 f13 f14
f11 �f12 f13 �f14
f31 f32 f33 f34
f14 f24 f34 f44

3777775
2666664
c1
c2
c3
c4

3777775 = 0 (33)

%OwW|t u=}@ 34 |=yx]@=Q CQwY x@ fij 'u; QO xm
f11 = D11 cosh(�1h=2);

f12 = D11 sinh(�1h=2);

f13 = D12 cosh(�2h=2);

f14 = D12 sinh(�2h=2);
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D|DNU V}=Ri= =@ xOW Oa)@|@ |}x} w=R Ot=U@ Q}O=kt xm OyO|t u=Wv 1 pwOH
=@ 'u}= Q@ xwqa "CU= QDW}@ QDq=@ |=yOwt QO u; COW xm 'CU= xDi=} V}=Ri= Qrmv} w
Q=Okt xm OwW|t XNWt [24 w 22'21]'`@=vt |NQ@ =@ Q[=L VywSB G}=Dv |xU}=kt
"CU= Q@=Q@ sy =@ ,=@} QkD � = 0=01 lR=v C=LiY QO `@=vt s=tD |=Q@ Oa)@|@ Ot=U@
VywSB u=}t |H}=Dv hqDN= xm OwW|t xOy=Wt QDU@ |DNU w � u=R}t V}=Ri= =@
'CU= xOW xO=iDU= |r}rLD VwQ R= =yv; QO xm [24 w 22]'Qo}O `@=vt |NQ@ w Q[=L
u=wD|t =Q [21]`HQt =@ Q[=L VywSB G}=Dv u}@ xOt; OwHw x@ hqDN= "OQ=Ov OwHw
=yVvD `} RwD xm 'O=O \@ Q u}rOv}t VwQ QO xOW xO=iDU= |WQ@ K}LYD ?} Q[ x@

"OQ}o|t Q_v QO |]N CQwY x@ =Q Ct=N[ QO
QDt=Q=B V}=Ri= =@ Oa)@|@ |}x} w=R Ot=U@ Q}O=kt OwW|t x_Lqt R}v 2 pwOH QO
"CU= xOQm =O}B Owtv QDW}@ QDq=@ |=yOwt QO u; COW xm 'CU= xOQm =O}B Vy=m �
G}=Dv u}@ |iqDN= xm OW XNWt `@=vt |NQ@ =@ Q[=L VywSB G}=Dv |xU}=kt =@
,=vt[ "OQ=Ov OwHw OL=w VwQ R= |OvtxQy@ Cra x@ [2]`HQt w Q[=L VywSB
|WQ@ |Qw�D R= ?}DQD x@ xm [29 w 28]'Qo}O `@=vt =@ Q[=L VywSB G}=Dv hqDN=
x@ u=wD|t =Q hqDN= u}= xm &CU= R}J=v Q=}U@ 'Ov=xOQ@ xQy@ swU w pw= |=yx@DQt
`H=Qt QO xLiY Ct=N[ QO |WQ@ VvD `} RwD XwYN QO xOvwWxO=U |=yZQi
V}=Ri= |QOk R}v G}=Dv hqDN= 'xLiY Ct=N[ V}=Ri= =@ w O=O C@Uv xOW QmP

"CU= xDi=}

|QDt=Q=B p}rLD "2"3
QDU@ |WQ@ |DNU 'Qrmv} w |=yQvi |DNU 'O=a@= 'Ct=N[ Q}F-=D |vwvm VN@ QO

"CU= xOW |UQQ@ Ot=U@ QO xLiY Kr=Yt |m}v=mt C=YNWt w |a=HDQ=
R}v w |[Qa OQov=Uty |a@ Qt |xLiY Ot=U@ QO Ct=N[ Q}F-=D |UQQ@ |=Q@
|W=aDQ= Owt xU Oa)@ uwO@ |}x} w=R Ot=U@ ?}DQD x@ 4 w 3 |=ypwOH QO OQov=Uty
xOW x�=Q= l =vQDU=B QDU@ |=yQDt=Q=B ?UL Q@ � hrDNt |=yC@Uv <=R= x@ xLiY

"CU=
V}=Ri= =@ xm CiQo xH}Dv u=wD|t 4 w 3 |=ypwOH QO xOW x�=Q= G}=Dv R=
Vy=m Q=Okt xm |wLv x@ 'CU= xDi=} Vy=m xLiY Oa)@|@ Ot=U@ 'xLiY Ct=N[
V}=Ri= =@ u}vJty "CU= xOw@ x=Qty |QDW}@ COW =@ QDq=@ |=yOwt QO QwmPt
xLiY Oa)@|@ Ot=U@ 'l =vQDU=B |WQ@ |DNU w Qrmv} w QDU@ |DNU |=yQDt=Q=B
|DNU QDW}@ V}=Ri= w xOW =Qoty x]kv l} x@ xm |}=H =D 'CU= xDi=} V}=Ri=
3 pwOH QO xvwtv u=wva x@ "CU= xDW=O Ot=U@ V}=Ri= QO |R}J=v Q=}U@ Q}F-=D 'QDU@
x@ 103 R= �ks w 106 x@ 104 R= �kw Q=Okt V}=Ri= =@ (� = 0=1) w pw= Owt |=Q@
(� = 0=5) |=Q@ C@Uv u}= u}vJty &CU= xDi=} V}=Ri= �2 u=R}t x@ Ot=U@ '105

V}=Ri= CQwY QO Ot=U@ V}=Ri= COW xm "CU= QmP x@ sRq "CU= �0 4 Q@=Q@
|W=aDQ= |=yOwt QO w O@=}|t Vy=m xLiY uOW QDs}N[ =@ 'QDU@ |=y|DNU
x_Lqt 4 w 3 |=ypwOH QO G}=Dv |xU}=kt =@ u}vJty "OwW|t QDW}@ 'QDq=@
x@ 'OQov=Uty w |[Qa OQov=Uty |xLiY G}=Dv u}@ |O=} R hqDN= xm OwW|t
u=R}t u}= Q@ u=Uwv |=yOwt w Ct=N[ V}=Ri= w OQ=Ov OwHw lR=v C=LiY QO xS} w

"CU= xOwRi=
w |[Qa OQov=Uty |xLiY Ot=U@ QO Qrmv} w QDU@ Q}F-=D |UQQ@ Qw_vt x@
OQov=Uty |xLiY |=Q@ sWW w swU 'pw= |=yOwt Oa)@|@ Ot=U@ C=Q}}eD 'OQov=Uty
2 |=ypmW QO Qrmv} w |DNU?ULQ@ 'OQov=Uty |xLiY |=Q@ pw= Owt w |[Qa

"OwW|t xOy=Wt 5 |r=

|HvUCLY "1"3
VywSB QO xOW xDiQo Q=m x@ VwQ CLY R= u=v}t]= w |HvUQ=@Da= Qw_vt x@
Owt xU <=R= x@ w |a@ Qt |xLiY Oa)@|@ Ot=U@ |=Q@ xOt; CUO x@ G}=Dv 'Q[=L
[24 w 22'21]`@=vt |NQ@ =@ OQov=Uty |xLiY X=N Cr=L |=Q@ '|W=aDQ= CUNv
[29 w 28 '2]'Qo}O `@=vt |NQ@ \UwD xOW x�=Q= G}=Dv =@ |[Qa OQov=Uty |xLiY w

"Ov=xOW x�=Q= 2 w 1 |=ypwOH QO w xU}=kt
"�ks = 10 <=R= x@ OQov=Uty |a@ Qt |xLiY Ot=U@ |xU}=kt "1 pwOH
!22 !12 !11 �kw VywSB VwQ �

5 5406 5 5717 2 6650

100

Q[=L VywSB

0 01

5 5406 5 5717 2 6650 [21]u}rOv}t
5 5406 5 5718 2 6651 [22]RDv} Q
5 5406 5 5717 2 6650 [24] Exact3D

8 7775 5 9285 3 3398

500

Q[=L VywSB
8 7775 5 9287 3 3400 [21]u}rOv}t
8 7775 5 9285 3 3398 [22]RD} Q
8 7775 5 9285 3 3398 [24] Exact3D

7 7272 5 2953 2 7756

200

Q[=L VywSB

0 1

7 7287 5 3043 2 7842 [21]u}rOv}t
7 7279 5 2954 2 7756 [22]RD} Q
7 7272 5 2953 2 7756 [24] Exact3D

8 1947 5 9756 3 9566

1000

Q[=L VywSB
8 2214 6 0078 3 9805 [21]u}rOv}t
8 1954 5 9757 3 9566 [22]RD} Q
8 1947 5 9756 3 9566 [24] Exact3D

"�kw = �ks = 0<=R= x@|[QaOQov=Uty|a@ Qt|xLiYOt=U@|xU}=kt "2pwOH
!22 !12 !11 VywSB VwQ �

7 9013 4 9607 1 9934 Q[=L VywSB
0 027 9013 4 9607 1 9934 DPF[2]

8 8995 4 9600 1 9933 FSDT[28]

8 8996 4 9600 1 9933 TSDT[29]

6 3370 4 2629 1 8626 Q[=L VywSB
0 16 3370 4 2629 1 8626 DPF[2]
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