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"OQm |R=UpOt w |L=Q] =Q |@=}xv}y@
=ylU} Q X}YND R= |} wor= uDi=} 'lU} Q X}YND |@=}xv}y@ QO hOy
`@=D =Pr 'OyO CUOx@ =Q lU} Q p=kDv= |xv} Ry u} QDtm xm CU= xSwQB pt=wa u}@
u} QDtm "CU= xOW h} QaD (T ) �lU} Q p=kDv= |xv} Ry Vy=m� CQwYx@ hOy
=QJ 'CU= pt=a u} QD?U=vt x@ lU} Q p=kDv= |=vat x@ lU} Q p=kDv= |=Q@ xv} Ry
|QDW}@ CN=vW pt=a u; xm OQ}o|t CQwY p}rO u}= x@ QDu}}=B Ct}k O=yvW}B xm
|x}=tQU xmv; =} Ov}@|t lU} Q pQDvm |=Q@ OwN QO |QDq=@ u=wD w OQ=O lU} Q R=

"xSwQB |=y lU} Q X}YND |@=}xv}y@ sD} Qwor= CQ=Jwri "2 Q=Owtv

QO u; |HwQN w |OQwt |xSwQB l} QO u; |R=UxO=}B =@ |O=yvW}B pOt C}r@=k
=tQiQ=m u; |=v@t Q@ xm CU= xOW x�=Q= w x@U=Lt xSwQB |xOWs=tD |xv} Ry pmW
|=yDv= QO "Ovm u}}aD O=OQ=Qk pt=wa u}@ =Q xSwQB `i=vt w OwU s}UkD |xwLv Ov=wD|t
|=yCv=t[ u} QD?U=vt 'pOt C}U=UL p}rLD Q=R@= R= xO=iDU= =@ 'Q=DWwv u}=
QO xOWh} QaD |=ys=o '2 Q=Owtv "CU= xOW ?=NDv= =tQiQ=m |wU R= =]a= p@=k
V}=tv xSwQB |=ylU} Q X}YND |@=}xv}y@ pOt |L=Q] |=Q@ =Q Q=DWwv u}=

"OyO|t

|xr�Ut l} |xrRvtx@ lU} Q X}YND Ov}=Qi h} QaD
|@=}xv}y@

u} QD?U=vt x@ lU} Q p=kDv= 'lU} Q X}YND Ov}=Qi QO u=}=tQiQ=m |rY= hOy
Qy p=kDv= xm CW=O Q_v QO O}=@ |rw [7]'CU= lU} Q u; C} Q}Ot |=Q@ pt=a
x@ uO}UQ |=Q@ [15]"OR=OQB@ =Q u; O}=@ =tQiQ=m xm CU= |}xv} Ry =@ x=Qty lU} Q
QO =ylU} Q R= |DUQyi ,=twta 'C=Qm =Pt OvwQ QO =ylU} Q R= |@U=vt X}YND
OwN |O=yvW}B Ct}k xm OwW|t xDU=wN Q=mv=t}B R= w OQ}o|t Q=Qk u}iQ] Q@=Q@
u}@ xvR=wt l} Cr=L u}= QO [9]"OyO x�=Q= lU} Q Qy C} Q}Ot VQ}PB |=Q@ =Q
VQ}PB w lU} Q |Q=Oyov =} Q=mv=t}B |DU=wNQO OwU CN=OQB w lU} Q p=kDv=
u}= QO hOy `@=D =Pr "OwW|t O=H}= =tQiQ=m OwN \UwD lU} Q ptDLt |=yxv} Ry
lU} Q 'xv} Ry u} QDtm =@ xm CU= |Dr=L w xvR=wt u}= Ov};Q@ |xOvyOu=Wv Cr=L
|xUU-wt \UwD xDiQoCQwY |xar=]t G}=Dv "OwW|t pkDvt pt=a u} QD?U=vt x@
u=Wv x@=Wt Qw]x@ R}v '1990 p=U QO xOLDt Cq=}= QO 3�CII� CN=U CavY
l} C} Q}Ot |xOWs=tD |xv} Ry uDN=Uxv}tm 'lU} Q X}YND hOy xm OyO|t

[1]"CU= xSwQB QO lU} Q
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@=}xv
}y@%OwW|t xO=O u=Wv 3 |x]@=Q =@ w �T �

C0 = C + T = C +
nX
i=1

mX
j=1

tijxij

C0 = C +
nX
i=1

mX
j=1

(Pij � �i(�Ci � �Ci)) � xij

i 2 (1; :::; n); j 2 (1; ::;m) j (i; j) 2 'k (3)

=ylU} Q C}rw�Ut VQ}PB |=Q@ pt=a Qy |Q=@Da= u=wD xm CW=O xHwD O}=@ xD@r=
syU =@ ?U=vDt w CU= OwOLt lU} Q ẁkw R= |W=v |r=tDL= |=yxv} Ry u=Q@H w
CQwY QO xm CU= u; |=vat x@ C}OwOLt u}= "OwW|t u}}aD xSwQB QO pt=a Qy
u=Q@H u=wD ,=twRr pt=a u; &u=Um} pt=a l} x@ hrDNt lU} Q OvJ X}YND
"OQ=Ov '=yu; u=tRsy ẁkw CQwY QO '=Q =ylU} Q u; |t=tD C} Q}Ot |=yxv} Ry

%OyO|t u=Wv =Q C}OwOLt u}= '4 |x]@=Q
nX
i=1

�i � �Ci � xij � aj i = 1; :::; n j 2 (1; :::;m) (4)

|=yxv} Ry u=Q@H |=Q@lU} QC} Q}Ot pw�Ut pt=a |Q=@Da= u=wDhkU aj u; QO xm
OQw;Q@ O=OQ=Qk R= pt=a u; syU =@ ?U=vDt u; Q=Okt ,qwtat w CU= lU} Q ẁkw

"OwW|t
"CU= |r=t |=yCv=t[ QO C} wOLt '|@=}xv}y@ pOt QO C}OwOLt u}twO
Vy=m =} w =ylU} Q |NQ@ VQ}PB x@ Q=mv=t}B j} wWD |=Q@ OQ=wt |NQ@ QO =tQiQ=m
'pt=a u; x@ (�Ci) lU} Q C} Q}Ot |xv} Ry p=kDv= p@=kt QO 'X}YND |=yxv} Ry
u}= [16]"OwW|t OyaDt (�Ci) Cv=t[ CQwYx@ =Q lU} Q |xv} Ry R= |er@t
xm CU= |y}O@ |rw 'OwW CN=OQB Q=mv=t}B x@ lU} Q ẁkw CQwY QO O}=@ dr@t
=@ w CU= OwOLt R}v hrDNt |=yCv=t[ X=YDN= |=Q@ =tQiQ=m |Q=@Da= u=wD

%OwW|t u=}@ 5 |x]@=Q QO xOWh} QaD C}OwOLt
nX
i=1

�i � �Ci � xij � bj i = 1; :::; n j = 1 (5)

R= C}=tL |=Q@ sRq |=yCv=t[ u}t-=D |=Q@ =tQiQ=m |Q=@Da= u=wD Q@=Q@ bj u; QO xm
OQw;Q@ p@=k xSwQB QO u; |x}=tQU T=U=Q@ w 'CU= lU} Q C} Q}Ot pw�Ut pt=a

"CU=
pt=W� |OwQw C=aq]= Ci=} QO =@ |O=yvW}B pOt '5 =D 1 |=yx]@=Q j@]
x@U=Lt =Q =ylU} Q C} Q}Ot |xv} Ry �pt=a Qy |DU=wNQO OwU w =ylU} Q VRQ=
|xv}y@ |wor= 'lU} Q C} Q}Ot |xv} Ry Q=Okt uDN=Uxv}tm =@ TBU w Ovm|t
sD} Qwor= pL=Qt xt=O= QO '3 Q=Owtv "Ovm|t O=yvW}B w u}}aD =Q =ylU} Q X}YND

"OyO|t V}=tv =Q pOt u}=
syU w '=ylU} Q QF= 'p=tDL= ?}=Q[ %pt=W� |@=}xv}y@ pOt |OwQw C=aq]=
OQw;Q@ =ylU} Q |@=} RQ= Ov}=Qi QO xm OvDUy |v}at Q}O=kt �O=OQ=Qk QO pt=wa
OvwW|t u}}aD lU} Q X}YND C=Qm =Pt ẁQW R= V}B ,=twta Q}O=kt u}= "OvwW|t
xOWh} QaD hOy `@=D w s}tYD QDt=Q=B "OvQ=O ji=wD =yu; |wQ Q@ O=OQ=Qk |=yhQ] w
=} �lU} Q VRQ=� QO C=Q}}eD uO=Ou=Wv |=Q@ |i=m |Q}PBh=]av= 'pOt u}= QO
R= Cw=iDt |=yu=tR =} hrDNt |=yxSwQB QO �=ylU} Q VQ}PB QO pt=wa |}=v=wD�

"OQ=O =Q xSwQB l}

pQDvm VQ}PB |=Q@ |QDq=@ C}U=UL w p}=tD =Pr w CU= Q]N QO w= R= |QDq=@
[16]"OQ=O lU} Q

|=Q@ Q=mv=t}B |DU=wNQO dr@t� s}tYD QDt=Q=B 'xOWh} QaD hOy `@=D T=U=Q@
Q=mv=t}B OwU ?r=k QO dr@t u}= "CU= xOW ?=NDv= �lU} Q l} C} Q}Ot pw@k
|=yQ=R@= u}t-=D |=Q@ w= x@ ?DQDt |=yxv} Ry u=Q@H |=Q@ xm 'OwW|t C@F �Pij �
OwU ,qta "OwW|t CN=OQB lU} Q pQDvm Ov}=Qi |=yxv} Ry w lU} Q pQDvm
uDiQoQ=Qk |=Q@ xm CU= |W=O=B |w=L 'lU} Q pQDvm |xv} Ry Q@xwqa �Pij �
CN=OQB w= x@ lU} Q u; |xR=Ov= =@ ?U=vDt w lU} Q u; ZQat QO Q=mv=t}B

"OwW|t
C} Q}Ot |xv} Ry 'lU} QC} Q}Ot VQ}PB =@ '|DU=wNQO OwU p@=kt QO pt=a Qy
R= pY=L u=} R 'lU} Q C} Q}Ot |xv} Ry "OwW|t p@kDt =Q (�Ci) lU} Q u;
|x}=tQU =@ ?U=vDt xv} Ry u}= "OyO|t u=Wv xSwQB pt=wa Qo}O x@ =Q lU} Q ẁkw
lU} Q |@=} RQ= C=ar=]t QO u; Q=Okt ,=twta xm CU= (Ci) lU} Q u; Q]N QO
lU} Q ẁkw |xv} Ry "Ow@ Oy=wNlU} QX}YND R=i |=v@t w u}}aD =tQiQ=m\UwD
Q=Okt u}= "CU= (Ci) Q]N QO |x}=tQU QO ��� lU} Q Q}F-=D ?Q[pY=L =@ Q@=Q@
(�:Ci) lU} Q ẁkw |xv} Ry =Pr &O@=} ẁkw lU} Q xm CU= CN=OQB p@=k |v=tR
�tij� lU} Q X}YND |xv} Ry `@=D QO (�i) p=tDL= `@=D ?Q[pY=L CQwYx@
|a@=D CQwYx@ �tij� lU} Q X}YND |xv} Ry `@=D T=U= u}= Q@ "OwW|t OQ=w
Oy=wN h} QaD 1 |x]@=Q =@ w= R= =yC}=tL u=R}t w pt=a Q=@Da= '|O=yvW}B OwU R=

"OW

tij = Pij � �i(�Cij � �Cij) i 2 (1; :::; n) j 2 (1; :::;m)

(1)

|=Q@ Aj pt=a |DU=wNQO OwU 'Pij lU} Q X}YND |xv} Ry `@=D tij u; QO xm
|Dv=t[ u=R}t |xOvvmu=}@ �Ci 'ri lU} Q ẁkw p=tDL= �i 'ri lU} Q C} Q}Ot
�Ci w 'OwW|t =]a= ri lU} Q VQ}PB |=Q@ Aj pt=a x@ =tQiQ=m |wU R= xm CU=
CQwY QO ri lU} Q |=yxv} Ry u=Q@H |=Q@ Aj pt=a xm CU= |}xv} Ry u=R}t

"Ovm|t ẁkw
xv} Ry u} QDtm xm OW=@ u�t]t Ov=wD|t xOvQ}os}tYD '1 |x]@=Q R= xO=iDU= =@
u} QDu�t]t w Q@ Q=m |=Q@ xOWs=tD Ct}k u} QDtm x@ QHvt xSwQB lU} Q C} Q}Ot |=Q@
=@ xSwQB |=ylU} Q |t=tD xSwQB |=OD@= QO "Ow@ Oy=wN =ylU} Q pQDvm |=Q@ Cr=L
[7]"Ovm CN=OQB O}=@ ri lU} Q Qy C} Q}Ot |=Q@ �Ci Q@=Q@ |}xv} Ry w CU=tQiQ=m
tij =@ Q@=Q@ w O@=}|t Q}}eD lU} Q u}= Q=Okt Qo}O |rt=a x@ lU} Q Qy p=kDv= =@ |rw
|xv} Ry u} QDtm uOQw;CUOx@ |=Q@ 'X}YND |xr�Ut hOy `@=D =Pr "OW Oy=wN

%OwW|t h} QaD 2 |x]@=Q CQwYx@ lU} Q p=kDv=

minT (x) =
nX
i=1

�i:�Ci +
nX
i=1

mX
j=1

tij :xij

i 2 (1; :::; n); j 2 (1; ::;m) j (i; j) 2 'k (2)

|xr�Ut |=Q@ umtt |=y?=wH R= |m} w |@=NDv= X}YND |wor= 'k 'u; QO xm
Q@=Q@ (C0) xSwQB |xOWs=tD Ct}k Cr=L u}= QO "CU= lU} Q X}YND |@=}xv}y@
xSwQB |=ylU} Q C} Q}Ot |xv} Ry w �C� xSwQB |a]k Ct}k ẁtHt =@ Ow@ Oy=wN
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=WQo x@ (i 2 n) =ylU} Q R= |}xawtHt 'lU} Q X}YND |@=}xv}y@ pOt QO
aj OwOLt C}iQ_ l} \ki pt=a Qy "OwW|t Q=Po =w (j 2 m) pt=wa |O=OaD
j pt=a |=Q@ aj |xOWxDiQo Q_v QO C}iQ_ ẁtHt |=v@t Q@ ilU} Q Qy w OQ=O
X}YND x@ \w@ Qt tij X}YND |xv} Ry 'lU} Q Qy |=Q@ "OwW|t Q=Po =w u; x@
=@ 'lU} Q |xv}y@ X}YND uDi=} hOy "CU= xOW ZQi j pt=a x@ i lU} Q
lU} Q QyX}YND |xv} Ry "CU= (Tk) xSwQB |=ylU} Q p=kDv= |xv} Ry u} QDtm
pt=a x@ i lU} Q Qo = 'Cr=L u}= QO "OwW|t x@U=Lt 3 |x]@=Q T=U= Q@ (tij)

u}= x@ "Ow@ Oy=wN QiY Q@=Q@ 'O@=}v X}YND Qo = w 1 Q@=Q@ xij 'O@=} X}YND j
%OQm h} QaD 6 |x]@=Q CQwYx@ u=wD|t =Q Qw@ Rt pOt ?}DQD

Z = minT (x) =
mX
j=1

nX
i=1

tijxij

g1 =
nX
i=1

�Ci � xij � aj j = 1; :::;m

g2 =
nX
i=1

�Ci � xij � bj j = 1

g3 =
nX
i=1

xij � 1 xij = [0; 1] (6)

P = fpijgu; QO xm &OwW|tZQiG = (P;X; T )pmW x@ xr�Ut Q=DN=Uh=Qo
|xawtHt X = fxijg '�pt=wa |DU=wNQO OwU� s}tYD \=kv |xawtHt
X}YND |=yxv} Ry |xawtHt T = ftijg w =ylU} Q X}YND 4|=yxv} Ro
xO}t=v �'�� xv}y@ ?=wH 'OW=@ xDW=O Q@ QO =Q xv} Ry u} QDtm xm �'� ?=wH "CU=
u=Wv f('�) =@ xv}y@ ?=wH |xv} Ry w f(') =@ ?=wH Qy |xv} Ry x=ov; "OwW|t

"OwW|t xO=O
|x]kv n |wQ Q@ xJQwt k |Q}oQ=Qk =@ u=oJQwt sD} Qwor= QO |R=Uxv}y@ OvwQ
s=tD |wQ Q@ u=Um} u=t=Qi Q=Okt l} =OD@= QO "OwW|t R=e; G h=Qo R= s}tYD
s=tD ?=NDv= |=Q@ u=Um} p=tDL= |=vat x@ xm 'OwW|t xDiQo Q_v QO h=Qo |=yQ}Ut
R= |Oa@ OYkt |xv} Ro =} x]kv O}=@ xJQwt Qy 'CmQL |xt=O= |=Q@ "CU= \=kv
xDi=}v X}YND pt=wa R= l}I}y \UwD ,q@k xm =Q �Nk

i � umtt |o}=Uty u=}t
QO xOWxO=O V}=tv |Dq=tDL= `@=D R= xO=iDU= =@ =yxv} Ro ?=NDv= "Ovm ?=NDv= 'CU=

%OwW|t s=Hv= '7 |x]@=Q
qij(k; t) = [�ij(t)]� [�ij ]�

JP
j=1

[�ij(t)]� [�ij ]�

�ij = 1
tij

(7)

s)=t Q=QmD |xQwO QO s)=k |xJQwt xmv}= p=tDL= =@ CU= Q@=Q@ qij(k; t) u; QO xm
Q}Ut u=t=Qi Q=Okt �ij "Ovm ?=NDv= =Q s)=(i + 1) |xv} Ro 's)=i s}tYD |x]kv w
Q}Ut |Ww=m QoC}=Oy Q=Okt �ij w &s)=i s}tYD |x]kv QO s)=(i + 1) |xv} Ro
|D@=F ?}=Q[ � w � QDt=Q=B wO "CU= s)=i s}tYD |x]kv QO s)=(i + 1) |xv} Ro
|Ww=m C=aq]= w (�ij) u=t=Qi uRw s}_vD |=Q@ ?}DQDx@ 7 |x]@=Q QO xm OvDUy
|xv} Ry 'xSwQB pt=wa x@ =ylU} Q |t=tD X}YND R= TB "OvwW|t xO=iDU= (�ij)
u}= "OwW|t |Q=Po utQwi Q}Ut u; T=U=Q@ w x@U=Lt xSwQB |=ylU} Q X}YND

%OQ}o|t CQwY 8 |x]@=Q =@ OvwQ
�ij  � �0 = 1=Tk (8)

"lU} Q X}YND |@=} xv}y@ pOt |twyit KQ] "3 Q=Owtv

u=oJQwt |xat=H |R=Uxv}y@ sD} Qwor= |L=Q]
lU} Q X}YND |@=}xv}y@ |=Q@ �ACO�

sD} Qwor= R= 'lU} Q X}YND |wor= |@=}xv}y@ |xr�Ut pL |=Q@ 'Q=DWwv u}= QO
u=oJQwt |xat=H sD} Qwor= "CU= xOW xO=iDU= �ACO� u=oJQwt |xat=H
wHDUH QO |}q=@ |}=v=wD xm CU= |Ww=m =Qi |=ysD} Qwor= `=wv= R= |m} �ACO�
|=yVwQ R= xO=iDU= [17]"OQ=O xDUUo |=y?=wH |=[i QO xv}y@ \=kv |}=U=vW w
|rw &CU}v jr]t |xv}y@ ?=wH |xOvvmu}t[D '|rt=mD |=ysD} Qwor= =} |Ww=m =Qi
w ?wN xm =Q |@=wH ,=D}=yv w O=H}= |irDNt umtt |=y?=wH 'xr�Ut pL s=ovy QO
|=Q@ u=oJQwt |xat=H |R=Uxv}y@ sD} Qwor= =Pr [17]"Ovvm|t ?=NDv= CU= ?U=vt
uO}UQ |wHDUH QO xOvQ}os}tYD xm 'lU} Q X}YND |@=}xv}y@ |xr�Ut pL
?=wH |=[i l} QO �jr]t |xv}y@ ?=wH ,=twRr xv w� ?U=vt \ki |=y?=wH x@
�OvwW|t O}rwD xDUUo CQwYx@ ?=wH |=yxv} Ro w s}tYD Q}eDt u; QO xm � xDUUo

"OUQ|t Q_v x@ ?U=vt 'CU=
|iQat 1991 p=U QO Q=@ u}rw= '|awvYt |=yxJQwt R= xO=iDU= =@ |@=}xv}y@
xOW KqY= u; ?}=at w xDi=} xaUwD sD} Qwor= u}= Q}N= u=}r=U pw] QO [18]"OW
sD} Qwor= u}= "CU= xOW ?aWvt x}rw= sD} Qwor= R= |Qo}O |=ysD} Qwor= R}v w CU=
=Pe `@vt w xvq u}@ umtt Q}Ut u} QDx=Dwm uDi=} QO =yxJQwt |a}@] Q=DiQ T=U=Q@
'OwN CmQL Q}Ut pw] QO &OvwQ|t =Pe p=@vO x@ Ca}@] QO xm CU= xDiQo pmW
|wHwCUH QO |=yxJQwt Q}=U xm 'OvQ=Po|t =H x@ OwN R= u=t=Qi s=v x@ |}xO=t
C_re 'Q}Ut l} R= =yxJQwt Qw@a =@ "Ovm|t j} wWD Q}Ut u; R= Qw@a x@ =Q =Pe
V}=Ri= R}v |Oa@ |=yxJQwt \UwD Q}Ut u}= ?=NDv= p=tDL= w Q}Ut u; QO u=t=Qi
'\=@DQ= O=H}= |=Q@ Q=DiQ QO Q}}eD j} wWD Qw_vtx@ '\}Lt KqY= Ov}=Qi u}= "O@=}|t
w OW KQ]t 1959 p=U QO Q=@ u}rw= xm Ovt=v|t �Vv=UQ=Q}B� |HQtn}DU= =Q
u=oJQwt |xat=H |R=Uxv}y@ sD} Qwor= '=yxJQwt |Q=DiQ C}YwYN u}= T=U=Q@

[18]"OW O=yvW}B �ACO�
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|=Q@ u=oJQwt |xat=H |@=}xv}y@ sD} Qwor= |L=Q] CQ=Jwri "4 Q=Owtv
"lU} Q X}YND

Ct}k QO pt=wa R= l} Qy syU w |OQwt |xvwtv |xSwQB Q=DN=U "5 Q=Owtv
"xSwQB

pOt |=y|OwQw '1 pwOH "OyO x�=Q= =Q �O=OQ=Qk Ct}k V}=Ri= OYQO� =ylU} Q
lU} Q u=wva Qy |=Q@ �pt=a Qy |DU=wNQO OwU w lU} Q p}rLD G}=Dv %pt=W�
QO �|@=}xv}y@ pOt |OwQw s}tYD Q}eDt� pt=a Qy |DU=wNQO OwU "OyO|t x�=Q= =Q
x�=Q= \w@ Qt pt=a Qy u=wva Q} R w O=OQ=Qk Ct}k V}=Ri= OYQO T=U=Q@ '1 pwOH
'�CQ=_v� pt=a x@ �|L=Q] QO =]N�lU} QX}YND CQwY QO,qFt "CU= xOW
=D Ovm|t xi=[= �QqO uw}r}t 1 77� OwN O=OQ=Qk Ct}k x@ �30 Q=Okt pt=a u}=
Q=Okt xm |}=yh}OQ "OyO VWwB =Q lU} Q u}= C} Q}Ot |=Q@ \w@ Qt |=yxv} Ry
O=yvW}B w xOw@v lU} Q VQ}PB x@ Q[=L X=N pt=a u; xm OvDUy |OQ=wt 'OvQ=Ov
=yu; ?=NDv= '|Dr=vB ?} Q[ X}YND =@ pOt =Pr &CU= xO=Ov x�=Q= =Q OwN Ct}k

"OR=U|t ptDLtQ}e =Q
�1 pwOH� |OwQw C=aq]= R= xO=iDU= =@ 'lU} Q X}YND |R=Uxv}y@ pOt
'pt=wa |NQ@ xmv; Cra x@ "CU= xOQm =ylU} Q X}YND u} QDy@ uDi=} x@ s=Ok=
=Pr 'OvOWv �OvDU}v Q}oQO =yu; QO xm � xSwQB R= |}=yR=i |=Q@ O=yvW}B |x�=Q= x@ Q[=L
'|oO}vDTB '|Q=iL '|@ wQ}q 'CN=U |=yR=i� =RHt R=i 5 QO =ylU} Q X}YND
xOW |Qw;`tH pY=L lU} Q 52 VQ}PB |=Q@ pt=wa O=yvW}B w s}UkD �?Yv w
=ylU} QX}YND |xv}y@ |wor= '2 pwOH QO |O=yvW}B pOt|HwQN G}=Dv "CU=
x}YwD |O=yvW}B pOt xm OQm xOy=Wt u=wD|t 2 pwOH j@=]t "OyO|t u=Wv =Q
w KQ] Q=mv=t}B x@ �CN=U� R=i QO �|L=Q] QO =]N� lU} Q 'p=Ft |=Q@ xm Ovm|t
lU} Q u}= xm CU= u; xv}y@ Cr=L �|Q=iL� R=i QO |rw &O@=} X}YND CN=U

Q}Ut Qo}O CQ=@a x@ =} |O=yvW}B |wor= R= |W=v X}YND |xv} Ry Tk u; QO xm
|}=ypLx=Q |va}� umttQ}e |=ypLx=Q ?=NDv= p=tDL= "CU= h=Qo |wQ ?=NDv=
(104) |Dr=vB ?} Q[ l} ?Q[ =@ '�OvR=Uv xOQw;Q@ =Q 5 w 4 |=yC}OwOLt xm
QO u}vJty |Dr=vB ?} Q[ u}= "O@=}|t Vy=m X}YND |xv} Ry u} QDnQR@ QO
|=Q@ |O=yvW}B w OW=@v lU} Q l} VQ}PB x@ Q[=L XNWt |rt=a xm |OQ=wt

"OwW|t p=ta= 'OW=@ xO=Ov x�=Q= lU} Q u; VQ}PB
CWoQ@ Q}Ut QO w OvOQo |tQ@ =yxJQwt |t=tD 'pt=m Q=QmD l} R= TB

%OvwW|t RwQ x@ 9 |x]@=Q =@ xOv=t|=Hx@ |=yutQwi u}= "Ovvm|t |Q=PoutQwi
�ij(t+ 1) = �0(t) + �

mX
k=1

�� iij 8(i; j) 2 L (9)

MQv (0 � � � 1) � u; QO xm &CU= Q}Ut R= utQwi Q}N@D |xOvyOu=Wv x]@=Q u}=
\=kv QO sD} Qwor= uO=Di=Q}o R= |Q}owrH ?Hwt 'utQwi Q}N@D "CU= utQwi Q}N@D
xOW xDiQo Q_v QO 0 1 =@ Q@=Q@ � Q=Okt '|O=yvW}B pOt QO "OwW|t |rLt |xv}y@
"OW Oy=wN x@U=Lt 10 |x]@=Q T=U=Q@ Q=QmD Qy QO u=t=Qi V}=Ri= Q=Okt "CU=

�tkij = 1=Tk = 1
(
P
i

P
j
tij � xij) (i; j) 2 'k

�tkij = 0 (i; j) =2 'k (10)

R= xm CU= ('k) s)=k |xJQwt \UwD xOWxDN=U ?=wH |xv} Ry Tk u; QO xm
"O};|t CUOx@ G h=Qo |wQ Q@ ?=wH u}= x@ jraDt |=yp=} pw] `tH

&OvwW ?=NDv= =yxJQwt R= |O=} R O=OaD |wU R= xm |}=y?=wH 'VwQ u}= =@
'=ylU} Q |t=tDX}YND =@ "OvQ=O |Oa@ |=yQ=QmD QO ?=NDv= |=Q@ |QDW}@Tv=W
utQwi CWoR=@ Q}Ut QO "OvOQo|t R=@ =yxJQwt w OQ}PB|t u=}=B sD} Qwor= QwO l}
��ij uOWxi=[= =@ X}YND Qy p=tDL= Q=Okt w OQ}o|t CQwY Q}Ut |Q=Po
Q@ w OwW|t xDN=U �'� ?=wH l} =ylU} Q |t=tD X}YND =@ "OwW|t RwQ x@
"OwW|t x@U=Lt T (') ?=wH u; X}YND |xv} Ry 'xOWh} QaD hOy `@=D T=U=
"O=O Oy=wN x�=Q= =Q xv}y@ |wor= 'T ('�) OW=@ xDW=OQ@ QO =Q xv} Ry u} QDtm xm |@=wH
|=ylU} Q X}YND pOt |=Q@ u=oJQwt |xat=H |@=}xv}y@ sD} Qwor= '4 Q=Owtv

"OyO|t V}=tv =Q xSwQB

|OQwt |xSwQB l} pL QO |O=yvW}B pOt OQ@ Q=m
Ct}k =@ CN=U w KQ] O=OQ=Qk l} ?r=k QO 1382 p=U R= |QOv@ |xSwQB l}
w KQ] sw}UQUvm l} x@ xSwQB |L=Q] w =QH= C=tON "CU= xOW R=e; u=Q}= QO C@=F
xOW Q=Po =w 5Tv=v}=i CQwYx@ |r=t u}t-=D =@ �Q=mty Qw=Wt w Q=mv=t}B pt=W� =QH=
=Q KQ] C} Q}Ot CmQW l} w xSwQB CQ=_v |=Q@ =Q Q_=v CmQW l} =tQiQ=m "CU=
l} Qw[L 'xYk=vt O=vU= T=U= Q@ "CU= xOQm xSwQB OQ=w sQ=yJ pt=a |xrRvtx@
"CU= xOW s=Rr= u=oOvvmu}t-=D |xrRvtx@ |rrtr=u}@ Q=iL CmQW l} w ?wQ}q CmQW
xSwQB |}=yv Ct}k QO l} Qy syU OYQO w =yCmQW u}= \=@DQ= |xwLv '5 Q=Owtv
VQ}PB |=Q@ pt=a Qy u=wD 'OW u=}@ pOt KQW QO xm Qw]u=ty "OyO|t u=Wv =Q

"CU= xSwQB Ct}k QO pt=a u; syU x@ OwOLt lU} Q
=tQiQ=m '|O=OQ=Qk |=y=aO= |=yxv} Ry w xSwQB O=} R Q}N-=D x@ xHwD =@ 89 p=U QO
xSwQB |=ylU} Q R= |DUQyi Qw_vt u}= |=Q@ "Ovm |QovR=@ =Q O=OQ=Qk CiQo s}tYD
C} Q}Ot |=Q@|DU=wNQO OwU xmCU= xOW xDU=wN xSwQB pt=wa R=l} Qy R= w s}_vD

66



"""w
|O

=Rv=N
|i]

Yt
'|v�

=RN
?U

=WQo "�xSwQB |=ylU} Q VQ}PB |=Q@ pt=a Qy O=OQ=Qk Ct}k V}=Ri= OYQO w lU} Q p}rLD G}=Dv %pt=W� pOt |OwQw C=aq]= "1 pwOH
CQwY QO O=OQ=Qk Ct}k V}=Ri= OYQO� lU} Q X}YND |=y|OwQw ��� =ylU} Q p}rLD G}=Dv

lU} Q u=wva h}OQ
�lU} Q VQ}PB

TB Q=iL ?wQ}q Qw=Wt Q=mv=t}B u}t-=D
QUv=v}=i CQ=_v

?} Q[ ?} Q[ ?} Q[
|oO}vD xrmU= Q=mty w KQ] ?Yv w Cv=t[ p=tDL= VRQ=

CN=U C=R}yHD (�) =tQiQ=m (�) lU} Q (�) lU} Q
25 5 5 0 7 5 2 5 5 30 - 20 35 |L=Q] QO =]N 1
- 3 30 5 15 - 5 5 1 40 5 |]}LtCU} R |=yRwHt 2

25 5 10 2 5 5 5 5 20 5 50 25 Q}O=kt w s=HL= C=Q}}eD 3
20 2 5 0 15 30 20 40 30 � 70 35 =yCt}k sQwD 4
� 2 5 35 � 5 � 30 � � 40 10 CNwU u}t-=D 5
30 3 � � 2 5 0 20 - - 30 15 Kr=Yt x@ |UQDUO sOa =} Ow@tm 6
� 2 5 10 � 0 � 0 � � 20 5 u}tR Q} R C=YNWt 7
� 2 5 2 5 � 0 2 5 10 � � 20 7 x@kQDt Q}e EO=wL 8
10 30 2 5 � 0 � 2 5 � � 20 5 Cq;u}W=t w C=R}yHD u}t-=D 9
� � � � 0 � 0 � 1 5 30 5 u=[Q=at pL 10
5 5 0 20 0 0 10 40 - 20 17 |v=Uv= |wQ}v C}i}m w |}=Q=m 11
5 0 � � 0 2 5 0 � � 40 11 |vt}= w EO=wL 12
5 0 0 200 2 5 0 10 100 - 70 35 =QH= O@ C}i}m =} =]N 13

"�|@=} xv}y@ pOt |HwQN� xSwQB |=ylU} Q X}YND G}=Dv "2 pwOH
lU} Q X}YND lU} Q s=v h}OQ lU} Q X}YND lU} Q s=v h}OQ
CN=U w KQ] Q=mv=t}B �|@ wQ}q� u}tR Q} R C=YNWt 27 CN=U w KQ] Q=mv=t}B �CN=U� |L=Q] QO =]N 1
CN=U w KQ] Q=mv=t}B �|Q=iL� u}tR Q} R C=YNWt 28 CN=U w KQ] Q=mv=t}B �|@ wQ}q� |L=Q] QO =]N 2
CN=U w KQ] Q=mv=t}B �CN=U� x@kQDt Q}e EO=wL 29 CQ=_v �|Q=iL� |L=Q] QO =]N 3

=tQiQ=m �|@ wQ}q� x@kQDt Q}e EO=wL 30 =tQiQ=m �|oO}vD TB� |L=Q] QO =]N 4
=tQiQ=m �|Q=iL� x@kQDt Q}e EO=wL 31 C=R}yHD ?Yv w u}t-=D �?Yv� |L=Q] QO =]N 5

CN=U w KQ] Q=mv=t}B �?Yv� x@kQDt Q}e EO=wL 32 =tQiQ=m �CN=U� |]}Lt CU} R |=yRwHt 6
QUv=v}=i �CN=U� Cq; u}W=t w C=R}yHD u}t-=D 33 CQ=_v �|@ wQ}q� |]}Lt CU} R |=yRwHt 7
=tQiQ=m �|@ wQ}q� Cq; u}W=t w C=R}yHD u}t-=D 34 =tQiQ=m �|Q=iL� |]}Lt CU} R |=yRwHt 8
=tQiQ=m �|Q=iL� Cq; u}W=t w C=R}yHD u}t-=D 35 CN=U w KQ] Q=mv=t}B �CN=U� Q}O=kt w s=HL= C=Q}}eD 9
=tQiQ=m �|oO}vD TB� Cq; u}W=t w C=R}yHD u}t-=D 36 CN=U w KQ] Q=mv=t}B �|@ wQ}q� Q}O=kt w s=HL= C=Q}}eD 10

xrmU= Q=iL �CN=U� u=[Q=at pL 37 CN=U w KQ] Q=mv=t}B �|Q=iL� Q}O=kt w s=HL= C=Q}}eD 11
=tQiQ=m �CN=U� |v=Uv= |wQ}v C}i}m w |}=Q=m 38 QUv=v}=i �|oO}vD TB� Q}O=kt w s=HL= C=Q}}eD 12
?wQ}q �|@ wQ}q� |v=Uv= |wQ}v C}i}m w |}=Q=m 39 =tQiQ=m �?Yv� Q}O=kt w s=HL= C=Q}}eD 13

xrmU= Q=iL �|Q=iL� |v=Uv= |wQ}v C}i}m w |}=Q=m 40 =tQiQ=m �CN=U� =y Ct}k sQwD 14
CN=U w KQ] Q=mv=t}B �|oO}vD TB� |v=Uv= |wQ}v C}i}m w |}=Q=m 41 ?wQ}q �|@ wQ}q� =y Ct}k sQwD 15
C=R}yHD ?Yv w u}t-=D �?Yv� |v=Uv= |wQ}v C}i}m w |}=Q=m 42 QUv=v}=i �|Q=iL� =y Ct}k sQwD 16
CN=U w KQ] Q=mv=t}B �CN=U� |vt}= w EO=wL 43 Q=mty Qw=Wt �|oO}vD TB� =y Ct}k sQwD 17
CN=U w KQ] Q=mv=t}B �|@ wQ}q� |vt}= w EO=wL 44 =tQiQ=m �?Yv� =y Ct}k sQwD 18

xrmU= Q=iL �|Q=iL� |vt}= w EO=wL 45 =tQiQ=m �CN=U� CNwU u}t-=D 19
=tQiQ=m �|oO}vD TB� |vt}= w EO=wL 46 =tQiQ=m �|@ wQ}q� CNwU u}t-=D 20

C=R}yHD ?Yv w u}t=D �?Yv� |vt}= w EO=wL 47 CN=U w KQ] Q=mv=t}B �|Q=iL� CNwU u}t=D 21
CN=U w KQ] Q=mv=t}B �CN=U� =QH= O@ C}i}m =} =]N 48 CN=U w KQ] Q=mv=t}B �CN=U� Kr=Yt x@ |UQDUO sOa =} Ow@tm 22

?wQ}q �|@ wQ}q� =QH= O@ C}i}m =} =]N 49 =tQiQ=m �|@ wQ}q� Kr=Yt x@ |UQDUO sOa =} Ow@tm 23
xrmU= Q=iL �|Q=iL� =QH= O@ C}i}m =} =]N 50 CN=U w KQ] Q=mv=t}B �|Q=iL� Kr=Yt x@ |UQDUO sOa =} Ow@tm 24
Q=mty Qw=Wt �|oO}vD TB� =QH= O@ C}i}m =} =]N 51 =tQiQ=m �|oO}vD TB� Kr=Yt x@ |UQDUO sOa =} Ow@tm 25

C=R}yHD ?Yv w u}t=D �?Yv� =QH= O@ C}i}m =} =]N 52 =tQiQ=m �CN=U� u}tR Q} R C=YNWt 26

67



"""=@
&CN

=U|
=yxS

wQBQ
Ol

U}Q
X}

YN
D|

@=}xv
}y@"�pt=wa O=OQ=Qk Ct}k V}=Ri= OYQO w =tQiQ=m Cv=t[ C=Q}}eD %pt=W� C}U=UL p}rLD |OwQw C=aq]= "3 pwOH

�lU} Q VQ}PB CQwY QO O=OQ=Qk Ct}k V}=Ri= OYQO� lU} Q X}YND |=y|OwQw ��� =ylU} Q p}rLD G}=Dv
lU} Q u=wva h}OQTB Q=iL ?wQ}q Qw=Wt Q=mv=t}B

u}t-=D
QUv=v}=i CQ=_v Cv=t[ p=tDL= VRQ=

|oO}vD xrmU= Q=mty ?Yv w =tQiQ=m lU} Q lU} QC=R}yHD
� 5 5 0 3 3 0 10 12 5 50 25 Q}O=kt w s=HL= C=Q}}eD 3
10 0 0 0 3 15 10 5 12 70 35 =y Ct}k sQwD 4

"�pOt C}U=UL p}rLD |HwQN� lU} Q X}YND G}=Dv "4 pwOH
lU} Q X}YND lU} Q s=v h}OQ lU} Q X}YND lU} Q s=v h}OQ
CN=U w KQ] Q=mv=t}B �|@ wQ}q� u}tR Q} R C=YNWt 27 =tQiQ=m �CN=U� |L=Q] QO =]N 1
CN=U w KQ] Q=mv=t}B �|Q=iL� u}tR Q} R C=YNWt 28 ?wQ}q �|@ wQ}q� |L=Q] QO =]N 2

=tQiQ=m �CN=U� x@kQDt Q}e EO=wL 29 CN=U w KQ] Q=mv=t}B �|Q=iL� |L=Q] QO =]N 3
CN=U w KQ] Q=mv=t}B �|@ wQ}q� x@kQDt Q}e EO=wL 30 CN=U w KQ] Q=mv=t}B �|oO}vD TB� |L=Q] QO =]N 4

=tQiQ=m �|Q=iL� x@kQDt Q}e EO=wL 31 C=R}yHD ?Yv w u}t=D �?Yv� |L=Q] QO =]N 5
=tQiQ=m �?Yv� x@kQDt Q}e EO=wL 32 CQ=_v �CN=U� |]}Lt CU} R |=yRwHt 6

CN=U w KQ] Q=mv=t}B �CN=U� Cq; u}W=t w C=R}yHD u}t-=D 33 Q=mty Qw=Wt �|@ wQ}q� |]}Lt CU} R |=yRwHt 7
QUv=v}=i �|@ wQ}q� Cq; u}W=t w C=R}yHD u}t-=D 34 xrmU= Q=iL �|Q=iL� |]}Lt CU} R |=yRwHt 8
=tQiQ=m �|Q=iL� Cq; u}W=t w C=R}yHD u}t-=D 35 CN=U w KQ] Q=mv=t}B �CN=U� Q}O=kt w s=HL= C=Q}}eD 9

|oO}vD TB �|oO}vD TB� Cq; u}W=t w C=R}yHD u}t-=D 36 CN=U w KQ] Q=mv=t}B �|@ wQ}q� Q}O=kt w s=HL= C=Q}}eD 10
=tQiQ=m �CN=U� u=[Q=at pL 37 xrmU= Q=iL �|Q=iL� Q}O=kt w s=HL= C=Q}}eD 11
=tQiQ=m �CN=U� |v=Uv= |wQ}v C}i}m w |}=Q=m 38 CN=U w KQ] Q=mv=t}B �|oO}vD TB� Q}O=kt w s=HL= C=Q}}eD 12
?wQ}q �|@ wQ}q� |v=Uv= |wQ}v C}i}m w |}=Q=m 39 QUv=v}=i �?Yv� Q}O=kt w s=HL= C=Q}}eD 13

CN=U w KQ] Q=mv=t}B �|Q=iL� |v=Uv= |wQ}v C}i}m w |}=Q=m 40 C=R}yHD ?Yv w u}t=D �CN=U� =y Ct}k sQwD 14
|oO}vD TB �|oO}vD TB� |v=Uv= |wQ}v C}i}m w |}=Q=m 41 CN=U w KQ] Q=mv=t}B �|@ wQ}q� =y Ct}k sQwD 15

C=R}yHD ?Yv w u}t-=D �?Yv� |v=Uv= |wQ}v C}i}m w |}=Q=m 42 ?wQ}q �|Q=iL� =y Ct}k sQwD 16
CN=U w KQ] Q=mv=t}B �CN=U� |vt}= w EO=wL 43 CQ=_v �|oO}vD TB� =y Ct}k sQwD 17

?wQ}q �|@ wQ}q� |vt}= w EO=wL 44 =tQiQ=m �?Yv� =y Ct}k sQwD 18
CN=U w KQ] Q=mv=t}B �|Q=iL� |vt}= w EO=wL 45 =tQiQ=m �CN=U� CNwU u}t-=D 19

=tQiQ=m �|oO}vD TB� |vt}= w EO=wL 46 CN=U w KQ] Q=mv=t}B �|@ wQ}q� CNwU u}t-=D 20
=tQiQ=m �?Yv� |vt}= w EO=wL 47 =tQiQ=m �|Q=iL� CNwU u}t-=D 21

CN=U w KQ] Q=mv=t}B �CN=U� =QH= O@ C}i}m =} =]N 48 CN=U w KQ] Q=mv=t}B �CN=U� Kr=Yt x@ |UQDUO sOa =} Ow@tm 22
CN=U w KQ] Q=mv=t}B �|@ wQ}q� =QH= O@ C}i}m =} =]N 49 QUv=v}=i �|@ wQ}q� Kr=Yt x@ |UQDUO sOa =} Ow@tm 23

xrmU= Q=iL �|Q=iL� =QH= O@ C}i}m =} =]N 50 =tQiQ=m �|Q=iL� Kr=Yt x@ |UQDUO sOa =} Ow@tm 24
=tQiQ=m �|oO}vD TB� =QH= O@ C}i}m =} =]N 51 CN=U w KQ] Q=mv=t}B �|oO}vD TB� Kr=Yt x@ |UQDUO sOa =} Ow@tm 25

C=R}yHD ?Yv w u}t-=D �?Yv� =QH= O@ C}i}m =} =]N 52 =tQiQ=m �CN=U� u}tR Q} R C=YNWt 26

w �12 5 ?}DQDx@ 'QDq=@ Cv=t[ dr=@t �Ct}k sQwD� r4 w �Q}O=kt w s=HL= Q}}eD�
OwN syU w Ovm j} wWD =Q =ylU} Q C} Q}Ot |Q=BUuwQ@ Ov=wD@ =D OwW ?=NDv= �12
xSwQB pt=wa R= O}OH Ct}k 'XNWt lU} Q wO |=Q@ 'ZQi u}= =@ "OyO Vy=m =Q

"CU= xOW xO=O u=Wv 3 pwOH QO u; C=aq]= xm OW xDU=wN
T=U=Q@ "Ot; CUOx@ O}OH G}=Dv w OW pL xQ=@ wO pOt 'O}OH |=y|OwQw =@
|wor= x@C@UvCr=L u}= QO =ylU} QC} Q}Ot |xv} Ry 'xr�Ut |xQ=@ wO pL G}=Dv
"Ci=}Vy=m �xSwQBCt}kV}=Ri= �15 26� QqO uw}r}t "53 7230 u=R}t x@ x}rw=
p}rLD |HwQN� =ylU} Q X}YND |=Q@ xOt;CUOx@ |xv}y@ |wor= '4 pwOH
QO =tQiQ=m syU xm CU= XNWt pwOH u}= QO "OyO|t V}=tv =Q �C}U=UL

pOt u}= |O=yvW}B |wor= |Q}oQ=mx@ |xH}Dv QO "O@=} X}YND CQ=_v pt=a x@
=m} Qt; QqO uw}r}t 63 3980 Q@=Q@ xSwQB |=ylU} Q C} Q}Ot |xv} Ry '�2 pwOH�
'pOt G}=Dv T=U=Q@ "O@=}|t V}=Ri= �26 Q=Okt x@ xSwQB |}=yv Ct}k w Ow@ Oy=wN
"Ow@ Oy=wN �34 6 xSwQB |=ylU} Q C} Q}Ot QO =tQiQ=m CmQ=Wt |=Q@ xv}y@ syU

lU} Q X}YND |@=}xv}y@ pOt C}U=UL p}rLD
r3 |=ylU} Q |=Q@ xm OW xO=O O=yvW}B =tQiQ=m x@ pOt R= xrY=L G}=Dv T=U=Q@

68



"""w
|O

=Rv=N
|i]

Yt
'|v�

=RN
?U

=WQo |QDq=@ K]U VQ}PB |=Q@ =Q u=Q=mv=t}B Ov=wD|t pOt u}= OQ@ Q=m "Ovm xU}=kt =Q sRq
'Ovm |}=tvy=Q =yCv=t[ w =yjwWt |x�=Q= QO =Q =tQiQ=m 'Ovm j} wWD =ylU} Q R=
QO "Ovm O=H}= xOvQ@� xOvQ@ OQm} wQ T=U=Q@ =Q |rO=aDt |r=t Q=DN=U C}=yv QO w
=ylU} Q K}LY C} Q}Ot R= xSwQB pt=wa |t=tD '|rO=aDt Q=DN=U u}vJ |xH}Dv
C}=mW xSwQB pt=wa u}@ OwU |xvqO=a=v s}UkD R= |rt=a I}y w OvDUy u�t]t

"OQm Oy=wNv
s=tD p=kDv= |=H x@ CU= QDy@ u=}=tQiQ=m xm OyO|t u=Wv pOt u}= OQ@ Q=m G}=Dv
QO "Ovvm s}yUD pt=wa C}akwt w |}=v=wD T=U= Q@ =Q =ylU} Q 'xSwQB |=ylU} Q
X}YND R= |W=v |=yxv} Ry 'pt=a u} QD?U=vt x@ lU} Q p=kDv= =@ CQwY u}=
w O@=}|t Vy=m �=QH= u}}=B C}i}m w =y=aO= V}=Ri= Ovv=t� =ylU} Q ?U=vt=v
xOW|R} Qxt=vQ@ C}i}m =@ w u=tR QO xSwQB s=tD= R= |QDW}@ u=v}t]= Ov=wD|t =tQiQ=m
OvwQ QO =tQiQ=m CmQ=Wt xm OyO|t u=Wv |@ wNx@ pOt u}= u}vJty "OW=@ xDW=O
|}=yCv=t[ |x�=Q= =} w =ylU} Q|NQ@C} Q}Ot VQ}PB j} Q] R=lU} QX}YND
w xSwQB |=yxv} Ry Vy=m x@ Ov=wD|t =ylU} Q VQ}PB x@ pt=wa Qo}O j} wWD |=Q@

"Ovm |v=}=W ltm u; |}=yv C}kiwt

x@ CN=U w KQ] Q=mv=t}B syU p@=kt QO w Vy=m �28 8 x@ =ylU} Q C} Q}Ot
|QDW}@ C}@ wr]t O}OH |wor= xOW ?Hwt xm CU= xDi=} V}=Ri= �34 6 u=R}t
=tQiQ=m syU u}vJty w xSwQB |=yxv} Ry Vy=m x@ xHwD =@ "OW=@ xDW=O =tQiQ=m |=Q@
Qy QO Cv=t[ dr@t xm OW x}YwD =tQiQ=m x@ xSwQB u}= QO '=ylU} Q C} Q}Ot QO

"Ovm xO=iDU= =Q lU} Q X}YND O}OH |wor= w OyO V}=Ri= =Q lU} Q wO

|Q}oxH}Dv
'lU} Q X}YND |xv}tR QO |r@k C=ar=]t x@ C@Uv |Qw;wv =@ 'Q=DWwv u}= QO
|R=UpOt w KQ] |@=}xv}y@ |xr�Ut l} ?r=k QO lU} Q X}YND Q=@ u}rw= |=Q@
|xU}=kt w |Q}oxR=Ov= u=mt= "1 %xm CU= u}= VwQ u}= |xOta C} Rt "CU= xOW
|Q}os}tYD QO QDq=@ CaQU "2 w 'OwW|t umtt =tQiQ=m h=Oy= x@ |@=}DUO u=R}t
'|O=yvW}B pOt |R=UxO=}B =@ "CU=Q=O =Q |rt=a OvJ |=yxSwQB x@ s}taD C}r@=k w
|=yCv=t[ |x�=Q= `i=vt w OR=U xv}tm =Q xSwQB |xOWs=tD Ct}k Ov=wD|t =tQiQ=m

=yCWwv=B
1. dynamic character
2. ant colony optimization (ACO)
3. construction industry institute (CII)
4. alternatives
5. Finance

�References� `@=vt
1. Federal Highway Administration (US Department of

Transportation), Risk Assessment and Allocation for
Highway construction Management, International pro-
grams (2010).

2. Lam, K.C., Wang, D., Lee, P.T.K. and Tsang, Y.T.
\Modeling risk allocation decision in construction con-
tracts", International Journal of Project Management,
25(5), pp. 485-493 (2007).

3. Pipattanapiwong, J. \Development of multi-party risk
and uncertainty", Management Process for an Infras-
tructure Project, Kochi University of Technology (2004).

4. Gordon, C.M. \Choosing appropriate construction con-
tracting method", Journal of Construction Engineering
and Management, 120(1), pp.196-210 (1994).

5. Levitt, R.E. and Ashley, D.B. \Allocating risk and in-
centive in construction", Journal of the Construction Di-
vision, 106(3), pp. 297-305 (1980).

6. Ng, A. and Loosemore, M. \Risk allocation in the private
provision of public infrastructure", International Journal
of Project Management, 25(1), pp. 66-76 (2007).

7. Fisk, R.E., Construction Project Administration, Fifth
Edition, Prentice-Hall Inc., Upper Saddle River, New
Jersey (1997).

8. Khan, Z.A. \Risk premium associated to exculpatory
clauses", A Thesis for Master of Science, University of
Calgary, Alberta (1998).

9. Bing, L., Akintoye, A., Edwards, P.J. and Hardcastle, C.
\The allocation of risk in PPP/PFI construction projects
in the UK", International Journal of Project Manage-
ment, 23(1), pp. 25-35 (2005).

10. El-Sayegh, M.S. \Risk assessment and allocation in the
UAE construction industry", International Journal of
Project Management, 26(4), pp. 431-438 (2008).

11. Barnes, M. \How to allocate risks in construction con-
tracts", Int. J. Project Manage., 1(1), pp. 24-28 (1983).

12. Kuesel, T.R. \Allocation of risks, proceedings of con-
struction risk and liability sharing conference", Scotts-
dale (USA): American Society of Civil Engineers, pp.
51-60 (1979).

13. Hartman, F. and Snelgrove, P. \Risk allocation in the
lump-sum contracts-concept of latent dispute", Journal
of Construction Engineering and Management, 122(3),
pp. 291-296 (1996).

14. Rahman, M.M. and Kumaraswamy, M.M. \Risk man-
agement trends in the construction industry: moving to-
wards joint risk management", Eng. Const. Archt. Man-
age., 9(2), pp. 31-51 (2002).

15. Al-Bahar, J.F. and Crandall, K.C. \Systematic risk man-
agement approach for construction projects", Journal of
Construction Engineering Management, 116(3), pp. 533-
546 (1990).

16. Medda, F. \A game theory approach for the allocation of
risks in transport PPP", Int. Jou. Project management,
25(3), pp. 213-218 (2008).

17. Moeini, R. and Afshar, M.H.\Optimal operation of reser-
voirs using ant algorithm", Sharif Journal of Science &
Technology, 48, pp.85-93 (In Persain) (2009).

18. Dorigo, M. and Stutzle, T., Ant Colony Optimization,
Massachusetts Institute of Technology (2004).

69





A
bs

tr
ac

ts
of

P
ap

er
s

in
E

ng
lis

hRISK ALLOCATION OPTIMIZATION
IN A CONSTRUCTION PROJECT
USING THE ANT COLONY
ALGORITHM
G. Khazaeni
gkhazayeni@iust.ac.ir
M. Khanzadi(corresponding author)
khanzadi@iust.ac.ir
A. Afshar
a afshar@iust.ac.ir
Dept. of Civil Engineering
Iran University of Science and Technology

Sharif Civil Engineering Journal
Volume 29, Issue 3, Page 61-69, Original Article

c
 Sharif University of Technology

� Received 18 July 2011; received in revised form 20 October
2011; accepted 7 January 2012.

Abstract
In order to transfer risks to the most capable party and
provide a basis for project pro�t sharing, risk allocation
has a strong in
uence on the time and cost of construc-
tion projects. In this paper, for the �rst time, alloca-
tion of risk to the most deserving party is de�ned as
an optimization problem, and a quantitative model for
risk allocation optimization is introduced. Since the aim
of risk allocation is de�ned as achieving project objec-
tives with maximum reliability and minimum cost, in
the proposed model, an applicable and logical decision
parameter is introduced and an optimization algorithm,
based on the Ant Colony Optimization (ACO) method,
is developed. The proposed model also provides a use-
ful decision tool for the project owner to select the best
insurance package by including a sensitivity analysis.
In order to design the ACO optimization algorithm of
the risk allocation optimization model; initially, the ob-
jectives of owners within the allocation process are iden-
ti�ed and the objective function is de�ned. With respect
to the objective function, the risk allocation problem
is then restructured as an optimization problem, and
the decision parameters, constraints and a 
owchart of
the model structure are de�ned. These parameters and
constraints are formulated in a mathematical equation;

and an optimization algorithm is designed based on Ant
Colony Optimization (ACO).
By receiving \pro�t requested for risk bearing by each
participant" as input, the proposed model calculates the
cost of risk management for the owner and then mini-
mizes the objective function in an Ant Colony Optimiza-
tion algorithm. Two constraints are de�ned and formu-
lated in the proposed model, in order to simulate the
real decision process of risk allocation. As follows: 1) the
maximum �nancial credit of each party to compensate
the consequence of any risk and 2) the �nancial ability
of the owner to ensure against risk events. Varying this
constraint, sensitivity analysis would be available in the
model to optimize the guarantee package for the owner.
Therefore, this model could guide the decision maker
towards addressing the most e�ective guarantees to the
best party.
This model is applied in a case study to present its ca-
pability and usefulness. According to the �ndings of the
applied proposed model, it could be concluded that risk
sharing in a project should be done based on party com-
petency and willingness. It is also concluded that the
owner should participate in the risk allocation process if
he/she wishes to achieve the best reliability in project
objectives with minimum cost.

Key Words: Risk Allocation, risk management, opti-
mization, ant colony optimization.
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