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KB = kB � EI=L B |=yDv= QO |DNU
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EI
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EIL2 dx (12)
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xO=iDU= =@ =yxQo u=QwO w |Q=OQ}o |=yQovr ?ULQ@ |}=yDv= |=yQovr |x}rm u=}@ "2
&Ci=�?}W CqO=at R=

pwyHt u=wvax@ =yx=ox}mD u=QwO =yu; QO xm =yxQo pO=aD \QW CqO=at uDWwv "3
x@ x]kv l} QO xm |}=[a= |}=yDv= |=yQovr ẁtHt w OwW|t xDiQo Q_v QO

&OwW|t xO=O Q=Qk QiY Q@=Q@ Ov=xOW pYDt sy
&=yu=QwO uOQw; CUO x@ |=Q@ q=@ |xrO=at x=oDUO pL "4
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E1R1 +D2R2 + E2R3 = F2
...

Ei�1Ri�1 +DiRi + EiRi+1 = Fi
...

EnRn +Dn+1Rn+1 = Fn+1

x=ox}mD QO |}=yDv= |Q=OQ}o |=yQovr p[=iD Fi w s= ixQo QO u=QwO Ri u; QO xm
s=i p=YD= Q@ OQ=w |v=QwO |=y|DNU ẁtHt Di '7pmW x@ xHwD =@ "CU= s= i

"O};|t CUO x@ 19 |x]@=Q j@] xm CU=
Di = (KB)i�1 + (KA)i + (Kec)i (19)

%CW=O s}y=wN u; pL

KA = MA = f22
f11f22 � f12f21

(14)

KB = MB = f11
f11f22 � f21f12

%O};|t CUO x@ u}vJ R}v p=kDv= ?}=Q[ R= pY=L Qovr
KAB = KA � f21

f22
(15)

KBA = KB � f12
f11

7 pmW CQwYx@ =Q xOt; CUO x@ |=y|DNU u=wD|t xv=yO n ?=k |=Q@ 'C}=yv QO
|Q=OQ}o |=yQovr 'jwi |DNU Q}O=kt uDW=O CUO QO =@ 'Qo}O |wU R= "O=O u=Wv

"Ov};|t CUO x@ 16 |x]@=Q R=

MFB=�KB � �B +KBA � �AMFA=�KA � �A+KAB � �B
(16)

&B |=yDv= QO |Q=OQ}o Qovr MFB &A |=yDv= QO |Q=OQ}o Qovr MFA u; QO xm
uOQw; CUO x@ |=Q@ "CU= B |=yDv= O=R; u=QwO �B w &A |=yDv= O=R; u=QwO �A
xO=iDU= 17 |x]@=Q R= u=wD|t |R=Ht Q=m pwY= |Q}oQ=mx@ =@ '=yDv= Qy O=R; |=yu=QwO

"OQm
�A = s msm1

EI
dx (17)

�B = s msm2
EI

dx

R= xmu=vJ "CU= xv=yO Q@ OQ=w |=yQ=@ QF= QO O=R; |WtN Qovr Q=Owtv ms u; QO xm
Q}O=kt uDW=OCUO QO =yDv= Qy O=R; u=QwO |x@U=Lt |=Q@ 'CU= OwyWt 17 |xrO=at
Qw_vtu}O@ "CU= |QwQ[ 6 pmW QO xOW xO=O u=Wv \=kv QO O=R; |WtN Qovr
O=R; |WtN Qovr 'xO=U |=yx=ox}mD =@ Q}D l} CQwYx@ xv=yO Qy uDiQo Q_v QO =@
x]kv 41 QO |Q=PoQ=@ ẁv x@ xHwD =@ xOvR w xOQt |=yQ=@ |=Q@ xv=o =OH CQwYx@

"OwW|t x@U=Lt

"[17]?=kQ} R |=y|DNU "7 pmW
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GQ}= Q=@ Cq=L u}}aD |=Q@ u=DUrov= w =m} Qt; 'u=Q}= uD@ |xt=vu}�; ?=NDv= u=mt= ��
&|v=QL@

=yxv=yO |=yVQ@ w =yQovr OOHt |x@U=Lt w|WtN Qovr `} RwDR=@ s=Hv= u=mt= ��
&=yu; VwB w

R= xO=iDU= w OQ}o|t s=Hv= xt=vQ@ |RwOv} w \}Lt j} Q] R= |OwQw |=yxO=O ��
w xt=vQ@ pL=Qt Q} R |WOQo Q=Owtv "CU= |}q=@ CaQU w CrwyU |=Q=O xt=vQ@

%OyO|t u=Wv =Q xrLQt Qy QO xOW xO=iDU= `@=wD

|x]@=Q j@=]tEi Q=Okt "CU= s=i p=YD= QO pO=at uwDU |DNU (Kec)i u; QO xm
"OwW|t x@U=Lt 20

Ei =
�
(KAB)i

�
(20)

QO �Ri� =yu=QwO Q}O=kt uOQw; CUO x@ |=Q@ jwi CqO=at x=oDUO u=tRty pL
u=vJ 'Tw=o |iPL VwQ x@=Wt '|v} Ro}=H w hPL VwQ R= xO=iDU= =@ x=ox}mD Qy
DD w FF |=yQ}eDt |x}rw= Q=Okt "OQ}PB|t s=Hv= OW Oy=wN K} QWD xt=O= QO xm

"s} Q}o|t Q_v QO u}vJ R}v =Q
FF = F1 (21)

DD = D1

j@=]t i = 2 =D n+ 1 Q}O=kt |=Q@ =Q DD w FF Q}O=kt 'OvwQ l} Q=QmD |] p=L
"s}vm|t x@U=Lt 22 |x]@=Q

FF = (Fi � Ei�1) � FF=DD (22)

DD = Di � ((Ei�1)2=DD)

j@=]t R}v Rn w Rn+1 Q=Okt DD w FF |}=yv Q}O=kt uOQw; CUO x@ R= TB
"OwW|t x@U=Lt 23 |x]@=Q

Rn+1 = FF=DD (23)

Rn = (Fn+1 �Dn+1 �Rn+1)=En

|=Q@ Ri Q}O=kt Q}=U 'jwi j} Q] x@ Rn |x@U=Lt TBU w Rn+1 |x@U=Lt =@
"CU= x@U=Lt p@=k 24 |x]@=Q j@] i = 2 =D n+ 1

Ri = (Fi+1 �Di+1 �Ri+1 � Ei+1 �Ri+2)=Ei (24)

|=yQovr Q}O=kt 'Rn+1 =D R1 '?=k xQo n + 1 |=yu=QwO Q}O=kt |x@U=Lt =@
"OQw; CUO x@ 25 |x]@=Q R= u=wD|t =Q |y=ox}mD

M1i = �((KA)i �Ri + (KAB)i �Ri+1) + (MFA)i (25)

M2i = �((KBA)i �Ri + (KB)i �Ri+1) + (MFB)i

|xv=yO CU=Q |=yDv= Qovr 'M2i w s=i |xv=yO AJ |=yDv= Qovr 'M1i u; QO xm
=yVQ@ w =yQovr |x@U=Lt '|y=ox}mD |=yQovr Q}O=kt uDW=O =@ C}=yv QO "CU= s=i

"CU= |@=}CUO p@=k xv=yO Qy pw] QO

xOWx}yD Q=Ri=sQv |iQat
"OQm xQ=W= Q} R OQ=wt x@ u=wD|t xOWx}yD |xt=vQ@ |=yC}r@=k w =yC}iQ_ R=

pt=W =yuwDU w =yQ}D�p=O `]=kt `=wv= |=Q@ j}kO |=y|DNU |x@U=Lt ��
xH}DvQO w |[Qa Q}D w |rw] Q}D 'uwDUQU 'x@}Dm |=Q=O p=O 'CND |xLiY

&?=k j}kO p}rLD
&?=k |=Q@ OwOLt=v |=yxv=yO O=OaD h} QaD u=mt= ��

|FrFt |xOQDUo 'CN=wvm} 'xOQDUo 'RmQtDt |Q=PoQ=@ Cr=L Q=yJ p=ta= u=mt= ��
&AJ w CU=Q

sWW w pyJ |xQ=tW �h} QW 99



"""p
}rLD

|=Q@
?=k

Q}R
|xt

=vQ@
|x}

yD

pw=OH ?}=Q[ =@ |DUO pLx=Q R= xOt;CUO@ |=yQovr xU}=kt Q=Owtv "10 pmW
"2 p=Ft |=Q@ SAFE |xt=vQ@ w xOWx}yD |xt=vQ@ 'OwHwt

G}=Dv "CU= xDiQo Q=Qk p}rLD OQwt R}v SAFE xt=vQ@ \UwD jwi p=Ft pOt "CU=
<=RH= p}rLD w xOW x}yD xt=vQ@ 'OwHwt pw=OH ?}=Q[ R= pY=L |=yVQ@ w =yQovr
"CU= xOW xO=O u=Wv 10 pmW Q=Owtv w 3 pwOH QO SAFE xt=vQ@ =@ OwOLt
p}rOx@ xm swO w pw= |=yxv=yO QO xt=vQ@ \UwD xOWx@U=Lt p=O |DNU ?} Q[
`]kt |=Q@ |DNU C=Q}}eD |=Q=O swO w pw= |=yx=ox}mD QO x@}Dm w |[Qa Q}D OwHw
'=yuwDU |DNU ?}=Q[ OQwtQO "CU= �9 =D �6 u}@ |iqDN= |=Q=O 'CU= Q}D�p=O
*|v=kwi |=yDv= |=Q@ xOt; CUO x@ |DNU �uwDUQU OwHw Crax@� swU x=ox}mD QO
R= xOt; CUO x@ ?} Q[ R= QDnQR@ �18 'CU= pYDt p=O x@ xm |v}�=B uwDU
"CU= xOW pO=at uwDU |DNU QO hqDN= �7 x@ QHvt C}=yv QO xm CU= pw=OH
�11 =D �8 swO w pw= |=yxv=yO |=Q@ 'xt=vQ@ \UwD xOWx@U=Lt |Q=OQ}o |=yQovr
Ck@=]t `]=kt |DNU C=Q}}eD OwHw sOa p}rOx@ OQ=wt Q}=U G}=Dv "OQ=O hqDN=

"OvQ=O
'|Q=OQ}o |=yQovr w p=kDv= w |DNU ?}=Q[ |=Q@ xOWQmP C=iqDN= |xH}DvQO
QO �10 OwOLQO |iqDN= xOW x@U=Lt xt=vQ@ \UwD xm =yxv=yO |=yDv= |=yQovr
\Uw C@Ft Qovr |xv}W}@ 'OwW|t x_Lqt xm u=vJ "OvQ=O swO w pw= |=yxv=yO
w |DUO pL x=Q R= pY=L |xH}Dv =@ 'xt=vQ@ \UwD xOW x@U=Lt swU |xv=yO
wO QO xm CU= u; Qt= u}= p}rO "OQ=O �20 OwOLQO |iqDN= SAFE |xt=vQ@
QO 'xOt; CUO x@ |m}D=DU= pO=aD R= xv=yO \Uw Qovr u=wvax@ Qovr u}= 'Q}N= VwQ
'=yuwDU QU OwHw R= |W=v swU x=ox}mD |q=@ |DNU Crax@ xv=yO u}= xm |r=L
C@Ft Qovr |xv}W}@ 'CU= OwyWt 10 pmW Q=Owtv R= xm u=vJ w CU= uQ=kDt=v
QHvt xOW x}yD |xt=vQ@ QO Qovr j}kO |x@U=Lt =Pr &OyO|tv MQ xv=yO \Uw QO

"CU= xOW hqDN= u}= x@
|=yx=ox}mD Qovr 'OwW|t x_Lqt 10 pmW Q=Owtv w 3 pwOH QO xm u=vJ
|=yVQ@ "OQ=O |O=} R hqDN= Qo}O VwQ wO =@ SAFE |xt=vQ@ R= pY=L |HQ=N
xU}=kt QO xm OvQ=O |D=iqDN= =yVwQ Q}=U G}=Dv =@ R}v xt=vQ@ u}= R= xOt; CUO x@
CU=Q CtU x=ox}mD QO XwYNx@ 'Ov=lJwm Q=}U@ =yQovr Q}osWJ C=iqDN= =@
sWJ x@ VQ@ QO hqDN= �6=3 \ki 'Qovr |=Q@ hqDN= �94 OwHw seQ|ra xm
xQ=W= xDmv u}= x@ R}v SAFE Q=Ri=sQv |=tvy=Q QO xOWx�=Q= |=yp=Ft QO "OQwN|t
|=yQovr =@ Q=Ri=sQv u}= QO xOWx@U=Lt |HQ=N |=yx=ox}mD Qovr xm CU= xOW
Cw=iD �� pO=at ?=k w s}kDUt VwQ Q}_v �� =yVwQ Q}=U \UwD xOWx@U=Lt

[19]"CU= xOWv QmP Cw=iD u}= |=Q@ |r}rO |rw 'OQ=O

xvwtv |=yp=Ft
xiQ]wO CND xLiY sDU}U

`]=kt Ok=iCND xLiY sDU}Ul} p=Ft u}rw= 'xt=vQ@ OQmrtaCLY |UQQ@ |=Q@
"[6]�8 pmW� CU= xOW ?=NDv= xO}J}B

xO=iDU= =@ �� |DUO pL x=Q R= xOt; CUO x@ |=yVQ@ w =yQovr 'jwi p=Ft |=Q@
=@ "�1 pwOH� CU= j@]vt xt=vQ@ R= pY=L G}=Dv =@ �� OwHwt pw=OH ?}=Q[ R=
|xt=vQ@ \UwD ?re= =yxR=U xvwou}= p}rLD |UOvyt |=yQ=m QO xm xDmv u}= x@ xHwD
xDiQo Q=Qk p}rLD OQwt R}v xt=vQ@ u}= \UwD p=Ft u}= [18]'OQ}o|t CQwY SAFE

pL x=Q wO G}=Dv =@ |rN=O |=yx=ox}mD QO SAFE |xt=vQ@ R= pY=L G}=Dv "CU=
xOy=Wt hqDN= 20� |HQ=N |=yx=ox}mD Qovr G}=Dv QO |rw 'OQ=O Ck@=]t Qo}O

"OwW|t

|]}Lt Q}D |=Q=O |xiQ]wO CND p=O sDU}U
G}=Dv QO =yuwDU w =yQ}D�p=O hrDNt `]=kt QF= |UQQ@ |=Q@ swO |xvwtv |xR=U
O=a@= =@ uwDUQU w x@}Dm '|]}Lt Q}D |=Q=O xiQ]wO CND p=O sDU}U l} 'p}rLD
'|DNU ?}=Q[ "[10]CU= xOW ?=NDv= '9pmW QO xOW xO=O u=Wv C=YNWt w
pw=OH ?}=Q[ R= xO=iDU= =@ |DUO pL x=Q R= xOWx@U=Lt |Q=OQ}o |=yQovr w p=kDv=
xOW xOQw; 2 pwOH QO 'uwDU Qy w xv=yO Qy |=Q@ xOWx}yD |xt=vQ@ G}=Dv w OwHwt

OQmrta CLY |UQQ@ |=Q@ p}rLD OQwt xiQ]wO CND xLiY sDU}U "8 pmW
"[15]xt=vQ@

"2p=Ft QO p}rLD OQwt p=O sDU}U "9 pmW
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GQ}= "1p=Ft |=Q@ SAFE |xt=vQ@ w xOWx}yD |xt=vQ@ OwHwt pw=OH ?}=Q[=@ |DUO pL x=Q R= xOWx@U=Lt |=yVQ@ w =yQovr |xU}=kt "1 pwOH
xwQo xQ=tW 1 xv=yO \Uw 2 xv=yO \Uw 3 xv=yO \Uw 4

w[a 1�2 2�1 2�3 3�2 3�4 4�3
�Kg:m�Qovr

|DUO pL x=Q �7 27 6 90 �13 14 �11 92 5 18 �11 92 �13 14 6 90 �7 27
xt=vQ@ G}=Dv �7 30 7 00 �13 20 �12 00 5 20 �12 00 �13 20 7 00 �7 3

hqDN= OYQO �0 4 �1 4 �0 5 �0 7 �0 4 �0 7 �0 5 �1 4 �0 4
SAFE G}=Dv �8 69 6 38 �12 85 �11 88 5 19 �11 88 �12 85 6 38 �8 69
hqDN= OYQO �19 5 ��7 6 ��2 2 ��0 3 �0 3 ��0 3 ��2 2 ��7 6 �19 5

�Kg�VQ@
|DUO pL x=Q 11 44 �13 58 12 49 �12 49 13 58 �11 44
xt=vQ@ G}=Dv 11 44 �13 58 12 49 �12 49 13 58 �11 44

hqDN= OYQO �0 �0 �0 �0 �0 �0
SAFE G}=Dv 11 49 �12 98 12 21 �12 21 12 98 �11 49
hqDN= OYQO �0 5 ��4 3 ��2 0 ��2 0 ��4 3 �0 5

"2 p=Ft |=Q@ xOWx}yD |xt=vQ@ w OwHwt pw=OH ?}=Q[ R= xOWx@U=Lt |Q=OQ}o |=yQovr w p=kDv= '|DNU ?}=Q[ |xU}=kt "2 pwOH
xwQo xQ=tW 1 2 3 4

w[a 1�2 2�1 2�3 3�2 3�4 4�3
Q}D � p=O |DNU ?} Q[ |DUO pLx=Q 4 11 5 97 5 94 4 34 4 50 4 14

xt=vQ@ G}=Dv 4 34 5 46 5 54 4 57 4 42 4 19
hqDN= OYQO �5 4 ��8 5 ��6 7 �5 3 ��1 8 �1 5

p=kDv= ?} Q[ |DUO pL x=Q 0 51 0 59 0 59 0 52 0 53 0 51
xt=vQ@ G}=Dv 0 60 0 48 0 50 0 61 0 50 0 53

hqDN= OYQO �18 4 ��18 8 ��14 9 �17 1 ��5 7 �3 9
q=@ uwDU |DNU ?} Q[ |DUO pL x=Q 5 56 4 91 4 79 4 75

xt=vQ@ G}=Dv 5 54 4 90 5 07 4 72
hqDN= OYQO ��0 4 ��0 2 �5 8 ��0 6

u}}=B uwDU |DNU ?} Q[ |DUO pLx=Q 6 88 5 05 4 66 4 54
xt=vQ@ G}=Dv 6 87 5 00 5 48 4 52

hqDN= OYQO ��0 1 ��1 �17 6 ��0 4
pO=at |DNU |DUO pLx=Q 3682 2459 3634 2417

xt=vQ@ G}=Dv 3692 2455 3877 2413
hqDN= OYQO �0 3 ��0 2 �6 7 ��0 2

|}=yDv= |Q=OQ}o |=yQovr |DUO pLx=Q 24864 27824 48944 44734 20351 19650
(kg:m) xt=vQ@ G}=Dv 22872 30840 53274 41846 20851 19267

hqDN= OYQO ��8 �10 8 �8 8 ��6 5 �2 5 ��1 9

"2 p=Ft |=Q@ SAFE |xt=vQ@ w xOW x}yD |xt=vQ@ QO OwHwt pw=OH ?}=Q[ =@ |DUO pL x=Q R= xOWx@U=Lt |=yVQ@ w =yQovr |xU}=kt "3 pwOH
xwQo xQ=tW 1 xv=yO \Uw 2 xv=yO \Uw 3 xv=yO \Uw 4

w[a 1�2 2�1 2�3 3�2 3�4 4�3
�Kg:m�Qovr

|DUO pL x=Q �11011 11100 �40785 �45507 21790 �42484 �33759 9248 �6226
xt=vQ@ G}=Dv �10032 11657 �44620 �49769 20781 �40238 �32832 11080 �6427

hqDN= OYQO ��8 9 �5 �9 4 �9 4 ��4 6 ��5 3 ��2 7 �19 8 �3 2
SAFE G}=Dv �8580 13003 �42562 �53790 21022 �35154 �28049 9516 �12077
hqDN= OYQO ��22 1 �17 1 �4 4 �18 2 ��3 5 ��17 3 ��16 9 �2 9 �94 0

�Kg�VQ@
|DUO pL x=Q 21897 �32924 36967 �36127 30100 �18629
xt=vQ@ G}=Dv 21005 �33816 37871 �35224 29866 �18864

hqDN= OYQO ��4 1 ��2 7 �2 4 ��2 5 ��0 8 �1 3
SAFE G}=Dv 20519 �32339 37733 �32725 26520 �19798
hqDN= OYQO ��6 3 ��1 8 �2 1 ��9 4 ��11 9 �6 3
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C=iqDN= x@ QHvt 'CU= Qovr `} RwD |=Q@ |k}kO VwQ xm Ci=� ?}W CqO=at R=
<=RH= VwQ R= xm SAFE |xt=vQ@ \UwD jwi p=Ft wO 'u}= Q@ uwRi= "OwW|t QwmPt
|=yx=ox}mD Qovr QO nQR@ C=iqDN= "CiQo Q=Qk p}rLD OQwt R}v O} wH|t xQy@ OwOLt
QO xm CU= ?r]t u}= Qou=}@ 'VwQ u}= x@ p}rLD s=Hv= R= xOt; CUO x@ |HQ=N
s=Hv= |=Q@ SAFE pw=ODt Q=Ri=sQv R= xO=iDU= =@ w OwOLt <=RH= VwQx@ =yp=O p}rLD
"OQm pta \=}DL= =@ O}=@ |HQ=N |=yx=ox}mD QO Qovr Q}O=kt R= xO=iDU= QO 'Q=m u}=

|Q}oxH}Dv
|=Q@ ?U=vt w `t=H |WwQ xm pO=at ?=k VwQ j}kO |Q}oQ=mx@ |=Q@ 'j}kLD u}= QO
QO =yuwDU w =yQ}D�p=O Q}eDt `]=kt x@ xHwD =@� CU= xiQ]wO |=yp=O `=wv= p}rLD
|Q=OQ}o |=yQovr w |DNU 'p=kDv=?}=Q[ j}kO |x@U=Lt |=yxw}W x@ �=yp=O `=wv=
s}taD R}v w 'uwDU Qy w xv=yO Qy |=Q@ |tQv VwQ R= xO=iDU= =@ ?=kQ} R |=[a= |=Q@
?r=k QO ?=kQ} R j}kO p}rLD Qw_vtx@ =yv; R= xO=iDU= |=Q@ Ci=� ?}W CqO=at
OQmrta CLY |UQQ@ |=Q@ xvwtv p=Ft wO "OW xDN=OQB 'xOWx}yD |}xv=}=Q |xt=vQ@
C=Q}}eD Ok=i xm pw= p=Ft "CiQo Q=Qk|UQQ@ OQwt u; R= pY=L G}=Dv |xU}=kt w xt=vQ@
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