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l} |Ot=U@ |wDLt C=Q}}eD |xwLv 'jwi |=yOv@ QO xOWxQ=W= |=yVwQ ltm x@
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|OwQw lQLt h}] QO OwHwt |=yxrk x@ =} w xar=]tOQwt OU |Owt |=yOt=U@
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[6]%OwW|t p}O@D 6 w 5 |=yx]@=Q x@ 4
Sxy (f) =

Z 1
�1

Rxy (�) e�J2�f�d� (5)

Sxy (f) = OL 1
T
E

T!1
[X�k (f; T )Yk (f; T )] (6)

%OvDUy Y w X CW=ov wO 13`]=kDt |oDU@ty `@=D R= CQ=@a Rxy

Rxy(�) = 1
T

T2Z
�T2

x(t)y(t+ �)dt (7)

Cxy =@ 14|k}kL Q=Okt 8 |x]@=Q j@] Qo = w OvDUy \rDNt Q}O=kt Sxy Q}O=kt
R= xO=iDU= =@ =Q Sxy h}] |xvt=O u=wD|t 'OwW xO=O u=Wv Qxy =@ 15|twywt w
=Q lQDWt ?r=e |=yOt=U@ 'Ot=U@ ?ULQ@ xvt=O sUQ =@ w OQm x@U=Lt 9 |x]@=Q

"O=O X}NWD y(t) w x(t) CW=ov wO QO
Sxy (f) = Cxy (f)� JQxy (f) (8)

jSxy (f)j =
q
C2
xy (f) +Q2

xy (f) (9)

|=yOt=U@ QO y w x |x]kv wO C=W=aDQ= uOw@hr=Nt R=i QO =} R=isyX}NWD |=Q@
xO=iDU= =@ =Q y wx CW=ov wO �xy `]=kDt |oDU@ty R=i h}] u=wD|t 'Q_vOQwt

%OQm x@U=Lt 10 |x]@=Q R=

�xy (f) = tg�1
�
Qxy (f)
Cxy (f)

�
(10)

CS \=@DQ= h}] |x@U=Lt �O
'CPS w PSD |=yh}] R= pY=L G}=Dv CLY x@ u=v}t]= OYQO u}}aD |=Q@
CW=ov wO Qo = Ck}kL QO "OwW|t xO=iDU= CW=ov wO u}@ CS \=@DQ= h}] R=
s=ovy x@ w Ovvm C@F =Q lQDWt lQLt l} x@ OU R= x]kv wO MU=B y(t) w x(t)

'|i}] C=@U=Lt QO u}vJty w OW=@ xDW=Ov OwHw |HQ=N |=yxiwv 'C=W=aDQ= C@F
CW=ov wO CW=O Q=_Dv= u=wD|t CQwY u}= QO 'OwWv OQ=w |D=@U=Lt |=y=]N
xmxJv; "OwW OL=w Q@=Q@ =yOt=U@ |x}rm |=Q@ \=@DQ=h}] Q}O=kt w OvDUy xDU@=w,qt=m

41



"""|
m=N

|=y
OU

|O
wtp

=mW
=w

=yOt
=U@

OQw
;Q@u=wD|tv h}] ltm x@ \ki xm|r=L QO 'OQm hWm |rY= p=vo}U R= u=wD|t =Q

"Ci=} CUO C=}�RH u}= x@
u; |oDU@=w =@ Q_=vDt 'Ot=U@- u=tR `} RwD Qy |U=U= C=}YwYN |rmQw]x@
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C=}�RH u}= |x}rm 'Ot=U@- u=tR `} RwD ltm =@ xm OvyO|t u=Wv Kw[w x@ p=mW=
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[17]Ot=U@- u=tR |xRwL QO p=vo}U R=i w xvt=O |x@U=Lt "2"3
xO=iDU= =@ u=wD|t =Q Si(t) p=vo}U |xvt=O 'OW xO=O KQW 3 Ov@ QO xmQw]u=ty

%OQw; CUOx@ Ot=U@- u=tR |xRwL QO Q} R |x]@=Q R= w TFD |twta `} RwD R=
�Si(t; f) =

ZZZ
e�J2��t�J2��f+J2��ug(�; �)S�i

h
u+ �

2
i

Si
h
u� �

2
i
d�d�du (17)

OL=w 'OW=@ Si(t) p=vo}U |xvt=O =@ Q_=vDt OL=w R= CQ=@a u Qo = '17 |x]@=Q QO
"OW Oy=wN u2 ?ULQ@ �Si(t; f)

x@=Wt u=wD|t R}v =Q Sj(t) w Si(t) p=vo}U wO `]=kDt Ot=U@- u=tR `} RwD
%O=O u=Wv 18 |x]@=Q CQwYx@ w 17 |x]@=Q

�SiSj (t; f) =
ZZZ

e�J2��t�J2��f+J2��ug(�; �)S�i
h
u+ �

2
i

Sj
h
u� �

2
i
d�d�du (18)

CW=ov wO u}@ �PH� R=i hqDN= w OvDUy |]rDNt Q}O=kt �SiSj (t; f) Q}O=kt
%OQm x@U=Lt Ot=U@- u=tR |xRwL QO 10 |x]@=Q x@=Wt u=wD|t =Q Sj(t) w Si(t)

PHi;j(t; f) = tan�1
�
Im(�SiSj (t; f))
Re(�SiSj (t; f))

�
(19)

TFD VwQ =@ |a}@] |=yOt=U@ OQw;Q@ "3"3
p=vo}U Ot=U@- u=tR `} RwD |=Q@ |awvDt |=yVwQ 'OW xQ=W= 3 Ov@ QO xmQw]u=ty
u=tR V}=tv Kw[w QO =yVwQ u}= R= l} Qy R= xO=iDU= w CU= xOW |iQat
p=vo}U V}=tv Kw[w u} QDy@ x@ |@=}DUO |=Q@ =Pr "CU= QF-wt p=vo}U |Ot=U@-
p=ta= =yOQwmQ R= |m} |wQ Q@ hrDNt |=yVwQ O}=@ =OD@= Ot=U@- u=tR |xRwL QO
'=yu; R= l} Qy QO p=vo}U |Ot=U@- u=tR V}=tv Kw[w |UQQ@ R= TB w OwW
VwQ R= xO=iDU= =@ TBU "OwW ?=NDv= =yOQwmQ |x}k@ VR=OQB |=Q@ VwQ u} QDy@
|x]kv x@ C@Uv \=kv R=i w xvt=O =D OvwW|t VR=OQB =yCW=ov |x}rm '|@=NDv=

"O}; CUOx@ Ot=U@- u=tR |xRwL QO `HQt
|=yOt=U@ O}Ov=m |xrRvtx@ Ot=U@- u=tR |xRwL QO \=kv |xvt=O R= |}=yxrk
QO "OvW=@ xrk |=Q=O \=kv s=tD QwmPt |=yOt=U@ QO xm|Qw]x@ OwW|t ?=NDv= |Owt
OvwW|t s}UQD OU |xvO@ |Owt p=mW= 'xOW?=NDv= |=yOt=U@ |x}rm |=Q@ C}=yv
|Y=N Owt 'xrY=L pmW xm |Ot=U@ Qy QO w �OW Oy=wN xO=O KQW "3"3 Ov@ QO�
OU |xvO@ |Owt Ot=U@ |xrRvtx@ Q_vOQwt Ot=U@ 'Ovm |}=U=vW =Q OU |xvO@ R=

"OwW|t u}}aD

TFD VwQ =@ |Owt p=mW= OQw;Q@ "4"3
pL=Qt s=Hv= =@ =D OwW|t x�=Q= |Owt p=mW= s}UQD |xwLv sD} Qwor= CtUk u}= QO
xm|DQwY QO "OwW |}=U=vW |Owt |=yOt=U@'|O=yvW}B |=yOt=U@ u}@ R= w Q} R
'Ovm |}=U=vW =Q OU |xOWxDN=vW |Owt p=mW= R= |m} xOt;CUOx@ Owt pmW
|xvO@ |Owt pmW |xrRvtx@ \w@ Qt pmW w |Owt Ot=U@ |xrRvtx@ Q_vOQwt Ot=U@

"OwW|t u}}aD OU
QPH w O}; CUOx@ u=tR R= |a@=D CQwYx@ |O=yvW}B Ot=U@ QO CW=ov |xvt=O "1

&OwW x@U=Lt |v=tR |x_Lr Qy QO xrY=L Q=Okt

|UQQ@ |=Q@ 'CU= p=vo}U |xvt=O R= |twO |xHQO `@=D p=vo}U l} |SQv= xm
?U=vt w ?wr]t |a@=D 'swO |xHQO `@=D 'Q_vOQwt p=vo}U Ot=U@- u=tR `} RwD
|}x_Lr u=wD s}y=it R= |@}mQD Tx(t; f) |SQv= Ot=U@- u=tR `} RwD l} "Ow@ Oy=wN
xH}Dv QO xm CU= Px(f) = jX(f)j2 |i}] |SQv= |r=oJ w px(t) = jx(t)j2

%OwW|t G=QNDU= 14 w 13 |=yx]@=Q
Z
f

Tx(t; f)df = px(t) = jx(t)j2 (13)Z
t

Tx(t; f)dt = Px(f) = jX(f)j2 (14)

|Q}op=QoDv= =@ Ex =
R jx(t)j2 dt =

R jX(f)j2 df p=vo}U |SQv= xH}Dv QO
Qy |rmQw]x@ "O};|t CUOx@ Ot=U@- u=tR �xOwOLt� |xRwL pm QO Tx(t; f) R=

%Ovm|t <=[Q= =Q �15 |x]@=Q� Q} R pY= Tx swO |xHQO Ot=U@- u=tR `} RwD

x(t) = c1x1(t) + c2x2(t))
Tx(t; f) = jc1j2 Tx1(t; f) + jc2j2 Tx2(t; f)

+c1c�2Tx1;x2(t; f) + c2c�1Tx2;x1(t; f) (15)

w CU= x(t) |rY= p=vo}U Ot=U@- u=tR V}=tv Tx(t; f) '15 |x]@=Q QO
"CU= x2(t); x1(t) |=yp=vo}U `]=kDt Ot=U@ - u=tR V}=tv Tx1;x2(t; f)

|}xir-wt n p=vo}U l} QO '�15 |x]@=Q� q=@ pY= j@] ẁtHt QO
|rY= |xir-wt l} 'ckxk(t) p=vo}U |xir-wt Qy |=Q@ 'x(t) =

NP
k=1

ckxk(t)

Qy |=Q@ wCW=O s}y=wN jckj2 Txk (t; f) CQwYx@ Ot=U@- u=tRV}=tv QO Q_=vDt
V}=tv QO 'Q_=vDt `]=kDt |xir-wt l} 'ckxk(t); clxl(t) p=vo}U |xir-wt CiH
ckc�l Txk;xl(t; f) + clc�kTxl;xk (t; f)pmW x@ xm OQ=O OwHw Ot=U@ - u=tR

[14]"CU= xOy=Wt p@=k 15 |x]@=Q QO
OvJ |=yp=vo}U Ot=U@- u=tR `} RwD K}LY p}rLD '`k=wt QFm = QO ' ẁ[wt u}=
x�=Q= |irDNt |=yVwQ pmWt u}= pL |=Q@ xm Ovm|t xH=wt pmWt =@ =Q |}xir-wt
VwQ u=wD|t swO |xHQO Ot=U@- u=tR `} RwD |=yVwQ u} QDpw=ODt R= "CU= xOW

%OwW|t h} QaD 16 |x]@=Q =@ xm OQ@ s=v =Q �20uywm |x@DQt� 19pvQm

�(t; f) =
ZZZ

eJ2��(u�t)g(�; �)S�
h
u� �

2
i

S
h
u+ �

2
i
e�J2�f�d�dud� (16)

'u; ?=NDv= =@ xm CU= pvQm `@=D s=v x@ |Q=}DN= |a@=D g(�; t) '16 |x]@=Q QO
xm|t=ovy 'p=vo}U l} p}rLD QO 'u}vJty "OW Oy=wN XNWt ,=k}kO `} RwD ẁv
u; |xQ=@ QO umtt |=y`} RwD |x}rm Ck}kL QO 'OvwW xO=iDU= pvQm `@=wD |x}rm
'|}xJ} QO Qvo} w `} RwD 'Qvo} w `} RwD 's=QowQDmBU= `} RwD "OvwW|t xDiQo Q=mx@ p=vo}U
Ot=U@- u=tR |=y`} RwD u} QDpw=ODt R= Rt=}r} w- |wJ `} RwD w xOWQ=wty Qvo} w `} RwD
w ?}=at 'Ot=U@- u=tR |=y`} RwD hrDNt `=wv= "OvDUy pvQm VwQ R= xOt; CUOx@

[15]"Ov=xOW |UQQ@ s=Om Qy |=}=Rt
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Qy QO OU |W=aDQ= uW}t}v= CQwY u}= QO xm OwW s}UQD x_LrQy QO OU

&O};|t CUOx@ Ot=U@
u=wD|t |Owt p=mW= sUQ |=Q@ '3 s=o QO |O=yvW}B C=}rta s=Hv= Q@xwqa "4
CUOx@ Ot=U@ Qy |=Q@ =Q V=aDQ= u=tR pm QO \=kv |xvt=O u}ov=}t |vLvt

"OQw;

xOWC@F |=yQ=Hiv= w xar=]tOQwt |=yOU C=YNWt "4
492 G=D pw] '|ovU |B R= QDt 177 `=iDQ= =@ u=t}rUOHUt |}xR} QovU OU KQ]
13 4 OwOL QO OU |xvO@ sHL '|}xR} QovU |xDUwB w s�=k |UQ |xDUy 'QDt
|v}tRQ} R x=owQ}v w ?amt QDt uw}r}t 230 uRNt |@} QkD sHL '?amtQDt uw}r}t
26 QO w u=t}rU OHUt QyW jQW p=tW |QDtwr}m 25 xrY=i QO '|D=w=ot 2000
OU `=iDQ= x@ pw] C@Uv "CU= xOW `k=w QwBU=@a O}yW OU CUO u}}=B |QDtwr}m
E=OL= "CU= |mJwm OOa Qo}O |m =N |=yOU =@ xU}=kt QO xm CU= 2 76 Q@=Q@
CN=U u=}=B =@ w O}UQ s=tD= x@ 1380 p=U QO w R=e; 1374 p=U R= OU |xvO@

"OW R=e; q=@ |=yR=QD QO uRNt |rY= |Q}o@; 'xvO@
u=y@y@ jQWp=tW |QDtwr}m 19 QO w u=Q}= |@ Qe ?wvH QO 'uwQ=t |vRNt OU
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