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This paper investigates the effectiveness of the mixed forced-displacement method for solving
indeterminate plane frames that combine force and displacement relations based on the beam’s
axial and bending deformation behavior simultaneously. In this method, the differential
equations of all structural members are determined based on the general theory of the Bernoulli
beam by considering the axial effects. In the following, with the help of an analytical solution
and application of boundary conditions, the integral constants of the equations related to the
uniaxial frames of the structure are obtained. For the effectiveness of the proposed method,
three examples of common frames have been analyzed and validated with the finite element
method. The results show that the answers determined by the two methods are completely
consistent. One of the advantages of the combined displacement-force method is determining
the parametric solution as well as the high accuracy of this method. In addition, it does not
need post-processing to find the quantity of kinematic and static responses. Therefore, this
method can be used as an alternative approach to the finite element method in solving multi-
axial plane frames. Moreover, its capability to handle intricate loading and various boundary
condition configurations highlights the method's efficiency. Furthermore, the method
simplifies the simultaneous influences of material and geometric nonlinearities in the analysis
process. Material nonlinearities, such as yielding and hardening, are accommodated by
adjusting the stiffness matrix. In contrast, geometric nonlinearities arising from significant
displacements are addressed through iterative updates of the displacement field until
convergence is achieved. In summary, the mixed displacement-force method is a
comprehensive and efficient tool for 2D frame analysis. The ability to provide accurate results
without the need for complex numerical simulations increases the importance of this method
in the range of structural analysis techniques. Future research efforts could examine developing
the process to three-dimensional frames and investigating its application in the performance-
based design and analysis areas.
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Bending Moment
Number of - - -
Element Mixed-Forced Displacement Method Finite Element Method
First node End node Max value First node End node Max value
Elementl -35202.4 24461.6 35202.4 -35202 24462 35202
Element2 -24461.6 30309.5 30309.5 -24462 30310 30310
Element3 -38059.4 30309.5 30309.5 -38059 30310 30310
Dgazo el3l gy b (ol — gy S 5 b9 3l okelawods iy (s lio Y Jgux
Shear
ngll: :;zl;l:)f Mixed-Forced Displacement Method Finite Element Method
First node End node First node End node
Elementl 11932.8 11932.8 11933 11933
Element2 -5650.93 -16257.5 -5651 -16258
Element3 13673.8 13673.8 13674 13674
Dgaze lixl gy b sl gy oS 3 (e 5l odelCawd s 503 (amlio Y Jgux
Deflection
Nl::llr: 111)1:1:)f Mixed-Forced Displacement Method Finite Element Method
First node End node Max value First node End node Max value
Element1 0 0.0059822 0.0059822 0 0.005982 0.005982
Element2 1.17728e-5 | -3.38699¢-5 0.00018 0.000012 -0.000034 0.00018
Element3 0 0.00596476 | 0.003490082 0 0.005965 0.00349
30309.5N.m
000001177 m 0.00003386 m 119328 N 13673 8N 24461 6 N.m N
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Number of Bending Moment
l::l;: m(:;l: Mixed-Forced Displacement Method Finite Element Method
First node End node Max value First node End node Max value
Elementl -11799.43975 | 6234.797852 | 6234.797852 11799 6235 6235
Element2 -6234.797852 | 14742.13146 | 14742.13146 -6235 14742 14742
Element3 -15609.8157 14037.8402 14037.8402 15610 14038 14038
Element4 704.2912628 | 12513.94658 | 12513.94658 704 12514 12514
Element5 -14804.15992 | 12513.94658 | 12513.94658 14804 -12514 12514
Dgazo slizl gy b (2lmle — g cu 5 byl eelCawddy by Ghumlio B Jguo
Numb f Shear
l::l;: m(:e;: Mixed-Forced Displacement Method Finite Element Method
First node End node First node End node
Elementl 3606.84752 3606.84752 3607 3607
Element2 3304.614138 -11695.38586 3305 -11695
Element3 5929.53118 5929.53118 5930 5930
Element4 5138.068937 -9861.931063 5138 -9862
Element5 5463.6213 5463.6213 5464 5464
Dgazo sl3l gy b (2l — g cuS 5 by jl edelCawddy 1ud dmslio F Joux
Numb f Deflection
Elr: m:,l;l? Mixed-Forced Displacement Method Finite Element Method
First node End node Max value | First node | End node | Max value
Elementl 0 0.002260948 | 0.002260948 0 0.002261 0.002261
Element2 -6.88461e-6 -3.50697¢-5 -6.88461e-6 | -0.000007 | -0.000035 | -0.000007
Element3 0 0.002237212 | 0.002237212 0 0.002237 0.002237
Element4 -3.50697e-5 -2.05457e-5 1.03048e-5 -0.000035 | -0.000021 0.000026
Element5 0 0.00222583 0.00222583 0 0.002226 0.002226
q ‘ogé JLa.o Yf
Fool il v v vt vdovvvy sl o 413 ) a5 50 Slasetie I L USE sillae 520 O L B
iz iq -
I=5m g=30x100 Y
A=0.12m* m
_ F=15000N
ir s is 1 I=16x10"m*
E=2.0x10" ﬁz
m
oWl 2 oSl sbalsleo ).Y.F
- m— o R S
[ 7 [ 7 . =X X X XX, G
" EI 24
(e 35 p0in 3 03 yianS Hb i el O b wilas ¥ ool P JSCi ’
Bl 35 oo 9 00y b e s Ao ¥ goolw ¢ IS Mx:—qixx?’—(c,.’3><xi+ci’4)><EI
slaclyr stlie b syin sanlin 0 U5  onS5 ny S del g LT gy

logewly Gillas wgameo £zl 5 olbuls 5,8 cuS 5 (b, 90 5l edwliawsa

2 a D spama izl ol 3 siaiie ol 1 el 53 bl
0,5 % 5 Ll 0 45 pgo Jlio 3l dilas g0 QB gl Llod (gae Jobo (sojlail
4,0 VA S (solsT (slads ;o slaas dao 5 ol s axgs b .0 g o LSS
& 63l3] 54z )3 (5 5l 5 (AEASS Ll o5 Jlasl L a5 sl aalys (s3]
o pbe JoSis a5l gdae gy SeSTL elos 6l el b oy 00 9
5 Labrlz) bdszme (el 5l an o ool WY olal b Lo Jogme

208 e Cawdds € sl jlaie F S gl FY dlolee > L

Ll 00l o)Lw‘ U" L A Cewgad

2okl 2 p oS gdblee o € uwgle polie ool 3L .Y.Y.F
a5 o] o Cawdds ledl Ho i g S G slaalalee NYF isu g
Jgi 50 S goadbdnlne polio by o 1B+ (so3lh 5 o] polie
oo (25 L) dgaome sl (g, 517 Jgaz )0 503 90 Jgu 5o o F
3 g i S polie a4y bgsye la logel .l 0als dlio (5,50 + /0

A



OLlSan 5 s y70 (e sl — lomile 55 oS5 Lo i,y b samigs (glamio sl s

513806N

330461 N
0.00000688m 0.000035m 0.0000205m

14742.13Nm

12513.94N.m

. o W,..

1170943 HEE
Nm Nm Nm

S B L oole b jus 410905 (€) (obodl & b ook W8 b 515905 (D) trledl & b ool B ,53 loges (a) .0 JSCi

S9uzo 1321 53y b (2ol — g oS 5 g 5l ool Cawday 5 (samlio .V Jgur

Bending Moment
N]::lll: :lzl:)f Mixed-Forced Displacement Method Finite Element Method
First node End node Max value First node End node Max value
Element1 -28303.58507 | 18761.52331 | 18761.52331 -28303 18762 18762
Element2 -24611.99163 | 20973.79376 | 20973.79376 -24612 20974 20974
Element3 -31804.21711 | 25901.35322 | 25901.35322 -31804 25901 25901
Element4 -21754.26828 | 25866.21513 | 25866.21513 -21754 25866 25866
Element5 -27622.56602 | 17607.75527 | 17607.75527 -27623 17608 17608
Element6 -5850.468319 | 8890.46355 8890.46355 -5850 8890 8890
Element7 -8890.46355 | 17634.35559 | 17634.35559 -8890 17634 17634
Element8 -16826.70883 | 19984.61415 | 19984.61415 -16827 19985 19985
Element9 -2350.258556 | 15189.28529 | 15189.28529 -2350 15189 15189
Element10 -8258.459858 | 15189.28529 | 15189.28529 -8258 15189 15189
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Number of - ; Shear —
Element Mixed-Forced Displacement Method Finite Element Method
First node End node First node End node
Elementl 9412.821677 9412.821677 9413 9413
Element2 -9117.157079 -9117.157079 -9117 -9117
Element3 11541.11406 11541.11406 11541 11541
Element4 -9524.096684 -9524.096684 -9524 -9524
Element5 9046.064258 9046.064258 9046 9046
Element6 2984.186374 2984.186374 2984 2984
Element?7 2195.036171 -12804.96383 2195 -12805
Element8 7362.264596 7362.264596 7362 7362
Element9 3992.091231 -11007.90877 3992 -11008
Element10 4689.54903 4689.54903 4690 4690
wdgazo [l gy b (loraslor—g pd S 5 (b9 3l kel Gy o (sl A Jguz
Number Deflection
of Mixed-Forced Displacement Method Finite Element Method
Element First node End node Max value First node End node Max value
Elementl 0 0.004927558 0.004927558 0 0.004928 0.004928
Element2 1.44211e-5 -3.41461e-5 0.000146785 0.000014 -0.000034 0.000147
Element3 0 0.004909776 0.004909776 0 0.00491 0.00491
Element4 -3.41461e-5 -4.2775e-5 0.000385077 -0.000034 -0.000043 0.000385
Element5 0 0.0049007 0.0049007 0 0.004901 0.004901
Element6 0.004927558 0.009020482 0.009020482 0.004928 0.00902 0.00902
Element?7 9.84809¢-6 -6.91399¢-5 9.84809e-6 0.00001 -0.000069 0.00001
Element8 0.004909776 0.008995375 0.008995375 0.00491 0.008995 0.008995
Element9 -6.91399¢-5 -6.57082e-5 4e-6 -0.000069 -0.000066 0.000004
Element10 0.0049007 0.008985605 0.008985605 0.004901 0.008986 0.008986
2195.03N 3992.09N 17634 35N.m 15189.28N m
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/
0.00004277m 5850 46 N.m /////%
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