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xQwO G=wt= |R=Ux}@W QO |t]qD |=ypOt |@=} RQ=

=yp=v=m |v=QL@ jwi |=yu=} QH QO =DU}= R}D
�|QDmO |wHWv=O� ?u=}Dtqa s}y=Q@=

�O=DU=� xO=RQiaH =[QOtLt
OyWt |UwOQi x=oWv=O '|UOvyt |xOmWv=O 'u=Qta xwQo

uDiQoQ_v QO =@ Cv=vw CvU *|kta |xOW |Q}o\UwDt |Oa@ wO CqO=at Q=DWwv u}= QO
u}= |=Q@ "Ov=xOW pL =DU}= R}D G=wt= =@ x=Qty |v=QL@ jwi u=} QH QO '|t]qD CqtH
u=tR=U|@ |FrFt |=ypwrU R= xO=iDU= =@ Roe-TVD OwOLt sHL VwQ R= Qw_vt

pOt '1�ML� \qDN= pw] pOt R= 'l}t=v}OwQO}y CqO=at p}tmD |=Q@ "OW xO=iDU=
`v=t l} x=Qty x@ p=v=m QO u=} QH x=ov; "OW xO=iDU= 2�ASM� |Q@H VvD pOt w 'k� "

|=yxO=O =@ xrY=L |OOa G}=Dv TBU "OW |R=Ux}@W Cw=iDt |=yZQa =@ uqB QO
xm OyO|t u=Wv hrDNt |=ypOt OQ@ Q=m "OW xU}=kt |y=oW}=tR; pOt R= xOt; CUOx@
"OWN@|t Ow@y@ =DU}= R}D G=wt= pLt QO =Q |OOa |=y?=wH s]qD C=QF= uDW=O Q_v Ot
VvD pOt R= pY=L |=y?=wH xm OyO|t u=Wv =y=]N |:tm p}rLD w G}=Dv |i}m |UQQ@

"CU= QD?wr]t '=ypOt Q}=U R= xOt; CUOx@ |=y?=wH =@ xU}=kt QO |Q@H
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VvD pOt 'k � " pOt '\qDN= pw] pOt 'OwOLt sHL VwQ %|O}rm u=oS=w
"=DU}= R}D G=wt= '|Q@H

xtOkt "1
Q=Qk xar=]t OQwt =yxQ} RH w |}xv=wDU= |=yQOvr}U *h=Q]= *jtasm |=y?; QO
\}=QW R}v w [11]'jtasm |=y?; QO xm@W R= |W=v s]qD uoty hqD= [10�7]"CiQo
QO s]qD |Oa@ wO |=yQ=DN=U O}rwD QO QDU@ l =m]Y= C=QF= w u=} QH |ktasm
s]qD C=YNWt "OW |UQQ@ u}kkLt \UwD [14�12]O=R; K]U |]qDN= |=yx}q
VwQ R= xO=iDU= =@ w [15]'xar=]t |y=oW}=tR; CQwYx@ R=@ wQ |=yp=v=m u=} QH QO

[16]"OW |R=UpOt 4|OOa s}kDUt |R=Ux}@W
Cq=}U |OOa C=@U=Lt QO |O=} R OQ@ Q=m OwOLt sHL VwQ Q}N= |=yp=U QO
u=wD|t 'CqO=at |r=QoDv= pmW R= xO=iDU= Crax@ VwQ u}= QO "CU= xOQm =O}B
|xOta VN@ 'CQwY u}= QO "OQm xO=iDU= s_vt=v |=RH= =@ |D=@U=Lt |xm@W R=
"Ovm|t Qw@a |D=@U=Lt <RH xHw Qy R= xm |Owta Q=W u}}aD R= CU= CQ=@a Q=m
C@=F |x}rw=\}=QW =@ ?=wH wQtrk R= x]kvl} QO |OQivt|oDUw}B=v xm|t=ovy
u=t} Q j}kO |=yxOvvmpL "OwW|t xDio �u=t} Q |xr�Ut� u; x@ 'OW=@ xDW=O OwHw
=y|oDUw}B=v VQDUo '<=k@ |rwrPy CqO=at h}a[ pL |x} Q_v R= |Q}oxQy@ =@
u}= p=ta*= =t= "Ovvm|t |v}@V}B |@ wNx@ =Q �� R}D G=wt= Q}_v �� pL |=[i QO
|xaUwD 'Qo}O hQ] R= "CU}v xiQYx@ uwQkt |]NQ}e CqO=at sDU}U QO =yVwQ
VwQ XwYNx@ &OwW|t QHvt |@U=vt G}=Dv x@ [20�17]u=t} Q *|@} QkD |=yxOvvmpL
CQwYx@ jtasm |=y?; CqO=at pL |=Q@ u; OQ@ Q=m xm 5Q=W hqDN= |x} RHD
|oO}WNB O=H}= s]qD |rY= Q}F-=D [23�21]"CU= xOW x}YwD w xO=iDU= |}xOQDUo

CUmW '=yxv=NOwQ QO ?; CmQL Q}_v �� �jtasm |=y?; u=} QH� |rm Qw]x@
u=} QH |xYNWt pw] u; QO xm OwW|t xDio |v=} QH x@ �� |t=vwUD G=wt= w =yOU
jta Ck}kL QO "OW=@ ji= QO u=} QH |xYNWt pw] R= QDsm Q=}U@ jta QO
|=yu=} QH w Ovm|t |Q}owrH s]qD |=yQ=DN=U |Oa@xU |xaUwD R= u=} QH *sm
|=y?; u=} QH u=wD|t u}=Q@=v@ "OR=U|t OwOLt =Q =yx@=OQo \=U@v= R= |W=v |x} wv=F
Cr=L u}= QO "OQm xar=]t w |UQQ@ |Oa@ wO x@W CQwYx@ =Q s]qD C=QF= w jtasm
VQDUo R= |W=v 's�=k CyH QO s]qD |xaUwD R= CqO=at *|kta |Q}o\UwDt =@
|R=UpOt 'CqO=at |O=R; C=HQO Vy=m |xH}DvQO w OwW|t Q_vhQY =yx@=OQo

"OwW|t QDu=U; Q=}U@ u=} QH
"CiQo Q=Qk|UQQ@ OQwt |Oa@ wO s]qD Q=@u}DUNv |=Q@ 'CYW |xyO QN=w= QO
CLD s]qDt |t�=Ox@W u=} QH QO '\UwDt T=}kt |SQv= VQDUo '=y|UQQ@ u; QO
xar=]t OQwt s]qDt |Oa@ wO u=} QH uoty \}Lt QO |SQv= hqD= R}v w [1]Q=Wi
x@W |=yu=} QH QO |ki= nQR@ |=yQ=DN=U xm O=O u=Wv xrY=L G}=Dv [2]"CiQo Q=Qk
s]qDt |}xLiY CH Q=DiQ "OvQ=O u=} QH C=}YwYN QO |tyt Vkv |Oa@ wO
3=yxr=@vO Q=DiQ [6�3]"OW |UQQ@ |rYit |=yV}=tR; |] 'jtasm |=y?; QO

pw�Ut xOvU} wv ?
"1389 6 17 VQ}PB '1389 4 13 x}LqY= '1388 6 10 Ci=} QO %M} Q=D
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=yp
Ot|
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G2 w G1 &CU= xtWJ CqtH Q=OQ@ Gk w x@P=H ?=DW g 'y w x |=DU=Q QO Q=W
C=QF= |xtWJ |xrtH G3 w QDU@ l =m]Y= w ?}W |xtWJ CqtH ?}DQDx@

%OvwW|t u}vJ w CU= |t]qD

G1 =

2664 0
�gh @Zb@x
�gh @Zb@y

3775; G2 =

2664 0
� �b;x�
� �b;y�

3775; G3 =

26664
0

� @hu0iu0j@x

� @hu0iu0j@y

37775
(i; j = 1; 2) (3)

u0iu0j w 'QDU@ QO |WQ@ VvD �b 'pwrU RmQt QO p=v=m QDU@ R=QD Zb u; QO xm
"OvDUy ROrwv} Q |=yVvD jta QO xOW |Q}o\UwDt |=yxir-wt

OwOLt sHL VwQx@ CqO=at |OOa pL "3
CkO =@ Q} R CqO=at '\@=wQ uOQmxO=U w 1 CqO=at sDU}U R= |v=tR |Q}op=QoDv= =@

[28]%Ov};|t CUO x@ u=tR QO swO |x@DQt

Wn+ 12 = Wn � �t
2
�
@Fx
@x

(Wn) + @Fy
@y

(Wn)
�

+ �t
2

3X
k=1

Gnk

Wn+1 = Wn ��t
�
@Fx
@x

�
Wn+ 12

�
+ @Fy

@y

�
Wn+ 12

��
+�t

3X
k=1

Gn+ 12
k (4)

|mDt pOt R= u=mt QO CqO=at |R=U=OH |=Q@ "CU= |v=tR s=o �t \@=wQ u}= QO
Ci pwrU Qy Q@ 4 CqO=at sDU}U R= |Q}op=QoDv= =@ "OwW|t xO=iDU= 8CUOq=@ x@

%s} Q=O Two |x}[k p=ta= w Ai CL=Ut x@

Ai
Wn+1
i �Wn

i

�t
+
Z
Li

(Fx ~nx + Fy ~ny) dL=
3X
k=1

Z
Ci

GkdA (5)

'Ci pwrU RQt Li 'tn u=tR QO Ci pwrU RmQt QO |}=k@ Q}eDt Q=Okt Wn
i u; QO xm

swO CQ=@a "�hr=1 pmW� CU= Li xHw Q@ Owta |xm} Q=OQ@ ~n = (~nx; ~ny) w
%OwW|t xDWwv u}vJ 5 |x]@=QZ

Li
(Fx ~nx + Fy ~ny) dL =

X
j"Ki

Z
Lij

(Fx ~nx + Fy ~ny) dL =X
j"Ki

�ij (Wi;Wj ; nij) (6)

xHw pw] Lij '�ki = 3 |FrFt pwrU QO� i pwrU xwHw O=OaD ki u; QO xm
w ij xHw R= |Qw@a |OOa Q=W Q=Okt �ij '�ij xHw� j w i pwrU wO lQDWt
"CU= Lij Q@=Q@ u; |xR=Ov= xm CU= ij xHw Q@ Owta Q=OQ@ nij = (nx; ny)ij

=@ |a}@] |xO}OB u}= CU= umtt |OOa |=yVwQ QO "CU= CaQU u=O}t QO
|=yVwQ QO "OwW xOR u}tND QDW}@ |OOa VwQ R= |W=v |m} R}iQ}e *|oO}WNB
|OOa O=} R |oO}WNB R= |Q}owrH |=Q@ '6hwvwOwo ẁv R= OwOLt sHL |xDiQW}B
pLt QO ?P=m C=v=Uwv hPL p=L u}a QO w QDq=@ |x@DQt CkO x@ |@=}CUO R}v w
Qy |=yRQt Q@ C=aq]= |R=UR=@ QO ?}W =} Q=W |=yxOvvmOwOLt R= '=y|oDUw}B=v
�7C=Q}}eD ẁtHt|Wy=m |=yVwQ� ,=Lq]Y= =Q =yVwQ u}= "OwW|t xO=iDU= <RH

[24]"Ovt=v|t
|=Q@ =Q |L]U |=y?; *|kta |xOW |Q}o\UwDt CqO=at u}kkLt R= |NQ@
|NQ@ [25]"OvDiQo Q=m x@ |v=QL@jwi u=} QH QO =DU}= ?Qwt Gwt l} |R=Ux}@W
wO `]=kD pLt QO |v=QL@ jwi w |v=QL@ Q} R |=yu=} QH |=Q@ =Q QwmPt CqO=at R}v
u}vJty "OW Q_vhQY |t]qD CqtH C=QF= R= =yQ=m u}= QO [26]"OvOQm pL p=v=m
Roe- OwOLt sHL VwQ R= xO=iDU= =@ w xHQO 90 R}D sN QO =Q CqO=at u}=
Qw;O=} [21]"OvOQm pL |t]qD CqtH uDiQo Q_v QO =@ |v=QL@ Q} R u=} QH QO TVD

xW}ty =t= &CU= ?Qwt R}D G=wt= *|R=UpOt x@ QO=k |@ wNx@ VwQ u}= xm OwW|t
XNWt=v |v=QL@jwi |=yu=} QH |R=UpOt QO |t]qD CqtH C}ty= u=R}t
Roe-TVD OwOLt sHL VwQ R= Q=@ u}rw= |=Q@ Q[=L Q=DWwv QO "CU= xOw@
x@ |v=QL@ jwi u=} QH OQwNQ@ R= |W=v �� =DU}= ?Qwt R}D G=wt= |R=Ux}@W |=Q@
|=Q@ "CU= xOW xO=iDU= |t]qD CqtH uDiQo Q_v QO =@ �� |[Qa *̀ v=t l}
w k � " OQ=Ov=DU= pOt '\qDN= pw] |Oa@ wO pOt R= s]qD C=QF= |R=Ux}@W
l} '|OOa C=@U=Lt CLY R= u=v}t]= |=Q@ "OwW|t xO=iDU= |Q@H VvD pOt
G}=Dv w OW =B Q@ 0 4 m ZQa w 8 0 m pw]x@ |twri pt=W |y=oW}=tR; pOt
u=Wv [27]xOWs=Hv= C=ar=]t "OW xU}=kt u; R= xOt; CUO x@ C=aq]= =@ |OOa
�� xtWJ CqtH j}kO u}tND x@ |OOa R}D G=wt= C}akwt K}LY u}}aD xm O=O
|oDU@ �� s]qD R= |W=v CmQL |xR=Ov= hqD= w p=v=m ?}W 'QDU@ Ctw=kt pt=W
u}}aD x=oW}=tR; QO O=} R CkO=@ QDU@ ?}W w nv}v=t |Q@ R ?} Q[ u}=Q@=v@ "OQ=O

"OvOW

jtasm |=y?; CqO=at "2
u}vJty w |m}D=DUwQO}y Q=Wi `} RwD |x}rw= ZQi =@ 'jtasm |=y?; CqO=at
jta QO TmwDU= � Q} w=v |Oa@xU CqO=at |Q}o\UwDt R= 'sm =QD p@=kQ}e p=}U
Q}_v �� |m} R}i |=yxO}OB R= |Q=}U@ |xar=]t QO CqO=at u}= "OwW|t pY=L
|=yxR=UQ@ xOvvmpta |=ywQ}v '|@q}U G=wt= 'R=@ |=yp=v=m QO u=} QH'OU CUmW
u}vJ CqO=at u}= |}=k@ w |Oa@ wO pmW "OvQ=O OQ@ Q=m �� |oOwr; p=kDv= w |rL=U

[28]%CU=
@W
@t

+ @Fx
@x

+ @Fy
@y

=
3X
k=1

Gk (1)

u; QO xm

W =

2664 h

qx
qy

3775 ; Fx=

2664 qx
q2
x
h + gh2

2
qxqy
h

3775 ; Fy=

2664 qy
qxqy
h

q2
y
h + gh2

2

3775 (2)

'u=} QH jta h Q@ ptDWt� xOW<=k@= |=yQ}eDt Q=OQ@W '2 w 1 CqO=at sDU}U QO
|=yQ=OQ@ Fy w Fx u}vJty "CU= �y w x |=DU=Q QO ZQa OL=w QO |@O qy w qx
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xO=R
QiaH

=[Q
OtL

tw
u=}D

tqa
s}y

=Q@= RmQt u}@ |xrY=i Q=OQ@ r 'j pwrU =@ RQt QO Wi Q}eDt Q=Okt WIj '9 |x]@=Q QO
CU= i pwrU QO =yQ}eDt |xOWOwOLt u=}O=Qo r1

i w 'Lij \Uw w i pwrU K]U
%�hr=1 pmW� OwW|t u}}aD 10 |x]@=Q j@] xm

r1
iW = warWa + wbrWb + wcrWc (10)

u=}O=Qo Q=Okt rWc w rWb'rWa w '|vRw QwDm =i wc w wb 'wa x]@=Q u}= QO
'|vRw |Q}ou}ov=}t =@ "OvDUy c w b 'a |=ypwrU QO Q_v OQwt Q}eDt |xOWvOwOLt

%OwW|t u}}aD pwrU xHw Qy u=}O=Qo

rWi =
Ai1a2 (rW )1 +Ai2b3 (rW )2 +Ai3c1 (rW )3

Ai1a2 +Ai2b3 +Ai3c1
(11)

s=m xHw QO W Q}eDt u=}O=Qo (rW )m w i1a2 |ar[ Q=yJ CL=Ut Ai1a2
h=Q]= |=yErFtQ} R |vRw |Q}ou}ov=}t w Two |x}[k R= xO=iDU= =@ xm CU= pwrU
%CWwv u=wD|t �hr=1 pmW QO� 1 xQ=tW xHw |=Q@ ,qFt &OwW|t x@U=Lt `r[ Qy

(rW )1 = A1a2rW j1a2 +A1i2rW j1i2
A1a2 +A1i2

rW j1a2 = 1
A1a2

I
�
Wnd� (12)

'wa |vRw `@=wD h} QaD |=Q@ "CU= ErFtQ} R Qy QO |Q}op=QoDv= Q}Ut � u; QO xm
%CWwv u=wD|t wc w wb

wa =
�
gbgc + "2�

(g2
a + g2

b + g2
c + 3"2)

wb =
�
gagc + "2�

(g2
a + g2

b + g2
c + 3"2)

wc =
�
gagb + "2�

(g2
a + g2

b + g2
c + 3"2)

(13)

QO =yQ}eDt u=}O=Qo R= |a@=D gc w gb 'ga w lJwm Q=Okt l} " \@=wQ u}= QO
%OvDUy �hr=1 pmW QO c w b 'a |=ypwrU� i pwrU |xOvvmx]=L= |=ypwrU

ga = krWak22 ; gb = krWbk22 ; gc = krWck22 (14)

j@] "CU= Q_v OQwt Q}eDt |xOWvOwOLt u=}O=Qo L2 sQv krWak22 u; QO w
13 \@=wQ R= xO=iDU= =@ "CU= Q=OQ@ |=yx}=QO C=a@ Qt ẁtHt Q@=Q@ L2 sQv 'h} QaD
|wQ C=aq]= |R=UR=@ w 'u}}aD Q_v OQwt Q}eDt |xOWOwOLt u=}O=Qo Q=Okt 14 w
QO G2 w G1 � QDU@ l =m]Y= w ?}W |xtWJ CqtH "OwW|t s=Hv= pwrU RQt

[28]%OvwW|t h} QaD u}vJ �3 |xrO=at

G1 =

2664 0
�ghS0x
�ghS0y

3775; G2 =

2664 0
�cfUx jUxj
�cfUy jUyj

3775; cf = gn2

h1=3

(15)

w QDU@ l =m]Y= ?} Q[ cf 'y w x |=DU=Q QO QDU@ ?}W S0y w S0x u; QO xm
"CU= nv}v=t |Q@ R ?} Q[ n

"=ypwrU RQt |wQ QO C=aq]= |R=UR=@ "1 pmW

%OwW|t u=}@ Q} R CQwYx@ |OOa Q=W Q=Okt CUOq=@ x@ |mDt VwQ QO
�ij = Z(Wi; nij) + Z(Wj ; nij)

2
�1

2 j� (Wi;Wj ; nij)j (Wj �Wi)

j�j = X jDjX�1 Z = Fxnx + Fyny

X =

2664 0 1 1
�~ny �Ux + �C~nx �Ux � �C~nx
~nx �Uy + �C~ny �Uy � �C~ny

3775
jDj =

2664
����1
�� 0 0

0 ����2
�� 0

0 0 ����3
��
3775 ��1 = nx �Ux + ny �Uy

��2 = ��1 + �CLij ��3 = ��1 � �CLij (7)

[24]%OvwW|th} QaDu}vJpwrUQO xOW|Q}o\UwDt Q}O=ktRoepw=|x@DQtVwQ QO

Ux =
p
hiUx;i +

p
hjUx;jp

hi +
p
hj

Uy =
p
hiUy;i +

p
hjUy;jp

hi +
p
hj

�C =
r
g hi + hj

2 (8)

|=Q@ "CU= y w x |=yQwLt CyH QO u=} QH CaQU Uy w Ux x]@=Q u}= QO
RQt QO |}=k@ |=yQ}eDt Q}O=kt Roe VwQ QO |v=mt swO |x@DQt CkO x@ uO}UQ
[25]%�?1 pmW� OvwW|t |R=UR=@ MUSCL VwQ R= xO=iDU= =@ |FrFt |=ypwrU
WIj = Wi + rr1

iW (9)
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=wt=

|R=
Ux}

@WQ
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D|

=yp
Ot|

@=}RQ
=

|xrtH "CU}v CqO=at sDU}U pL x@ R=}v w OwW|tv xi=[= |D=@U=Lt |xv} Ry
x@U=Lt x@=Wt CQwYx@ R}v y |=DU=Q QO CmQL |xR=Ov= |xrO=at QO |t]qD C=QF=
|=ypOt R= xO=iDU==@ =Q s]qDt |}x@=OQo CHRr Q=Okt O}=@ jwi \@=wQ QO "OwW|t

"OQm x@U=Lt 'OwW|t K} QWD xt=O= QO xm hrDNt |t]qD

(ML) \qDN= pw] pOt "1"4
[28]%O};|t CUO x@ 19 |x]@=Q R= (�t) s]qDt |}x@=OQo CHRr 'pOt u}= QO

�t =

l2s

s
2
�
@Ux
@x

�2
+2
�
@Uy
@y

�2
+
�
@Ux
@y

+ @Uy
@x

�2
+
�
2 34uf

�h

�2

ls = min (0 267�h; �dwall) (19)

u} QDl}ORv =D pwrU RmQt |xrY=i dwall '13utQ=muwi?} Q[ � =  41 u; QO xm
%OwW|t x@U=Lt 20 |x]@=Q R= w CU= |WQ@ CaQU uf w 'Q=w}O

uf =
q
cf
�
U 2
x + U 2

y
�

(20)

k � " pOt "2"4
|x@U=Lt |=Q@ p=kDv= |xrO=at wO O}=@ 'k � " |kta |xOW|Q}o\UwDt pOt QO
|SQv= uOQw; CUOx@ |=Q@ CqO=at u}= R= |m} "OwW pL s]qDt |}x@=OQo CHRr
"CU= (") s]qD |W@vH |SQv= hqD= MQv u}}aD |=Q@ |Qo}O w (k) s]qD |W@vH

[30]%CU= 21 |x]@=Q CQwYx@ |Q=OQ@ w |}=k@ Cr=L QO pOt CqO=at
@�
@t

+ @F�;x

@x
+ @F�;y

@y
=

4X
m=1

Hm (21)

QO |m} R}i |=yQ=W F�;y w F�;x w xOW <=k@= |t]qD Q}eDt Q=OQ@ � u; QO xm
%OvDUy y w x |=DU=Q

� =

"
hk

h"

#
F�;x =
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#
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"CU= 11Ot=aDtQ}e |oO}WNB G3;jj w 10Ot=aDt |oO}WNB G3;? x]@=Q u}= QO
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%R= Ov=CQ=@a OQ=Ov=DU= k � " pOt |=Q@ =yu; Q}O=kt xm OvDUy pOt
c1" = 1 44; c2" = 1 92; �k = 1 0;

�" = 1 31; C� = 0 09 (24)
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|xr}Uwx@ s]qD |W@vH |SQv= Ovm|t OQwNQ@ xQ=w}O x@ u=} QH CH xm |]=kv QO
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=t= OvDUy xOWO=H}= *G=wt= |R=Ux}@W x@ QO=k |@ wNx@ |OOa |=ypOt |xty
"OwW|t =DU}= R}D G=wt= pLt QO |OOa G}=Dv Ow@y@ Ea=@ |t]qD |=ypOt OQ@ Q=m
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|Q}oxH}Dv "7
=DU}= R}D G=wt= Q=DiQ |R=UpOt QO hrDNt |t]qD |=ypOt Q}F-=D VywSB u}= QO

CWwv=B
1. mixing length (ML)
2. algebraic stress model (ASM)
3. wakes

4. direct numerical simulation (DNS)
5. 
ux di�erence splitting methods
6. Godunov method
7. total variation diminishing (TVD)
8. upwind scheme

25



"""=D
U}=

R}DG
=wt=

|R=
Ux}

@WQ
O|

t]q
D|

=yp
Ot|

@=}RQ
=

9. semi-implicit method
10. orthogonal di�usion
11. non-orthogonal di�usion
12. orthogonal di�usion coe�cient
13. Von Karman's constant
14. horizontal mean strain-rate tensor
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