
�14
01

R}}=B
�'h

}QW
u=Qt

a|
UOv

yt
�|W

ywSB
�'1

4�3
"X

'3/
1|

xQ=t
W'

38
�2

|xQ
wO

O
ri

gi
na

lA
rt

ic
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xO=iDU= =@ uQ=kDt |Oa)@xU |x}qOvJ |@v=H
u=mtQ}}eD p}Uv=DB `@=wD R=

pL Qw_vt x@ |}=Hx@=H p}Uv=DB `@=D T=U=Q@ QF-wt w xO=U |r}rLD VwQ 'Q[=L Q=DWwv QO
|]N u=UWm Kr=Yt =@ x}qOvJ w s}N[ |}xv=wDU= |xDUwB |Oa)@xU |m}D=DU= p�=Ut
?=NDv= xO=U x=ox}mD ẁv R= xDUwB |}=yDv= |RQt \}=QW "CU= xOW x�=Q= |@v=H AwQDwR}=

Q=Qk OwN |HQ=N w |rN=O Kw]U QO |QwLt uQ=kDt |a=aW |Q=PoQ=@ CLD xDUwB w xOW
w xOW |R=UxO=U u=mtQ}}eD p}Uv=DB `@=D ltm x@ |Oa)@xU |v=UWm CqO=at "CU= xDiQo
|xrO=at "Ov=xOQw; OwHwx@ =Q p}Uv=DB `@=D ?UL Q@ Q=yJ |x@DQt |�RH p}Uv=Qi}O |xrO=at
wO QO |RQt \}=QW j}kO <=[Q= =@ w =yQ}eDt |R=U=OH VwQ ltm x@ xOt; CUOx@ sm =L
pYi QO |}=Hx@=H w VvD |oDUw}B R}v w xv=wDU= |HQ=N w |rN=O Kw]U QO VvD '=yDv=
x]kv Qy QO =y|}=Hx@=H w =yVvD |x}rm 'p}Uv=DB `@=D u}}aD R= TB w pL =yx}q lQDWt
Q=}U@ ji=wD 'OwHwt |r}rLD G}=Dv Qo}O =@ G}=Dv |xU}=kt "CU= x@U=Lt p@=k xv=wDU= R=
|QDt=Q=B p}rLD TBU "CU= xO=O u=Wv =Q hrDNt |O=a@= |=yC@Uv |=Q@ G}=Dv ?wN

"CU= xOW |UQQ@ =yx}q O=OaD w Ct=N[ 'TvH QF= w xDiQ}PB CQwY

mohamadi.zahraa@gmail.com
navayi@nit.ac.ir
ardeshir@ustmb.ac.ir

'|@v=H AwQDwR}= Kr=Yt '|r}rLD pL '|}=Hx@=H p}Uv=DB `@=D %|O}rm u=oS=w
"x}qOvJ |}xv=wDU= |xDUwB

xtOkt "1
CN=wvm} |Q=Wi Q=@ CLD |}xv=wDU= |xDUwB [2]'�1927� u=Q=mty w 7Q=ov}};
l}Uqm |=y|Qw�D w wq `@=D R= xO=iDU= =@ w |v=UWm |Qw�D |Q}oQ=m x@ =@ =Q
\}Lt QO |QwLt uQ=kDt p�=Ut |=Q@ OQ@ Q=m C}r@=k xm nqi w pv=O � wmvWwt}D
|xr�Ut [4w3]'�1982� u=Q=mty w 8=Q=NW=QOv=J "Ov=xOQm |UQQ@ 'OvQ=O =Q AwQDwR}=
=Q |QwLt uQ=kDt Q=@ CLD OwOLt=v pw] =@ |@v=H AwQDwR}= |}xv=wDU= |xDUwB
9Q=twm w =Q=NW=QOv=J 'xt=O= QO "Ov=xOQm pL |mUD}vNr VvD `@=D R= xO=iDU= =@
OwOLt pw] =@ |@v=H AwQDwR}= |}xv=wDU= |xDUwB |=Q@ |k}kO pL [5]'�1993�
10Cw}}r=\UwD xOW x�=Q= |}=Hx@=H `@=D VwQ R= xO=iDU= =@ |QwLt uQ=kDt Q=@CLD
|x}qOvJ QOvr}U u=UWm p}rLD [6]'�2006� u=Q=mty w 11nv=}W "Ov=xO=O xaUwD
K]Ut VvQm Cr=L QO xtq pL T=U=Q@ =Q AwQDwR}= Kr=Yt =@ |Oa)@ wO |r=NwD
`@=wD w 12xtq `@=D |m}D=DU= p�=Ut QO `@=wD u} QDQwyWt R= |O=OaD "OvOQm xar=]t
\}Lt |=Q@ Cw}}r= w 13|m =wwv � wy � |mUD}vNr 'AwQDwR}= \}Lt |=Q@ wq
Kr=Yt |=Q@ |m =wwv � wy � |mUD}vNr p}Uv=DB `@=D "OvDUy |@v=H AwQDwR}=
xO=iDU= 'OwW|t ZQi|B wQDwR}= |xLiY Q@ Owta z QwLt u; QO xm |@v=H AwQDwR}=

[7]"OwW|t

'Q=Wi CLD uR=Nt %pt=W '|UOvyt |=yxR=U QO pwtat |}xR=U QY=va R= =yxDUwB
|irDNt |=y|Qw�D [1]OvDUy =yxR=U Qo}O w C=a}=t |xOvQ=Oyov |=yxR=U '=yxrwr
|=Q@ =yu; R= |O=OaD xm OvQ=O OwHw AwQDwR}=Q}e w AwQDwR}= |=yxDUwB p}rLD |=Q@
'1wq � hwyWQ}m l}D=tv}U C=}[Qi T=U=Q@ w Ov=xDi=} xaUwD lR=v |=yxDUwB
Oa@ 'Ov=xDi=}v pmWQ}}eD xDUwB QO |v=}t K]U x@ Owta s}kDUt \w]N u; QO xm
[1]"CU= xOW =v@ 'Ovv=t|t |k=@ |v=}t K]U x@ Owta w s}kDUt R}v pmWQ}}eD R=
hrDNt u=QoWywSB \UwD |Dw=iDt |xDUwB |=y|Qw�D 'wq C=}[Qi R= xO=iDU= =@
|=y|Qw�D "OvDUy wq |Qw�D R= |QD|rmCr=L =yu; R= |O=OaD xmCU= xDi=} VQDUo
|=y|Qw�D R=|NQ@ 6|Okv � QvU} Q w 5nqi '4TQOv=U '3pv=O '2wmvWwt}D %|xDUwB
Qo}Om} =@ |}=Hx@=H � VvQm \@=wQ C=}[Qi QO xDUwB |=y|Qw�D "OvDUy QwmPt
|=ypmWQ}}eD =} w q=@ |x@DQt |=ysQD uDW=O p}rO x@ =yu; R= |NQ@ 'OvDUy Cw=iDt

[2]"OvDUy QDj}kO x}k@ R= |a=aW VvQm w |WQ@
pw�Ut xOvU} wv �

"1401 2 21 VQ}PB '1401 2 4 x}LqY= '1400 8 8 Ci=} QO %M} Q=D
DOI:10.24200/J30.2022.59265.3039

�|QDmO |wHWv=O� |OtLt =QyR
�O=DU=� �=}v|�=wv s=Qy@

p@=@ |v=wQ}Wwv |DavY x=oWv=O 'u=Qta |UOvyt |xOmWv=O
�Q=}O=DU=� |k=DUQy@ Q}WOQ= xrr=R} Ra

u=QOvR=t uwvi w swra x=oWv=O 'u=Qta |UOvyt xwQo
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Q=@ CLD |@v=H AwQDwR}= X=wN =@ x}qOvJ |}xv=wDU= |xDUwB �hr= "1 pmW
"x}qOvJ |}xv=wDU= |xDUwB |[Qa `]kt �? '|QwLt uQ=kDt |a=aW

sm =L CqO=at "3
|}xv=wDU= C=YDNt sDU}U QO |@v=H AwQDwR}= Kr=Yt |=Q@ xDi=}s}taD lwy uwv=k

[10]:OwW|t u=}@ 1 |x]@=Q CQwYx@
�rr;i = A11;i

@ui
@r

+A12;i
ui
r

+A13;i
@wi
@z

���;i = A12;i
@ui
@r

+A11;i
ui
r

+A13;i
@wi
@z

�zz;i = A13;i
@ui
@r

+A13;i
ui
r

+A33;i
@wi
@z

�rz;i = A44;i(
@ui
@z

+ @wi
@r

) (1)

u}vJty zw r |=yCyH QO u=mtQ}}eD |=yxir-wt ?}DQD x@ wi w ui 'u; QO xm
'A11;i ?}=Q[ "OvDUy VvD QwUv=D |=yxir-wt �rz;i w �zz;i '���;i '�rr;i
|x}q |@v=H AwQDwR}= Kr=Yt |v=UWm |=yC@=F A44;i w A33;i 'A13;i 'A12;i
|=yC@=F "OvDUy R=}vOQwt Kr=Yt u=UWm X=wN h}YwD |=Q@ xm OvDUy s)=i

[10]:OvDUy \@DQt G0i w �0i 'E0i '�i 'Ei |UOvyt |=yC@=F x@ QwmPt

A11;i =
Ei
�
1� Ei

E0i
�02i
�

(1 + �i)
�
1� �i � 2EiE0i �02i

�
A13;i = Ei�0i

1� �i � 2EiE0i �02i
; A44;i = G0i

A33;i = E0i (1� �i)
1� �i � 2EiE0i �02i

;

A12;i = A11;i � 2A66;i; A66;i = Ei
2(1 + �i)

(2)

QO w |B wQDwR}= |xLiY QO nv=} pwOt hQat ?}DQD x@ E0i w Ei '=yu; QO xm
|B wQDwR}= |xLiY QO uwU=wB C@Uv hQat ?}DQD x@ �0i w �i 'u; Q@ Owta CyH
|B wQDwR}= |xLiY Q@ Owta |xLiY QO |WQ@ pwOt G0i w u; Q@ Owta CyH QO w
w |@v=H AwQDwR}= \}Lt QO |}=Hx@=H |=yxir-wt ?UL Q@ CmQL CqO=at "OvDUy

R= =Q |m =wwv � wy � |mUD}vNr p}Uv=DB `@=wD [8]'�2005� |O=k |QOvmU=
|m}D=DU= p�=Ut u=W}= "O=O xaUwD l}t=v}O u=UWm x@ l}D=DU= u=UWm p�=Ut
|=[i w =[is}v |=Q@ =Q hrDNt [12�10]�2008-2010� |m}t=v}O w [9]'�2009�
QO |Q=DWwv QO xOW |iQat p}Uv=DB `@=D VwQ R= xO=iDU= =@ |@v=H AwQDwR}=
p}Uv=DB `@=wD [13]'�2011� u=Q=mty w xO=RCtav "OvOQm pL [8]'2005 p=U
|@v=H AwQDwR}= C=LiY p}rLD |=Q@ C}kiwt =@ =Q |m =wwv � wy � |mUD}vNr
=}v|�=wv "OvOQm xO=iDU= x=wNrO |m}D=DU= Q=@ CLD s}N[ w s}N[ ,=D@Uv 'lR=v
CLD s}N[ |r}]DUt C=LiY |=Q@ |Oa)@xU pL x=Q '�2017� u=Q=mty w
s}N[ |r}]DUt C=LiY VtN |=Q@ |k}kO |Oa)@xU pL w [14]lQLDt Q=@
|QOvmU= Q=DWwv QO xOW xO=O xaUwD p}Uv=DB `@=wD R= xO=iDU= =@ [15] FGM

|Oa)@xU p}rLD |xv}tR QO \@DQt Q=m u}OvJ "Ov=xO=O x�=Q= [8]�2005� |O=k
xOW s=Hv= u=Q=mty w =}v |�=wv \UwD |r}]DUt C=LiY Vv=tm w O=R; V=aDQ=

[19�16]"CU=
=@ =[is}v w =[i 'jQw |Oa)@xU p}rLD |=Q@ |OOaDt C=ar=]t xm |r=L QO
\w@ Qt C=}@O= QO xar=]t |OwOLt O=OaD\ki &CU= xOW x�=Q= p}Uv=DB `@=D R= xO=iDU=
AwQDwR}= w AwQDwR}= |x}qOvJ s}N[ Q=OH |}xv=wDU= |xDUwB |Oa)@xU p}rLD x@
Ct=N[ |=DU=Q QO VvQm w VvD `} RwD |=Q@ |R=UxO=U C=}[Qi uwO@ |@v=H
|m =wwv � wy � |mUD}vNr p}Uv=DB `@=D R= xO=iDU= =@ 'Q[=L Q=DWwv QO "OQ=O OwHw
x}qOvJ w x}qlD |@v=H AwQDwR}= |}xv=wDU= |xDUwB '|Oa)@xU |v=UWm |Qw�D w
xO=iDU= =@ 'Qw_vt u}= |=Q@ "CU= xOW p}rLD w x} RHD |QwLt uQ=kDt |Q=PoQ=@CLD
sm =L p}Uv=Qi}O |xrO=at [9]|}=Hx@=H p}Uv=DB `@=D w |Oa)@xU |v=UWm CqO=at R=
T=U=Q@ w pL =yQ}eDt |R=U=OH VwQ x@ xmCU= xOt;CUOx@ Q=yJ |x@DQt |}xQ=B
|xDUwB R= x]kv Qy QO =yVvQm w =yVvD '=y|}=Hx@=H %pt=W 'xr�Ut |=yMU=B u;
|=yC} Rt R= |m} '=yVywSB Q}=U hqNQ@ "CU= xOW xOt; CUOx@ |UQQ@ OQwt
|D}OwOLt xvwoQy uwO@ pY=L G}=Dv xm CU= u}= Q[=L VywSB QO xOW x�=Q= VwQ
Q@ xwqa "CU= xO=iDU= p@=k |RQt \}=QW j}kO p=ta= =@ w xDUwB Ct=N[ QO
|RQt \}=QW p=ta= =@ Ct=N[ |=DU=Q QO x}qOvJ QOvr}U x@ Q[=L p}rLD 'u;
|r}rLD G}=Dv Qo}O =@ G}=Dv |xU}=kt "CU= s}taD p@=k =yx}q u}@ Kw]U QO ?U=vt
`=wv= u}vJty 'xt=O= QO "OyO|t u=Wv =Q xOW x�=Q= VwQ G}=Dv |r=a j@=]D OwHwt
x}qOvJ w x}qlD |}xv=wDU= |xDUwB |=Q@ |rta p�=Ut |O=OaD w Kr=Yt hrDNt
|B wQDwR}=Q}e u=R}t Q}_v 'hrDNt |=yQDt=Q=B Q}F-=D w xOW h} QaD |m}D=DU= Q=@ CLD
|UQQ@ =y|}=Hx@=H w =yVvD `} RwD QO |O=a@= C@Uv u}vJty w xDUwB |voty=v w

"Ov=xOW

xr�Ut u=}@ "2
AwQDwR}= Kr=Yt C=}YwYN =@ x}q N R= pmWDt L pw] =@ |}xv=wDU= |xDUwB
|RQt \}=QW |=Q=O |}xv=wDU= QOvr}U "CU= xOW xDiQo Q_v QO |]N u=UWm |@v=H
|rN=O Kw]U QO |QwLt uQ=kDt |a=aW Q=@ w xOw@ xDUwB |=yDv= wO QO xO=U x=ox}mD
?}DQD x@ xDUwB pm Ct=N[ w x}q Qy Ct=N[ "CU= xOW p=ta= xDUwB |HQ=N w
Qw]u=ty "CU= xOW h} QaD h =

NP
i=1

hi w hi(i = 1; 2; :::; N) CQwY x@
(r; �; z) |}xv=wDU= C=YDNt sDU}U QO xr�Ut 'OwW|t xOy=Wt 1 pmW QO xm
uQ=kD QwLt w =yx}q RQt |R=wt '|B wQDwR}= |xLiY Q@ Owta z QwLt u; QO xm CU=

"CU= xOW ZQi =yx}q |Q=DiQ
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:CWwv 10 |x]@=Q CQwYx@ u=wD|t =Q xv=wDU=
ui(r; z) = �zz;i(r; z) = 0; at z = 0; L r0 � r � rN
�rz;1(r0; z) = �rz;N (rN ; z) = 0; 0 < z < L

�rr;1(r0; z) = �qin(z); 0 � z � L
�rr;N (rN ; z) = �qout(z); 0 � z � L

(10)

"OvDUy |HQ=N w |rN=O Kw]U QO xOQDUo Q=@ ?}DQD x@ qout w qin 'u; QO xm
i+ 1 w i |=yx}q u}@ lQDWt K]U QO VvD w |}=Hx@=H |RQt \}=QW u}vJty

:OwW|t u=}@ 11 |x]@=Q CQwY x@
ui+1(ri; z)� ui(ri; z) = 0;
wi+1(ri; z)� wi(ri; z) = 0;
�rz;i+1(ri; z)� �rz;i(ri; z) = 0;
�rr;i+1(ri; z)� �rr;i(ri; z) = 0; (11)

w �rz;i u}vJty w CU= Q=QkQ@ i = 1; 2; :::; N w 0 < z;L |=Q@ 'u; QO xm
"OvDUy VvD QwUv=D |=yxir-wt �rr;i

sm =L |xrO=at pL "5
`@=D Qw_vt u}O@ "OwW|t xO=iDU= =yQ}eDt |R=U=OH VwQ R= '7 |xrO=at pL |=Q@

:OwW|t ZQi 12 |x]@=Q CQwY x@ Fi p}Uv=DB
Fi (r; z) = Ri (r)Zi (z) (12)

QO xr�Ut |RQt \}=QW x@ xHwD =@ "OvDUy pwyHt `@=wD Zi(z) w Ri(r) 'u; QO xm
:CU= pw@k p@=k Fi |=Q@ 13 `@=D '5 |x]@=Q T=U=Q@ w xv=wDU= |rw] CyH

Fi (r; z) =
1X
m=1

Rm;i (r) cos mz (13)

?UL Q@ pkDUt p}Uv=Qi}O |xrO=at 'sm =L |xrO=at QO 13 |x]@=Q |Q=Po}=H =@
%O};|t CUO x@ 14 |x]@=Q CQwY x@ r

d4Rm;i
dr4 + 2

r
d3Rm;i
dr3 � 1

r2
d2Rm;i
dr2

�2
m( 1
s21;i

+ 1
s22;i

)d
2Rm;i
dr2 + 1

r3
dRm;i
dr

�2
m

r
( 1
s21;i

+ 1
s22;i

)dRm;i
dr

+ 4
m

s21;is22;i
Rm;i = 0 (14)

'u; pL =@ xm CU= pkDUt MU=B 4 |=Q=O pY=L p}Uv=Qi}O |xrO=at
:O};|t CUOx@ Rm:i |=Q@ �? w hr= 15� |x]@=Q

s2;i 6= s1;i :Qo =
Rm;i = c1;i I (0; mr=s1;i) + c2;iK (0; mr=s1;i)

+c3;i I (0; mr=s2 i) + c4;iK (0; mr=s2;i) (hr=15)

4 w 3 |=yx]@=Q CQwYx@ x}qOvJ |xDUwB R= x}q Qy |=Q@ |tHL |wQ}v ?=}e QO
[10]:OvwW|t u=}@

A11;i(
@2ui
@r2 + 1

r
@ui
@r
� ui
r2 ) + (A13;i +A44;i)

@2wi
@r@z

+A44;i
@2ui
@z2 = 0 (3)

A44;i(
@2wi
@r2 + 1

r
@wi
@r

) + (A13;i +A44;i)(
@2ui
@r@z

+ 1
r
@ui
@z

)

+A33;i
@2wi
@z2 = 0 (4)

xm 'OvDUy |�RH |=yjDWt =@ Q}oQO CqO=at x=oDUO hQat 'Q}N= CqO=at
|=yxir-wt 'Qw_vt u}= |=Q@ "OwW|t xO=iDU= p}Uv=DB `@=wD VwQ R= =yu; pL |=Q@
xm Fi p}Uv=DB `@=D ?UL Q@ |}xv=wDU= C=YDNt x=oDUO QO u=mtQ}}eD Q=OQ@
u=}@ 5 |x]@=Q CQwY x@ 'CU= xOW |iQat |m =wwv � wy � |mUD}vNr \UwD

:OwW|t

ui (r; z) = ��3;i
@2Fi
@r@z

wi (r; z) = (1 + �1;i)
�
@2

@r2 + 1
r
@
@r

+ �i
@2

@z2

�
Fi (5)

:OvwW|t x@U=Lt 6 |x]@=Q j@=]t 'u; QO xm

�1;i = A66;i +A12;i
A66;i

; �2;i = A44;i
A66;i

;

�3;i = A44;i +A13;i
A66;i

; �i = �2;i
1 + �1;i

; (6)

Fi p}Uv=DB `@=D Q@ sm =L |xrO=at '4 w 3 |=yxrO=at QO 5 \@=wQ uO=O Q=Qk =@
%O};|t CUOx@ 7 |x]@=Q CQwY x@ =yx}q R= l} Qy |=Q@�

�1;i; �2;i
�
Fi (r; z) = 0 (i = 1; 2; ::; N) (7)

:O};|t CUOx@ 8 |x]@=Q R= �j;i 'u; QO xm

�j;i = @2

@r2 + 1
r
@
@r

+ 1
s2
j;i

@2

@z2 ; j = 1; 2 (8)

|rm Cr=L QO xm OvDUy 9 |xrO=at |=yxW} Q s2;j 's1;j |=yQDt=Q=B `k=w QO
"OvDU}v Xr=N |twywt =t= 'OvW=@ \rDNt =} |k}kL Q}O=kt Ovv=wD|t

A33;iA44;isi4 +
�
A213;i + 2A13;iA44;i �A11;iA33;i

�
si2

+A11;iA44;i = 0 (9)

|RQt \}=QW "4
w xOw@ xO=U x=ox}mD |RQt \}=QW |=Q=O |}xv=wDU= |xDUwB 'Q[=L VywSB QO
&CU= xDiQo Q=Qk GQ=N w pN=O Kw]U QO |a=aW |Q=PoQ=@ CLD xDUwB u}vJty
|xDUwB |HQ=N w |rN=O Kw]U QO R}v w xDUwB |=yDv= wO QO |RQt \}=QW =Pr

5
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wQDwR

}=|
}xv=w

DU=
|xD

UwB
|m

}D=DU
=p}

rLD

|oDUw}B w |RQt \}=QW <=[Q= "6
z CyH QO x} Qwi |QU \U@ pmW x@ Ov=wD|t q(z) xDUwB |a=aW |Q=PoQ=@ `@=D

:OwW h}YwD 24 |x]@=Q j@=]t

q(z) =
1X
m=1

~qm =
1X
m=1

qm sin m�z
L

qm = 2
L

LZ
0
q(z) sin m�z

L
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