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'|a=HDQ= |a[wt Vv=tm 'xWwo |oO}tN `=aW 'OQU OQwv %|O}rm u=oS=w
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"Ov=xOW |Q}oxR=Ov=

|a[wt Vv=tm "2
QDt|r}t 6 4 =D 0 4 u}@ OQU OQwv `]=kt QO xO=iDU= OQwt pwtat |=yCt=N[
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"�|WJ}B =} |WtN� |rm Vv=tm w G=Hwa=
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"OyO|tv MQ =RH= QO |H=Hwa= I}y Cr=L u}= QO "OwW|t �|WJ}B � |WtN
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`]=kt |a=HDQ= Vv=tm Ctw=kt QO xWwo |oO}tN `=aW QF= xDWwv u}= QO
`]=kt R= |rm |xvwo wO 'Qw_vt u}= |=Q@ "OQ}o|t Q=Qk |UQQ@ OQwt OQU OQwv
`]=kt w �R=@ =} |v=Ow=v `]=kt� xOWvC} wkD |=RH= |=Q=O `]=kt pt=W OQU OQwv
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%R= Ov=CQ=@a Ovvm|t <=[Q= =y`@=D

wa = 0 for x = 0 ; a
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wa = wb = 0 for z = 0 ; c
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wb =
�
�1
�
b
a

�
sin
��y
b

�
+ a2

�
b2

a2

��
1� cos
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l} Qy QO Ov=wD|t |Q=O}=B=v u}= "ODi=|t j=iD= x=Dwm |=yGwtpw] QO xm OwW|t
QO |yHwD p@=k pmW Q}}eD 'Cr=L u}= QO "ODi}@ j=iD= `]kt |}xLiY |=RH= R=
|}=Hx@=H I}y |rw O};|t OwHw x@ � |}x} w=R pmWQ}}eD =} VNQJ pt=W � `]kt
`]kt QO |a[wt Vv=tm Cr=L 1 pmW [2]"ODi=|tv j=iD= w[a |oOW=D \N QO

"OyO|t u=Wv |Q=Wi CN=wvm} Q=@ QF= QO =Q pmW|]wk
|=yVwQ lR=vQ=OH `]=kt QO |a=HDQ= Vv=tm |v=QL@ Q=@ |x@U=Lt |=Q@
|=yVwQ w |OOa |=yVwQ xwQo wO x@ =Q =yv; u=wD|t xm OQ=O OwHw |irDNt
|SQv= VwQ R= Vv=tm |xr�Ut pL |=Q@ Q=DWwv u}= QO "OQm |Ov@s}UkD |r}rLD
C=LiY |x} Q_v QO l}Uqm |r}rLD |=yVwQ R= xm 'x} Qwi |=y|QU OQ@ Q=m =@
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"Ov=xOW xOR u}tND Vv=tm QF=Q@ =yxQ=OH pmW Q}}eD `@=wD `]kt QO |a[wt Vv=tm
w CND |=yxQ=OH QO VtN pt=W xm Vv=tm R= |W=v pmWQ}}eD |SQv= TBU
xOt;CUO x@ OwHwt |=yx]@=Q j} Q] R=CU= xO}tN |=yxWwo QO |oO}@=D wVJ}B
|=yx]@=Q \UwD R}v |}x@r CN=wvm} |=yQ=@ QF= QO |oOWx=Dwm R= |W=v Q=m [4]"CU=
|Q}ojDWt =@ "CU= xOt; CUO x@ pm p}Uv=DB |SQv= `@=D w xOW x@U=Lt OwHwt
CUO x@ Vv=tm CqO=at 'u=mt Q}}eD |xvt=O ?}=Q[ x@ C@Uv pm |SQv= `@=D R=
|=yQ=@ 'Mathematica V. Q=Ri=sQv 5 1 |xNUv ltmx@ CqO=at pL =@ w xOt;
`]kt |=yxWwo QO |oO}@=D R= |W=v |SQv= |x@U=Lt |=Q@ "Ov=xOW x@U=Lt |Wv=tm
OwHw x@ xHwD =@ xm 'CU= |QwQ[ |oO}@=D C@=F ?} Q[ uDW=OQ=}DN= QO =yxQ=OH w
OQwt *̀ ]=kt QO OwHwt uQ=kD x@ xHwD =@ "CU= xOW x@U=Lt xWwo QO |oO}tN `=aW
R= "CU= xOW x@U=Lt|r}]DUt `]kt sQ=yJl} |=Q@|oO}@=DC@=F?} Q[ '|UQQ@
"CU= xOW xO=iDU=|a@ Qt pmW|]wk `]=kt|v=QL@ Q=@ |x@U=Lt |=Q@ [5]VwQ u}=
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Gwt pw] hYv c '|r}]DUt `]kt |xQ=OH pw] b '|r}]DUt `]kt |xQ=OH
`]kt |xQ=OH CN=wvm} Ct=N[ t w `]kt |oO}tN `=aW r '|a[wt Vv=tm
|=yCQ=@a CQwYx@ pmW|]wk `]kt |xQ=OH Qy |xDi=} pmWQ}}eD sQi "CU=
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%OwW|t x@U=Lt 20 w 19 |=yx]@=Q j@=]t Vv=tm
Ta = N
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Z c
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Z a�r
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dxdz (19)
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Z c
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@wb
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dydz (20)

|SQv= u=wD|t p=L "CU= `]kt K]U OL=w ZQa QO CN=wvm} Q=@ N u; QO xm
%O=O p}mWD 21 |x]@=Q j@=]t =Q sDU}U pm p}Uv=DB

� = 2Ua + 2Ub + 4U! + 4Us � [(2Ta] + 2Tb) (21)

'�2 w �1 |xvt=O ?}=Q[ x@ C@Uv 'pm p}Uv=DB |SQv= `@=D R= p}Uv=Qi}O uDiQo =@
=@ xm O};|t CUOx@ sDU}U pO=aD CqO=at x=oDUO 'QiY Q@=Q@ =yu; uO=O Q=Qk w
x@ |Wv=tm |=yOwt w |v=QL@ |=yQ=@ '?}=Q[ T} QD=t u=v}tQDO uO=OQ=Qk QiY Q@=Q@

"Ov};|t CUO

|oO}@=D C@=F ?} Q[ "4
hOy "CU= xOW xO=O u=Wv 2 pmW *|r}]DUt `]kt sQ=yJl} 3 pmW QO
"CU= xOWxO=O u=Wv |oO}tN x@ xHwD =@ pmW u}= |oO}@=D C@=F ?} Q[ |x@U=Lt
x=oDUO QO =Q xOWXNWt \=kv |oO}@=D Q=Okt w C=YDNt =OD@= 'Qw_vt u}= |=Q@
=Q |oO}@=D w C=YDNt |=y`@=D TBU "s} Qw;|t CUO x@ xOWxO=O u=Wv C=YDNt
Ct=N[ xm CU= K}[wD x@ sRq "s}vm|t u}}aD `]kt hrDNt |=yCtUk |=Q@

"OwW|t ZQi t C@=F *Q=Okt *Q@=Q@ `]kt
'=yxQ=OH |xLiYu=}t \w]N `]=kD |x]kv �y w �xC=YDNt -=O@t 3 pmW QO
*CyH x@ xHwD =@ w 'x]kv u}= R= R=e; QO R}v \=kv |oO}@=D xm CU= C |x]kv |va}
`]kt pkF RmQt |xOvyOu=Wv G 'pmW u}= QO "OwW|t x@U=Lt xOWxO=O u=Wv
u}@ \w]N C=YDNt "CU= `]kt u}= VQ@ RmQt |xOvyOu=Wv SC w |W@v

%CWwv � w s |=yQDt=Q=B R= |a@=D CQwYx@ u=wD|t =Q q=@ |=yx]kv
�x12 = 0 �y12 = b

2 � s 0 < s < b
2 � r

�x23 = r sin � �y23 = r cos � 0 < � < �
2

�x34 = r + s �y34 = 0 0 < s < a
2 � r

"|r}]DUt `]kt |xWwo |UOvy C=YNWt "3 pmW

w 1 |=yx]@=Q |Q}oQ=mx@ =@ 'b w a |xQ=OH ZQax@ xLiY wO QO pmWQ}}eD |SQv=
%Ov};|t CUO x@ 7
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Z c
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Z a�r

r
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@z2

�2
� 2(1� �)"
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@z2 �
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�2#)
dxdz (8)
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Z c
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@2wb
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�2#)
dydz (9)

|xir-wt wO pt=W OwN xm CU= VJ}B R= |W=v |SQv= '|WvQm |SQv= Qo}O |xir-wt
xO}tN |xWwo QO u=vwuU VJ}B R= |W=v |SQv= "CU= |oO}@=D w 1u=vwuU VJ}B

[4]%O};|t CUO x@ 10 |x]@=Q R=

Us = GJ
2
Z c

0

�
d�
dz

�2
dz (10)

'xWwo QO VJ}B |x} w=R � 'u=vwuU VJ}B R= |W=v |WvQm |SQv= Us 'x]@=Q u}= QO
|xWwo l} |=Q@ xm CU= u=vwuU |WJ}B C@=F ?} Q[ J w xO=t |WQ@ pwOt G

[4]%O};|t CUO x@ u}vJ r `=aWx@ xQ}=O `@ Q |xO}tN
J = �r

2
t3

3 (11)

[4]%R= CU= CQ=@a |oO}@=D QF= QO |WvQm |SQv= |rm CQwY
U! = ECw

2
Z c

0

�
d2�
dz2

�2
dz (12)

xWwo QO |oO}@=D C@=F ?} Q[ Cw w |oO}@=D R= |W=v |WvQm |SQv= U! u; QO xm
[4]%O};|t CUO x@ 13 |x]@=Q j@] xm CU=

Cw =
Z m

0
(�! � !)2tds (13)

xm CU= �m� `]kt \}Lt |wQ `@=D u; \UwDt �! w |oO}@=D `@=D ! 'x]@=Q u}= QO
[4]%Ov};|t CUO x@ 15 w 14 |=yx]@=Q T=U=Q@

! =
Z m

0
� ds (14)

�! = 1
m

Z m

0
� ds (15)

xLiYu=}t \N Q@ T=tt O=ODt= =D VJ}B ?]k |xrY=i � 'q=@ |=yx]@=Q QO
QO VJ}B |x} w=R "CU= xOW xO=O K}[wD u; OQwt QO 4 VN@ QO xm CU= `]kt

%O};|t CUO x@ u}vJ '1 |x]@=Q x@ xHwD =@ 'xWwo
� =

�
@wa
@x

�
x=0

= �1
��
a

�
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��z
c

�
(16)

|WvQm |SQv= '12 w 10 |=yx]@=Q QO �16 |x]@=Q� VJ}B |x} w=R |Q=Po}=H =@
%O};|t CUO x@ `]kt |xO}tN |xWwo l} QO |oO}@=D w u=vwuU VJ}B R= |W=v
Us = GJ�4�21

4a2c (17)

U! = ECw�6�21
4a2c3 (18)
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Q}F- =Dw ~y w ~x C=YDNt x=oDUO QO R}v =Q sDU}U VQ@ RmQt C=YDNt s}v=wD|t uwvm =

%s}vm|t xO=iDU= 24 w 23 |=yx]@=Q R= Q=m u}= |=Q@ "s} Qw; CUO x@ ~!

~xsc � ~xC = I~y~!I~x� I~x~!I~x~y

I~xI~y � I2
~x~y

(23)

~ysc � ~yC = Iŷ~!I~x~y � I~x~!I~y

I~xI~y � I2
~x~y

(24)

x@ C@Uv `]kt |oO}@=D C@=F ?} Q[ u=wD|t `]kt VQ@ RmQt C}akwt uDUv=O =@
%OQm x@U=Lt 25 |x]@=Q R= =Q VQ@ RmQt

Cw = I~! + (~ysc � ~yC)I~x~! + (~xsc � ~xC)I~y~! (25)

|v=Ow=v `]kt "5
QU wO |Q=Wi w[a l} 'u=UWm |v=QL@ VvD |Q_v Q=Okt uOQw; CUO x@ |=Q@
"CU= xOW xDiQo Q_v QO 5 pmW j@=]t |O=a@= =@ OQU OQwv |v=Ow=v `]kt =@ xO=U
'xWwo |oO}tN `=aW r '|v=Ow=v u=H `=iDQ= b '|v=Ow=v p=@ ZQa a pmW u}= QO
Q@=Q@ xm CU= |a[wt Vv=tm Gwt pw] hYv c w `]kt CN=wvm} Ct=N[ t

"OwW|t xDiQo Q_v QO u=H `=iDQ=
'CU= |r}]DUt `]kt x@=Wt |a[wt Vv=tm |v=QL@ Q=@ uOQw; CUOx@ pL=Qt
"OwW|t xOy=Wt |}=yCw=iD `]kt |}xLiY |=RH= pmWQ}}eD |=y`@=D QO \ki w
?=NDv= `]kt u=H w p=@ pmW Q}}eD |=Q@ 27 w 26 |=y`@=D |v=Ow=v `]kt QO

%Ov=xOW
ww =

�
�1 sin

��y
b

�
+ �2

�
1� cos

�2�y
b

���
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��z
c

�
(26)

wf =
h
�x+ �3

�
1� cos

��x
2a
��i
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��z
c

�
(27)

=Hv}= QO xm O=O u=Wv u=wD|t =yxWwo QO Qovr w ?}W |oDUw}B uDiQo Q_v QO =@
|x@U=Lt w u=mt Q}}eD |=yx]@=Q |U} wvR=@ =@ "OQ=O OwHw pkDUt ?} Q[ wO sy

%OwW|t xDWwv 28 |x]@=Q j@=]t pm p}Uv=DB |SQv= `@=D '|SQv= |=yxir-wt
� = 2Ua + Ub + 2U! + 2Us � [(2Ta] + Tb) (28)

u}W}B VN@ QO xOWxDio VwQ x@=Wt Vv=tm *|v=QL@ Q=@ |x@U=Lt pL=Qt |xt=O=
"CU= pmW|]wk `]=kt |=Q@

"|v=Ow=v `]kt O=a@= "5 pmW

|xrY=i "s}vm|t xO=iDU= 15 w 14 |=yx]@=Q R= =yxQ=OH QO|oO}@=D |x@U=Lt |=Q@
'4 pmW QO xOWXNWt 3 w 2 |=yx]kv u}@ |va} '|oO}tN |=Q=O VN@ QO �
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