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"l}t=v}OwDUq=wtQD p�=Ut 'j}kO pL 'u=mtQ}}eD

xtOkt "1
|Qw�D R= xO=iDU= =@ hrDNt |RQt \}=QW |=Q@ =Q |a@=D GQOt |=yQ}D |DQ=QL V=aDQ=
l} |iQat =@ QDq=@ |x@DQt |Qw�D "Ov=xOQm xar=]t Q}D QDq=@ |x@DQt |WQ@ pmWQ}}eD
u=W}= "CU= xOW O=yvW}B Q}D Ct=N[ |=DU=Q QO O}OH |[Qa |WQ@ VvD `@=D
3xv} QD "O@=}|tVy=m Q}D|a}@] Ot=U@ '|voty=v QDt=Q=BV}=Ri= =@ xm OvOQmXNWt
|Wv=tm w |W=aDQ= Q=DiQ |UQQ@ |=Q@ |r}rLD VwQ l} [6]'�2016� u=Q=mty w
Qw_vtx@ "Ov=xOQm x�=Q=CN=wvm} |DQ=QL w |m}v=mt |=yQ=@CLD |a@=D GQOt |=yQ}D
%pt=W 'Ct=N[ |=DU=Q QO CQ=QL `} RwD pOt xU '|DQ=QL Q=F; uDiQo Q_v QO
QO =Q =tO `} RwD Q=F; u=W}= "CU= xOW xDiQo Q_v QO |]NQ}e w |]N 'CN=wvm}
x@ xDU@=w pL R= xOt; CUO x@ G}=Dv xm Ov=xDi=} QO w xOQm |UQQ@ |a}@] |=yOt=U@
"CU= QDtm j}ta |=yQ}D |=Q@ xS} wx@ =tO R= pkDUt pL R= |yHwD p@=k Qw]x@ '=tO
Q=@ 'swU |x@DQt |WQ@ pmWQ}}eD |Qw�D R= xO=iDU= =@ [7]'�2011�4nvwBrwm =U=v=D=w
x@U=Lt =Q |a@=D GQOt |=yQ}D |DQ=QL O=R; V=aDQ= Ot=U@ w |v=QL@ |DQ=QL Vv=tm

"OQm
w |DQw=Qm =J |xar=]t x@ u=wD|t |Oa)@ wO |=y\}Lt p}rLD |xv}tR QO
O=R; V=aDQ= |UQQ@ x@ OwN VywSB QO u=W}= "OQm xQ=W= [8]'�2014�5u=O=QB
\}Lt QO Ct=N[ |=DU=Q QO |}=tv `} RwD =@ |r}]DUt |a@=D GQOt C=LiY
xO=iDU= =@ =Q C=LiY l}Uqm |Qw�D sm =L CqO=at 'TBU "Ov=xDN=OQB |DQ=QL
V}=Ri= =@ Ot=U@ |=yQDt=Q=B xm OvDi=} QO w OvOQm XNWt RD} Q � |r}=Q VwQ R=
|RQt \}=QW Qy |=Q@ =tO `} RwD '?}W V}=Ri= =@ w V}=Ri= 'xLiY Ct=N[

C=}YwYN =@ |D} RwBt=m |xDiQW}B Kr=Yt R= |O}OH xwQo '|a@=D GQOt Kr=Yt
'|a@=D GQOt Kr=Yt |m}v=mt C=}YwYN "OvDUy CyH OvJ =} l} QO Q}eDt
w G} QODx@ |WQ@ pwOt w |r=oJ '�|v=UWm � nv=} pwOt 'uwU=wB ?} Q[ %Q}_v
GQOt O=wt u=UWm X=wN C=Q}}eD [1]"Ovvm|t Q}}eD K]U wO u}@ xDUw}B CQwYx@
'|v=wD `} RwD CQwYx@ xOvyOp}mWD Cw=iDt <=RH= 1|tHL QUm x@ xHwD =@ |a@=D
?re= |a@=D GQOt Kr=Yt [2]"OvwW|t h}YwD xOW h} QaD `@=wD Qo}O =} w |}=tv
s=mLDU= |Rri |xir-wt u; QO xm 'OvwW|t xDN=U Rri w l}t=QU R= |@}mQD CQwYx@
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|=Q@ l}t=v}OwtQD swO uwv=k w xDUw}B |=y\}Lt |Oa)@ wO w l} |=y|Qw�D ?}mQD
[5]'�2018� u=Q=mty w 2uJ 'xvwtv |=Q@ "CU= xOW s=Hv= |a@=D GQOt Kr=Yt

pw�Ut xOvU} wv �
"1401 7 16 VQ}PB '1401 6 30 x}LqY= '1401 4 20 Ci=} QO %M} Q=D

DOI:10.24200/J30.2022.60646.3114



"""l
}t=v}

OwDU
q=wt

QDp
�=Ut

p}U
v=DB

`@=wD
u}}a

D

"CU= |}=tQo uQ=kD QwLt u=ty 'xO=t u=UWm QwLt xm 'CU= |@v=H OQov=Uty
s=Hv= xOt; CUO x@ p}Uv=DB `@=wD |=Q@ sRq |}=tR;|DU=Q 'X=N Cr=L QO u}vJty

"CU= xOW

|a@=D GQOt Kr=Yt "2
O=wt R= O}OH xwQo l} '|a@=D GQOt Kr=Yt 'CU= xOW xQ=W= ,q@k xm Qw]u=ty
w Ovm|t Q}}eD G} QODx@ xO=t Q=DN=U w ?}mQD '=yu; QO xm 'OvDUy 12?mQt
'Qo}O CQ=@ax@ "OwW|t O=H}= |H} QOD C=Q}}eD R}v xO=t X=wN QO 'xH}Dv QO
|H} QOD w xDUw}B CQwYx@ =DU=Ql} QO?mQt O=wt |xOvyOp}mWD |=yQ=DN=UR} Q
u=wvax@ "Ovvm|t p}t Cw=iDt ,qt=m |}xO=t CtU x@ XNWt |xO=t l} R=
'|a@=D GQOt O=wt QO |DQ=QL \=U@v= ?} Q[ w |r=oJ '|v=UWm pwOt 'xvwtv
C=Q}}eD p}rOx@ "CU= Q}}eD p=L QO Qo}O K]U x@ |L]U R= xDUw}B CQwYx@
T=tD K]U QO X=wN |v=yo =v C=Q}}eD pmWt 'QwmPt O=wt X=wN QO xDUw}B
Oy=wN xDUw}B VvD `} RwD x@ QHvt w OQ=Ov OwHw |a@=D GQOt O=wt QO ?mQt O=wt

[36]"OW

|a@=D GQOt O=wt C=YNWt `} RwD |[=} Q |=ypOt "1"2
u; QO xO=t C=YNWt `} RwD |ovwoJ O}=@ '|a@=D GQOt uoty=v \}Lt p}rLD |=Q@
h}YwD |=Q@ u=QoVywSB \UwD |irDNt |[=} Q |=ypOt 'Qw_vt u}O@ "OwW u}}aD
|[=} Q |=ypOt QDW}@ QO "CU= xOW KQ]t |a@=D GQOt O=wt C=}YwYN C=Q}}eD
|=yCyH QO w Q}eDt CyH l} QO xO=t C=YNWt xm OwW|t ZQi 'xOW QmP
O}rwD l}t=QU w Rri |x}=B Q@ xm '|a@=D GQOt |xO=t l} |=Q@ "CU= C@=F Qo}O
|[=} Q |=ypOt \UwD Rri w l}t=QU R=i wO C=YNWt Q}}eD |xwLv 'CU= xOW
QO |Rri R=i sHL Vc w Vm =@ Q@=Q@ l}t=QU R=i sHL Qo = "OwW|t u=}@ hrDNt
pmW x@ fc l}t=QU w fm Rri R=i wO |tHL |=yC@Uv xH}Dv QO 'OwW xDiQo Q_v

[26]%OvwW|t h} QaD 2 w 1 \@=wQ

fm = Vm
Vc + Vm

(1)

fc = Vc
Vc + Vm

(2)

|m} "Ow@ Oy=wN OL=w Q@=Q@ l}t=QU w Rri |tHL |=yC@Uv ẁtHt '=yu; QO xm
|=yC@Uv x@ xDU@=w 'x]kv Qy QO |a@=D GQOt |xO=t C=YNWt |iQat \@=wQ R=

[36]%�3 |x]@=Q j@=]t� CU= x]kv u; QO xOvyOp}mWD |=yR=i |tHL
Peff = Pcfc + Pmfm (3)

l}t=QU 'Rri |=Q@ |UQQ@ OQwt |xYNWt ?}DQD x@ Peff w Pc 'Pm 'u; QO xm
|=Q@ |irDNt |[=} Q |=ypOt "OvDUy Q_v OQwt |x]kv QO xO=t |xYNWt w
uwvm =D O=wt C=YNWt w xOvyOp}mWD |=yR=i |tHL |=yC@Uv |x]@=Q h}YwD
O=wt C=YNWt `} RwD u=}@ |=Q@ hwQat pOt OvJ 'xt=O= QO xm 'CU= xOW x�=Q=

"Ov=xOW |iQat Q=YDN=x@ 'Ct=N[ |=DU=Q QO |a@=D GQOt
13|v=wD `@=D pOt �

`@=D pOt '|a@=D GQOt \}Lt |R=UpOt |=Q@ OQ@ Q=mQB w xO=U |=ypOt R= |m}
Rri R= RQt l} QO xO=t K]U xm OwW|t ZQi |v=wD `@=D pOt QO "CU= |v=wD

|OQ 'C=LiY pw= |x@DQt |WQ@ |Qw�D T=U= Q@ 'u}= Q@xwqa "O@=}|t Vy=m
CUO x@ =Q |a@=D GQOt C=LiY |DQ=QL |m}t=v}O MU=B [9]'�1998�6uJ w
Cr=L |=Q@ =Q |rY= |=yVvD MU=B R}v [10]'�2002�7uW w nv=} "OvOQw;
"Ov=xOQm x�=Q= |DQ=QL \}Lt QO |a@=D GQOt C=LiY |Q=@H= w O=R; V=aDQ=
|Qw�D R= |Q}oxQy@ =@ |a@=D GQOt |J} wOv=U C=LiY u=UWmwtQD VtN MU=B
"CU= xOW u=}@ [11]'�2013� u=Q=mty w |UvwD \UwD xOW KqY= |D=FrFt |WQ@
l}t=v}OwDUq=wtQD p�=Ut p}rLD |xv}tR QO xDiQoCQwY |D=ar=]t |=yQ=m ?re=
u=QoVywSB 'pY=L CqO=at |oO}J}B p}rOx@ uoty=v |Oa)@xU |=y\}Lt |=Q@
hrDNt p�=Ut |Oa)@xU pL |=Q@ p}Uv=DB `@=wD VwQ "Ov=xOQm xHwD QDtm =yu; x@
|D=ar=]t u}rw= R= "CU=yVwQ u} QDQF-wt w u} QDOt;Q=m R= |m} '|a=HDQ= |Qw�D
xDiQo CQwY OQou=tUy=v |=y\}Lt |=Q@ p}Uv=DB `@=wD |iQat |xv}tR QO xm
`@=wD R= |ywQo '�1962� |mDU}vN}r "CU= 8|mDU}vN}r p}Uv=DB `@=D 'CU=
uQ=kD w |@v=H OQov=Uty C}Y=N =@ |}=y\}Lt |twta pL CyH =Q p}Uv=DB
p}Uv=DB `@=wD R= xO=iDU= =@ R}v 10|m =wwv w 9wy [12]"CU= xOQm x�=Q= |QwLt
[14w13]"OvDN=OQB |Oa@ xU |=[i QO |@v=H OQov=Uty |rm p�=Ut |UQQ@ x@
OQov=Uty C}=yv|@ xt}v \}Lt |=Q@ |v=UWm p�=Ut |@=} RQ= =@ '�1998�11nv=w
pt=m |}xawtHt '|m =wwv w wy '|mUD}vN}r p}Uv=DB `@=wD xm O=O u=Wv '|@v=H
|QOvmU= [15]"OvDUy |@v=H OQov=Uty |=y\}Lt QO |m}D=DU= p�=Ut pL |=Q@
=Q |m =wwv w 'wy '|mUD}vN}r \UwD xOW x�=Q= p}Uv=DB `@=wD '�2005� |O=k
|xawtHt QO |w u}vJty [16]"O=O VQDUo |m}t=v}O x@ |m}D=DU= Cr=L R=
|m}t=v}O p}rLD x@ OwN |O=yvW}B p}Uv=DB `@=wD |Q}oQ=mx@ =@ [20�17]'|D=ar=]t
xO=RCtav "CU= xDN=OQB |@v=H OQov=Uty C}=yv|@ w C}=yv|@xt}v |=y\}Lt
VtN p}rLD 'QwmPt p}Uv=DB `@=wD R= xO=iDU= =@ R}v [21]'�2011� u=Q=mty w
"OvOQm pL CN=wvm} |m}D=DU= Q=@ CLD =Q |@v=H OQov=Uty s}N[ C=LiY
OQov=Uty C=LiY O=R; V=aDQ= |Oa)@xU j}kO pL [22]'�2014� =}v|}=wv u}vJty
x�=Q= u=mtQ}}eD p}Uv=DB `@=wD R= xO=iDU= =@ =Q xO=U x=ox}mD |wQ Q@ s}N[ |r}]DUt
|=Q@ |O=k |QOvmU= p}Uv=DB `@=wD "CU= xOQm u}}aD |O=k |QOvmU= \UwD xOW
|@v=H OQov=Uty w OQov=Uty |=yjQw O=R; V=aDQ= wVtN 'Vv=tm |Oa)@xU p}rLD
|O=k |QOvmU= 'xt=O= QO [26�23]"CU= xOW xO=iDU= |R}t;C}kiwt CQwYx@ R}v
[16]'�2005� |O=k |QOvmU= |O=yvW}B p}Uv=DB `@=D [27]'�2014� xw=Ry |Q}t= w
x�=Q= Ct=N[ |=DU=Q QO |}=tv `} RwD =@ uoty=v |@v=H OQov=Uty \}Lt |=Q@ =Q
|r}]DUt C=LiY VtN |UQQ@ x@ R}v [28]'�2019� =}v|}=wv w x=wN=iw "Ov=xOQm
xw=Ry |Q}t= w |O=k |QOvmU= p}Uv=DB `@=wD R= xO=iDU= =@ s}N[ uoty=v OQov=Uty
R}v OQov=Uty \}Lt QO l}t=v}OwDUq=wtQD p�=Ut |=Q@ "Ov=xDN=OQB [27]'�2014�
p}O@D =RHt CqO=at x@ =Q CQ=QL |xOW Q}oQO CqO=at xm 'CU= xOW x�=Q= |a@=wD
|UQQ@ |=Q@ =Q OwN p}Uv=DB `@=wD [31]'�2013� u=Q=mty w |D=Qi [30w29]"Ovm|t
p}Uv=DB `@=D "Ov=xOQm x�=Q= |@v=H OQov=Uty \}Lt QO l}t=v}OwDUq=wtQD p�=Ut
|=Q@ �2015 w 2014� u=Q=mty w |QOvmU= \UwD 'u=Q=mty w |D=Qi |O=yvW}B
|@v=H OQov=UtyC}=yv|@ xt}v\}Lt QOl}t=v}OwDUq=wtQDhrDNt p�=Ut|UQQ@

[35�32]"CU= xOW xO=iDU=
p�=Ut p}rLD |=Q@ u=mtQ}}eD p}Uv=DB `@=D uwvm =D 'OwHwt C=aq]= x@ xHwD =@
xOWv x�=Q= |a@=D GQOt uoty=v |@v=H OQov=Uty \}Lt QO l}t=v}OwDUq=wtQD
|Oa)@xU |=[il} QO OQov=Uty=v Kr=Yt uOw@ uoty=v ZQi xm|DQwY QO "CU=
VywSB R= hOy "OW Oy=wN |vqw] w Q=wWO 'xr�Ut p}rLD 'OwW xDiQo Q_v QO
\}Lt QO l}t=v}OwDUq=wtQD p�=Ut |=Q@ CQ=QL w |}=Hx@=H u=O}t |x�=Q= 'Q[=L
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[29]"OvDUy u=UWmwtQD VvD QwUv=D �ij w u=mtQ}}eD Q=OQ@ uj 'u}vJty "OvDUy
|tHL |=ywQ}v Q=OQ@ bj w \}Lt |r=oJ �(x3) '7 |x]@=Q QO 'u}vJty
'|}=tQo `@vt w |DQ=QL Q=W Q=OQ@ ?}DQD x@ '8 |x]@=Q QO r w q "OvDUy
VvD swO |x@DQt QwUv=D R}v M w xS} w |=tQo c 'jr]t CQ=QL |xHQO �

QwUv=D 'Cijkl(x3) sQ=yJ |x@DQt QwUv=D [31]"OvDUy \}Lt CQ=QL xHQO �
uQ=kD |=Q=O |@v=H OQov=Uty O=wt xm |}=Hu; R= w CU= \}Lt |a=HDQ=
GQOt \}Lt VvQm � VvD QwUv=D QO pkDUt u=UWm ?}=Q[ 'OvDUy |QwLt
ZQi =@ u}vJty 'QwmPt ?}=Q[ "OvwW|t h} QaD 11 |x]@=Q pmW x@ |a@=D
'u; QO xm [27]"Ov=xOW x�=Q= x3 |=DU=Q QO |a@=D GQOt O=wt C=YNWt C=Q}}eD
?}=Q[C2323(x3) wC3333(x3) 'C1133(x3) 'C1122(x3) 'C1111(x3)?}=Q[
CUO x@ 12 |x]@=Q R= xm 'CU= xDU@=w ?} Q[ C1212(x3) w u=UWm pkDUt

[27]%O};|t

C1212 (x3) = 1
2 (C1111 (x3)� C1122 (x3)) (12)

[27]%CU= Q=QkQ@ 13 \@=wQ 'CU= u}at � C@Ft '|WvQm |SQv= xm |}=Hu; R=
C1111(x3) � jC1122(x3)j ;C2323(x3) � 0
C1111(x3) � C3333(x3)� 2C21133(x3)
+C3333(x3)C1212(x3) � 0 (13)

C=YNWt u=}@ |=Q@ |}=tv `@=D |[=} Q pOt uDiQo Q_v QO w uoty=v\}Lt ZQi =@
w 14 |=yx]@=Q CQwYx@ =Q �(x3) w Cijkl(x3) u=wD|t '|a@=D GQOt Kr=Yt

[27]%CWwv 15
Cijkl(x3) = C0ijkle2�x3 (14)

�(x3) = �0e2�x3 (15)

'u}vJty "CU= |a@=D GQOt Kr=Yt |voty=v |xHQO ?} Q[ � '=yu; QO xm
w u=UWm ?}=Q[ ?}DQD x@ �0 = �(x3 = 0) w C0ijkl = Cijkl(x3 = 0)

"OvwW|t xDiQo Q_v QO =v@t K]U QO xO=t |r=oJ
=yVvQm |x]@=Q '9 |x]@=Q QO \}Lt |=Q@ |]N Q=DiQ ZQi =@ 'u}= Q@xwqa

[31]%OwW|t u=}@ 16 |x]@=Q pmW x@ u=mtQ}}eD u=O}t T=U= Q@
"kl = 1

2 (ru +ruT ) (16)

K QDt=Q=B "CU= u=}O=Qo Qorta r w xO=yv=QD Qorta hQat T T} wvq=@ 'u; QO xm
w VvQm x@ |rm Cr=L QO xm 'CU= |DQ=QL |}=v=UQ QwUv=D hQat '10 |x]@=Q QO

|tHL C@Uv w CU= xOW p}mWD Xr=N l}t=QU R= RQt Qo}O K]U QO w Xr=N
"Ovm|t Q}}eD|v=wD CQwYx@Ct=N[ |=DU=Q QO u; |xOvyOp}mWD |=yQ=DN=UR} Q
CQwYx@ Ct=N[ R= x]kv Qy QO |a@=D GQOt |xO=t C=YNWt |x]@=Q 'xH}Dv QO
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�(x3) + 2�(x3) �(x3) �(x3) 0 0 0
�(x3) �(x3) + 2�(x3) �(x3) 0 0 0
�(x3) �(x3) �(x3) + 2�(x3) 0 0 0
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1. volume fractions
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9. Hu
10. Nowacki
11. Wang
12. composite materials
13. power law function
14. exponential function
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